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ABSTRACT. In this article, we establish the boundedness of the Wolff potential
operator and Birkhoff’s ergodic theorem in grand variable Herz spaces. These
concepts were previously studied in the setting of Lebesgue spaces. Our re-
sults extend and refine the existing literature by considering a more general
functional framework, thereby providing broader applicability and sharper es-
timates than the previously known results.
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1. INTRODUCTION

Classical operators of harmonic analysis, among them the Hardy—Littlewood
maximal operator, the Riesz potential, the Bessel-Riesz potential, and the Bochner—
Riesz means, form the backbone of modern function space theory and provide the
principal analytical tools for the study of partial differential equations (PDEs).
Each of these operators is linear, and their boundedness theory in weighted
Lebesgue, Morrey, and Herz spaces is by now well understood. In this direction,
Izuki [19] proved the boundedness of fractional potential on Herz spaces and de-
rived a wavelet characterisation providing a concrete function-space framework
for multi-resolution analysis, while Almeida and Drihem [3] developed a com-
prehensive theory of fractional potential and singular-type operators on Herz
spaces, establishing sharp boundedness criteria under log-Holder continuity. The
mapping properties of classical operators in spaces with grand integrability struc-
ture were further advanced by Sultan, Azmi, Sultan, Mehmood, and Mlaiki [25],
who established the boundedness of Riesz potential operators in grand Herz—
Morrey spaces, and by AlNemer, Basendwah, Sultan, and Popa [5], who derived
Sobolev-type theorems for the rough fractional operator in grand Herz spaces,
highlighting the role of the grand integrability parameter in treating borderline
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cases. The foundational framework of grand variable Herz spaces itself was in-
troduced by Nafis, Rafeiro, and Zaighum [22], who verified the boundedness of
sublinear operators on these spaces via discrete grand Lebesgue sequence spaces;
this framework forms the direct basis for the present investigation.

When attention shifts to quasilinear or fully nonlinear PDEs, the linear Riesz
potential is no longer adequate, and a genuinely nonlinear replacement is needed.
This role is played by the Wolff potential, which has established itself as a fun-
damental tool in nonlinear analysis and classical operator theory; unlike Riesz
potentials it is tailor-made for the nonlinear regime, rendering it essential in
the study of capacities, Sobolev-type embeddings, and sharp pointwise regular-
ity. Almeida, Harjulehto, Héstd, and Lukkari [4] provided one of the earliest
systematic studies of the Riesz and Wolff-type operators within variable expo-
nent spaces, together with regularity results for nonlinear PDEs. Building on
this, Borowski, Chlebicka, and Miasojedow [10] established important bound-
edness properties for Wolff-type potentials in the analysis of nonlinear PDEs.
In a related direction, Chlebicka, Song, Youn, and Zatorska-Goldstein [14] ob-
tained Riesz potential estimates for mixed local-nonlocal problems with measure
data, extending potential-theoretic techniques to settings where local and nonlo-
cal contributions interact. In a parallel development on exponentially modulated
potential operators, Afzal, Abbas, Macias-Diaz, Gallegos, and Almalki [1] intro-
duced exponentially damped fractional operators extending the classical Riesz
potential and discussed applications to elliptic equations in nondivergence form.

The analysis of pseudo-differential and singular integral operators on non-
Euclidean structures has attracted considerable recent attention. Cardona, Del-
gado, and Ruzhansky [13] established LP-bounds for pseudo-differential opera-
tors on graded Lie groups, opening new directions for operator theory beyond
the flat Euclidean setting. In a geometric function-space direction, Afzal, Ab-
bas, Tariq, Hincal, and Abdelfattah [11] proved sharp boundedness criteria for
the Wolff potential on complete Riemannian manifolds, demonstrating that the
nonlinear potential framework extends naturally to curved geometries. Nonlin-
ear elliptic problems in weighted and anisotropic spaces have been studied by
Alla, Azraibi, and El Haji [6], who investigated measurable boundary conditions
in anisotropic weighted Sobolev spaces on irregular domains, providing a bridge
between abstract function-space theory and boundary-value problems with non-
standard growth.

Recent contributions have further broadened the scope of operator theory
in non-standard function spaces. Afzal and Abbas [24] established the regu-
larity of parabolic Ornstein—Uhlenbeck equations via boundedness of fractional
Muckenhoupt-type weighted singular operators in variable Herz spaces, revealing
that parabolic regularity can be captured within the variable-Herz framework.
Afzal, Abbas, Tariq, Macfas-Diaz, and Ahmad [2] established the boundedness
of the multidimensional Katugampola operator in Campanato spaces, reveal-
ing new connections between fractional integral operators and classical function-
space embeddings that complement the Wolff potential framework. Giirdal and
Stojiljkovic [17] derived Berezin radius inequalities for finite sums of functional
Hilbert space operators, highlighting the relevance of spectral-theoretic methods
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in the analysis of operators on abstract spaces. Al-Shutnawi [7] investigated gen-
eralized Marcinkiewicz integrals associated with surfaces of revolution, extending
the boundedness theory of singular integral operators to geometric settings with
variable curvature. Taken together, these works illustrate the broad contempo-
rary interest in pushing classical harmonic analysis tools—boundedness of integral
and singular operators, Sobolev-type embeddings, and spectral estimates—into
function spaces with variable or grand integrability structure, and onto non-
Euclidean geometric settings.

The Wolff potential Wg , [4], acting on locally integrable functions ) € Li,.(R"),

loc
takes the form
_1
* _ v—1 dr
Wan(@)= [ (17 [ ewlee) T o<pen
0 B(e,r)

T

When v = 2 this expression reduces to the classical Riesz potential, while for
v # 2 it produces a genuinely nonlinear object ideally suited to quasilinear and
fully nonlinear PDEs.

Novelty and motivating gaps. Boundedness of the Wolff potential is essential
for regularity in evolution equations, yet prior investigations have been confined
to local settings such as classical Lebesgue spaces [4] and standard variable Herz
spaces [3]; the grand variable Herz space setting has remained unexplored for this
operator. Unlike classical Riesz potentials, the Wolff potential is genuinely non-
linear, which yields stronger regularising effects and greater adaptability for non-
standard growth. Fixed-exponent results are inadequate for non-homogeneous
media whose local integrability varies from point to point. The present paper
closes these gaps by establishing, for the first time, the full boundedness of the
Wolff potential in grand variable Herz spaces with completely variable parameters.
The central novelty is the interplay between the grand integrability exponent,
which handles borderline Sobolev-type embeddings as studied in [25, 5, 22], and
the variable exponent structure, which adapts to local integrability as in [19, 3].
We further establish Birkhoft’s ergodic theorem in this setting, capturing both
fine local and global behaviour of dynamical systems. Our findings unify and
improve upon multiple earlier theorems [19, 3, 25, 22, 1, 24] as limiting cases,
providing a versatile tool for PDE analysis in irregular domains where constant-
exponent spaces fall short.

The article is structured as follows. Section 2 collects preliminary material:
definitions, key lemmas, and auxiliary results organised in the natural hierarchy,
covering variable Lebesgue spaces, grand Lebesgue sequence spaces, variable Herz
spaces, and grand variable Herz spaces. Section 3 presents and proves the main
results, namely the mapping properties of the Wolff potential and the ergodic the-
orem in the grand variable Herz framework. Section 4 provides a brief summary
and directions for future work.

2. PRELIMINARIES

We work throughout in the n-dimensional Euclidean space R". The notational
conventions below are fixed for the remainder of the paper.
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Notation. For a centre x € R" and radius p > 0, the open ball {y € R": [x—y| <
p} is written B(x, p). The Lebesgue measure of a measurable set E C R" is |E],
and g denotes its indicator function. For a measurable function f, the notation
supp f refers to its support. We write n = ( if there exists a positive constant C
such that n < C . In addition, the notation n ~ ( indicates that bothn = ¢ and

¢ = 1 hold simultaneously. For every [ € Z, the dyadic annuli of R" are defined
by

'B[ = B(O, 2[), :R[ = B[ \ B[,l, X1 = ng[.

For a measurable exponent function p : R* — [1,00), we write p™ := esssup,cqn p(y),
p~ = essinfyeqn p(y), and p’(-) for the pointwise conjugate exponent given by

1/p(y) +1/p'(y) = 1.

2.1. Variable Lebesgue spaces. Denote by P(R") the collection of all measur-
able mappings p : R* — [1,00), which are called variable exponents. For any
measurable subset 2 C R", define
by = essinfply),  pi = esssupp(y).
yeQ yeQ
Definition 2.1. For a variable exponent p € P(R"), the generalized Lebesgue
space LP()(R") is defined as the set of all measurable functions h : R* — R
satisfying
Ih(y)"¥ dy < oc.

Rll
The corresponding modular functional and Luxemburg norm are given by

. h
pp(.)(h) = . |h(y)|P(Y) dy, ||h||p(.) ;= inf {7\ >0: pp(.) (X) S 1} .

Equipped with |- ||s(.), the space LP*)(R") is a Banach space. The modular and
the norm satisfy the two-sided inequality

. - + - +
min ([[h[F . [h[15)) < epey(h) < max([[h][5 ., Ih[[F )
Whenever 1/s(y) = 1/p(y) + 1/q(y) holds pointwise, the generalised Holder in-

equality reads

Ihglls¢) < 2[lhlloc) ll8llac)-
The exponent p is locally log-Hélder continuous if there exists cjg > 0 with
Clog
ply) —p(X)| <
L T S 7)
The log-Hélder decay condition at infinity holds when there exist p,, € R and
Clog > 0 such that

for all y,x € R".

Clog n
P(Y) = pool < — 2% forall y € R".
log(e + ly])
The symbol P (resp. P8) denotes the class of variable exponents satisfying
the log-Holder condition near the origin (resp. at infinity), and P8 = P& N Plos.
The principal exponent classes used in this paper are: P(R"), consisting of all
measurable p : R — [1,00) with p~ > 1 and p™ < oo; P8(R"), the subset
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satisfying both the local log-Holder condition and the decay condition at infinity;
and Py(R"), the subset satisfying the log-Holder decay condition near the origin.

2.2. Grand Lebesgue sequence spaces. The grand Lebesgue sequence spaces
were constructed in [23] and constitute the discrete building blocks of the grand
variable Herz spaces used throughout this work.

Definition 2.2 ([23]). Let 1 <p < co and 6 > 0. The grand Lebesgue sequence
space (") is defined via the norm

p(lie) o
[{ze}eczllone = supe (Z " >) = sup €%+ | e} maror.
e>

teZ

The following chain of continuous embeddings holds: for 0 < ey < 1/p, & > 0,
and 0 < 01 < 09,

In particular, /¢ C "9 for every 0 > 0.

2.3. Variable Herz spaces.

Definition 2.3 ([22]). Let p,q € P(R") and assume that o« € L>*°(R"). The
homogeneous variable exponent Herz space

0‘() n
( q()<R)

is defined as the set of all functions

b e L) (R {0})

such that the associated Herz-type norm remains finite
lo(-) a()
1125005 < o
lez

The corresponding quasi-norm is

: 1/a(-)
[lr = (ZHT“)LDXH )) .

leZ

When «, p, and q are constants, this space coincides with the classical homoge-
neous Herz space introduced in [18].

Proposition 2.4. Let 3 € L>®°(R") be log-Hélder continuous both in a neighbour-
hood of the origin and at infinity. Then every function b € KE((,'))CI(,)(IR“) satisfies
the norm equivalence

[Wllgee

p(-),a(-)

~ {25}

+ [ 2w

9 (@p0)) JASNEION
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2.4. Grand variable Herz spaces. The grand variable Herz spaces, introduced
in [22], are obtained by substituting the classical /7 summability in the Herz norm
with the grand Lebesgue sequence space ¢?)9. This replacement strictly enlarges
the space and unlocks the treatment of borderline embedding phenomena that lie
outside the reach of the standard framework.

Definition 2.5 ([22]). Let x € R, 1 < p < o0, q(-) € P(R"), and 6 > 0.
The grand homogeneous variable Herz space K‘X ») 9(IR“) is the set of all P €

1OC (fR“ \ {0}) for which

(% Te)
p €

« = § ap(1l+e) p(1+e
||1-|)||Kq(’§)76(92n)3 Slip€ ( 2[ (1 ||1|)X || " )) < '

€z
An equivalent formulation is
(<]
||¢||er,p>,9 = sup eri+e ||1|)||Koc,p(1+e>a
a(-) e>0 a(-)
ap(lte)

where K aC) is the homogeneous variable Herz space with fixed exponent p(1+
€).

Remark 2.6. The nesting structure of grand Lebesgue sequence spaces immedi-
ately yields

K""p ) (RY) € K 7” *(RM) C K“(p) (1+8) (CR") for every & > 0.

Hence the grand variable Herz space is strictly larger than the standard variable
Herz space, affording the treatment of borderline embedding cases inaccessible
in the classical framework. Furthermore, for 0 < 0; < 05 there is a continuous

o), ap),0
embedding K:‘(g) ! (—>K:‘(S) ’

Definition 2.7 ([22]). The non-homogeneous grand variable Herz space K:‘(’S)’G(JQ”)
is the collection of all P € LIOC (R") such that

p(lte)
1+¢) (1+e€)
||¢||K:‘(S)¢9(Rn) = SeliIO) e’ (Hq)XBoHpL(q()e + Z glaplite) ||II)X I|iq( )e ) < 0.

>1

Definition 2.8. Let (€2, i) be a probability space equipped with a non-decreasing
sequence of measurable sets {By x>0 satisfying p(By) > 0, u(Byx) — 1, with
annuli Ry := By and Ry := By \ By for k > 1. Let q(-) be a measurable variable
exponent on  with 1 <q~ <q' <oo,let x € R, 1 <p < oo, and 6 > 0.

The non-homogeneous grand variable Herz space K:c(’g)’e(ﬂ) is the collection of
all pu-measurable functions 1V : 2 — R for which

p(1+e)
(1+e) } : (1+e)
||¢||KOL(7-‘J)>’G(Q) =Supe (Hll)XfRoHiq()eQ n) + 2kqu (1+e) ||¢X k”iq( >(€Q H)) < 00,
q e>0 k>1



GRAND VARIABLE HERZ SPACES 7

where L) (€, 1) denotes the variable-exponent Lebesgue space on (£, 1) with
Luxemburg norm. When Q = R", u is Lebesgue measure, and B, = B(0, 2¥),
this definition recovers Definition 2.7.
Theorem 2.9 (Holder’s inequality, [22]). Let 0 < p; < 00, 1 < q~ < g7 < oo,
—0 < o < 0o fori=1,2, and suppose

! ! + ! ! —|——1 1 X = o +

- = —, RS =1, = 1 9.

PP P ) a'()
Then

W0 any < bllgenonro ey - 1Dl gz 20 ey

2.5. Technical lemmas.

Lemma 2.10 ([3]). Suppose that
B € L*(RY)
satisfies the log-Holder continuity condition. Let
e € B(0,s1) \ B(0,81/2)
and
7€ B(0,s2) \ B(0,s2/2),
where s; > 0. Then the following estimate holds:

( S BT S
(_1) ) 0< 59 S _1a
So 2
51
$O < b 5 <2< 28,
p-
(S—1> ,  S9 > 2sy.
\ \ S2
If
p P

then the characteristic function associated with a ball B satisfies the asymptotic
relation

Ix3lpy =~ B[P
whenever the radius of B is sufficiently small, whereas for large balls one has

Ixslloy = 1B/

Lemma 2.11 ([15]). Let
p € PE(RY)
and define the annular region
R :=B(0,r) \ B(0,r/2).
If
Rl = 27",
then for every
TER,
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the norm of the characteristic function obeys

Ixwllocy = [RIVPE a |RJP.

Lemma 2.12 ([15]). Let 0 < k <1, 0 < q < o0, and suppose {@;} € £9. Define
o= Z Klija)j, N = Z Kji[@j.
i<I i<t

Then {&(}, {ni} € 9 and
{8} lew + 1{ni}leo < ¢ ll{@5} [len-

3. MAIN RESULTS

3.1. Boundedness of the Wolff Potential in Grand Variable Herz Spaces.
We now state and prove the principal boundedness results for the Wolff potential
within the grand variable Herz framework. Each proof rests on a dyadic partition
of R"™ into three carefully chosen regions: an inner ball, a middle enlarged annu-
lus, and a far-field tail, with the grand norm recovered by assembling the three
resulting pointwise estimates via the quasi-triangle inequality and the discrete
convolution control furnished by Lemma 2.12.

Theorem 3.1. The following assumptions are imposed: n € N, 0 < q < oo, and
0 > 0; p(-) € PR with 1 < p~ < p™ < ooy a() € L=®(R") is log-Holder
continuous at infinity with limit a. satisfying
n
—— < Oy

o0

and the Wolff potential operator Wy is bounded from LPO(R™) into LIO)(R"),
where

<pT;
o0

11 B

ae) (o) w

Under these conditions, the operator Wg , extends to a bounded map

Weo : Ko POORY) — KPR,

More precisely, there exists a constant M > 0 such that
HWB,v(ll))HKaE»;,pwe <M HIPHK“E‘;’"('%G» (3.1)
aC: p(-
for all p € KJPO(RY) N LAO(RY).

Proof. Let € > 0 be fixed throughout. For each [ € Z, set B, := B(0,2") and
Ri:= B\ Bi_1, and decompose

Y=1 XBi_y +}|) X3[+1\31711+1b XR™\Byq - (32)
by e he

Sub-additivity of Wg , gives, for every e € R,

3
Web(e) < D [Weaw(e)] (33)
=1
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It suffices to bound each summand in the grand Herz quasi-norm.
Inner region. For ¢ € Ry and T € By_;,
=t > e - e > 21 22 = 22

so B(e,r) N B = & for all r < ¢2". Consequently,

o] v—1 d ﬁ
WB’V(lpg[))(s)’ s </2r <Yﬁv_n /B( )N)g[)(T)ldT) ?r)
< ( /. rwv—nw—n%)” ( / |w<T>|dT> ,
c2! r Bi_1

where the radial integral converges since (v —n)(v — 1) — 1 < —1. Evaluating
it explicitly,

1

Wer(wi)(e)| 27 < /B () dT> o (3.4)

Since the right-hand side of (3.4) is constant on Ry, taking the L)-norm over R
and applying Lemma 2.11 gives

v—1

-1

HWﬁ,v(ﬂ’g))XrH S oo ey (/
La) B

Applying the variable-exponent Holder inequality and Lemma 2.11 to the remain-
ing integral,

/13 Wo)ldt < Y [ oxsluo xilluo S D 2% lbx;lwo,
-1

j<i=1 j<i—1

[b(7)] dT)

and inserting back we obtain
_1

v—1
_(n=Bv . /
HWB’”(MI))X[H S22 (Z 2Jn/poo||1|)Xj||LP('>> :

La) ™
j<i—1

Multiplying by 2", raising to the power p(1 + €), and summing over [ € 7Z,
the right-hand side takes the form of a discrete convolution of the sequence
{2’“°°|\1bxj”m(.) }j with the kernel ®(I — j) := 2073 where

n n—pv n
di =00+ ——
R N )

by the assumption a,, < n/p. . Since & < 0, the kernel {®(k)}r<( is summable
in ¢!, and Lemma 2.12 applied to the convolution sum yields

sup €6 <Z 2[aoop(1+e)

e>0 €Z

<0

p(1+4e€)

ﬁ
) SJ Hq)HK“E‘i’P)’G' (35)
p(-

)
‘WB’V(wl )X[Hw-)
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Middle region Since supplj)2 C Bt \ B = R UR U Ry, the assumed

L*0) — 190 boundedness of Wg 4 together with the triangle inequality gives
HWBN(ll)z )X < HWﬁ,v(ll’g H H1|)2 Lo = Z Ix;lLeer- (3.6)

li-1<1

LaC) Lat) ™~

Multiplying by 2" raising to the power p(1+€), and using the triangle inequality
in ép(lJrE),

E :2[aoop (1+e¢)
lez

Since each index j appears in at most three of the shifted sums, the right-hand
side is bounded by C' >, 2ieop(1+e) [y Hipl(fe and taking the 1/p(1+¢€) power,
then the weighted supremum over e,

sup €6 <Z 2[aoop(1+e

e>0 eZ

p(1+e€)
p(1+e)

o BT S il

iyt

‘W 1|)2 X[

(1+€) (1+e)
W b S llgyme.  (8.7)

Far-field region. For ¢ € Ry and T € R; with j > [+ 2, the ball B(e,r) intersects
R; only when r > ¢2!, so

W ,v(lb([))(ﬁ) < ( Oor(ﬁvfn)(vfl)*l dr>” ( |1|)(T)|dT>
RACCIEDY /cm- /,
/ ()] dr.
J>[+2

The Hélder inequality and Lemma 2.11 give [, [b|dt < 2% |[y;]|pec), so that
J

Bv—mn n
v—1 (v=1)p

WeaW)(e) S D 2 xllso, v =

j=H+2

Taking the L9¢)(R()-norm and applying Lemma 2.11 to obtain ||x(|| ) ~ 2™/,

sl | S22 g s,

j>1+2

La®)
Multiplying by 2"< and rewriting the sum as a convolution with the kernel W(j —
[) := 20-9" where
pv—n n
/
= — aOO =
vy v_1 (v DL

by the lower bound a,, > —n/p,, the kernel {U(k)}x>o is summable, and
Lemma 2.12 yields

sup €6 <Z 2[aoop(1+e)

e>0 €Z

— s <0

+€) l+e)
Woa [ S Ibllgeome:  (38)
«
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Conclusion. Taking L) (R()-norms in (3.3), multiplying by 2", raising to the
power p(1 + €), summing over [ € Z, and applying the quasi-triangle inequality
for P+ estimates (3.5), (3.7), and (3.8) combine to give

1 P(11+€) 1 ﬁ
<22‘“°°*’<1+€> W (0 >>auiq<t€>) <M<Z2‘“°°“+€ (Y |rii<*f> -

€z €7

Multiplying by €® and taking sup,., the left-hand side equals [ Wg ()]l at100.0
qa(+)

by Definition 2.5, giving (3.1). OJ
Theorem 3.2. The following assumptions are imposed: 0 < f < n, 8 > 0,
and 0 < q < oo; p(-) € PLERY) N PE(RY) with 1 < p~ < pt < n/Bp. Let
a(-) € L®(R"Y) satisfy the log-Hélder continuity condition and assume that its
essential bounds fulfil

n _ n n
3 p_<a <a <(p+)"
Assume further that the Wolff potential operator Wg \ acts boundedly from LPO(R™)
into LP"C)(R™), where
1 1 B

pe(e)  ple) n
Under these conditions, the operator Wp \ extends to a bounded map between
the corresponding homogeneous grand variable Herz spaces:
0 X
We : Ko POORY) — KPR,
Moreover, there exists a constant M > 0 such that

||W[5,V(ﬂr’)”f<ﬂg(),)p(-)ﬁ S ”ﬂ)HK:E;pUB (3.9)
b (. .

Proof. Fix € > 0 throughout. For each k € Z set By := B(0,2%), Ry := B\ Be_1,
and B, := {T: 272 < |1| < 2572}, Decompose

ll) = ll) XBy_2 + ll) X%K + Ib XRMN\ By y2s
—— S N——
Y1 W11 V1
so that sub-additivity gives, for every € € R,,

(Wevb(e)| < [Webi(e)] + W bule)| + [Webim(e)] - (3.10)

Inner ball estimate. For ¢ € R and 0 € R, withn <k — 2,
e — o] > [e] = |o] > 271 — 2572 =272,

so B(e,r) N By_o = @ for all r < ¢2%. Hence only radii r > ¢2 contribute, and

[e9) v—1 d ﬁ
(Weabi(e)] S (/ (rﬁv_“/ Ilbl(o)ldG) —r>
c2x B(e,r) r
- (/oo (Bv—m)(v—1) ldr)l/ |¢(O-)|d0.
c2K Bre_o
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Since (Bv —n)(v — 1) — 1 < —1, the radial integral evaluates to ¢2<PFY—"/0=1)
giving

Watn(6)] 275 [ (o)) do (3.11)

The right-hand side of (3.11) is constant on R, so Lemma 2.11 yields

< -
HWB vibr - XKHLp O NN < 2P L 97 K% /B |1|)(0')| do.
K—2

Applying the Holder inequality on each dyadic piece and Lemma 2.11,
/ [W(o)[do < Z [Wxnlleeo X llre < Z 2nn/p7||‘~l)Xn||LP(~>7
B2 n<k—2 N<k—2

so that, collecting all powers of 2,

W b1 - X)) 2xh Z n/e” [Wxnleeer, A=

-1
N<k—2 P v

n n—pv

. (3.12)

Multiplying by 2%*< the right-hand side of (3.12) becomes a convolution of the
sequence {2”(“°°+“/P7)||1])Xn||Lp(A)} with the kernel ®(k — 1) := 2<% where
n

51;:aoo+A_p“_ at L +B\/—n<0

p- v—1

by the assumption a™ +n/p~ + (v —n)/(v — 1) < 0. Since &; < 0, the kernel
{®(k) }i>0 is £*-summable, and Lemma 2.12 gives

o 10|
Koo + K -
{ZQ PO W by - Pt } {ZQ “OPCE) - e [F } ‘
weZ KEZ
(3.13)

Middle region estimate. Since supp Wy C B = U|J (<2 R;, the triangle inequality

gives [[WrllLee) < D25 <o WXl and the assumed Lp( — LP"() boundedness
yields

Wevtbu - Xl < Weatbullpeo S nlle < Y [l (3.14)
lji—xl<2
Multiplying by 2% raising to the power p(1 + €), and summing over K € 7Z,
p(1l+e€)

5 2049 g 1 5 3200 (5 gl

KEZ KEZ li—«|<2

Each index j appears in at most five of the shifted sums, so the triangle inequality
in *(+€) gives
p(1+e)

> 2P bl <O 2

KEZL li—«|<2 JEZ



GRAND VARIABLE HERZ SPACES 13

and taking the 1/p(1 + €) power then the weighted supremum over €,

Te " He=a]
{Z 2|<aoop (1+€) ||WBV1|)H XKHE(;: ‘1‘)5 } S {Z 2KCl Jp(1+e) ||ll) XKHip(—i)—e } ‘
KEZ KEZ
(3.15)

Far-field estimate. For ¢ € R, and 0 € R, with n > k + 3, the ball B(e,r) meets
R, only when r > ¢2", so

(We b (e)| < Z (/ p(Bv=)=D) 1Gh") i . [W(o)|do

n>k+3

f_’)V
S Y 2% [ wolas
n>k+3

Applying the Hélder inequality and Lemma 2.11, fﬂ?n W] do < 27 [ Wy [lie),
so that

Webm(e)] S D 2" [ bxllpser, v o=

N>Kk+3

[Sv—n+ n
v—1l  (v-Dp,

Taking the LP"¢)(R,)-norm and applying Lemma 2.11 to obtain ||x||p» e =~
/b5
We v - Xllppecr S 2% D~ 2™ [ s (3.16)
n2k+3
Multiplying (3.16) by 25%>= and re-expressing the sum as a convolution with the
kernel ¥(n — k) := 20793 ywhere
v—n n
i -
v—1 (v—=1)p,

dg =7y —ay = — Oy <0

by the assumption a~ > B — n/p~, the kernel {¥(k)}i > is ¢'-summable, and
Lemma 2.12 gives

e} ” FeE)
{Z?K%“*@ N } 5{22““ P - xKllipﬁe} ~
ez KEZL
(3.17)

Conclusion. Taking LP*¢)(R,)-norms in (3.10), multiplying by 2%%<, raising to
the power p(1 + €), and summing over K € Z, the quasi-triangle inequality for
£°(0+€) together with (3.13), (3.15), and (3.17) yields

1 p(l{ke) 1 ﬁ
{ZWM Wb el Tf)} <M{Z2‘“ ) . xKnipJ”} -

KEZ KEZL
Multiplying both sides by €°® and taking sup,. , the left-hand side equals | Wg () | gacr 0.0
p* ()
and the right-hand side equals M|}l ac)e).0 by Definition 2.5, giving (3.9). O
p(-)



14 R. G. ARTES, W. AFZAL, SAMRA ASJAD®, M. TARIQ, H. AHMAD

Remark 3.3. The theorems above refine and generalise the results in [10, 19, 18,
3, 22|, where analogous conclusions were derived for Riesz and sublinear-type
operators within classical and variable Herz-type spaces. The transition to grand
variable Herz spaces recovers all known Herz-space boundedness results as limit-
ing cases (by sending € — 0, equivalently 6 — 07) and simultaneously reaches
borderline embedding cases that were beyond reach in the standard framework.

3.2. Birkhoff’s Ergodic Theorem in Grand Variable Herz Spaces. The
pointwise ergodic theorem, first established by George David Birkhoff in 1931 [9],
constitutes a cornerstone of ergodic theory. It forges a profound connection be-
tween the time average of a function along the orbits of a measure-preserving
transformation and the spatial average of that function over the entire probabil-
ity space. Let (€2, i) be a probability space and T : 2 — {2 a measure-preserving
transformation. For 1 € L!(Q), the theorem asserts that the limit

balm = Jim L3 g (7m) (3.18)

holds for almost every 1 € 2, with the limiting function {,, being T-invariant and
satisfying [, Wav du = [, b dp. The significance of this result is difficult to over-
state: it provides rigorous justification for replacing time averages by ensemble
averages in dynamical systems, thereby linking ergodic theory, probability theory,
statistical mechanics [21], and information theory. Extensions to non-measure-
preserving transformations, amenable groups, and various function spaces have
since been developed [12, 20, 8]. The present work establishes a variant of the

ergodic theorem within the grand variable Herz space framework K:‘(’?))’e(Q) (de-

fined precisely in Definition 2.8), in which the exponents p(-) and «(-) are required
to be T-invariant; this hypothesis allows one to capture refined local and global
regularity properties of dynamical systems concurrently.

Theorem 3.4. Let (Q, 1) be a probability space and T : Q — Q a measure-
preserving transformation. Let {By >0 be a non-decreasing sequence of measur-
able sets satisfying w(Bo) > 0, w(Bx) — 1, and Ry = By \ By—1 for k > 1 with
Ro = Bo. Assume T 1(Ry) = Ry modulo null sets for each k. Moreover, suppose
p() is a T-invariant variable exponent on Q with p™ < oo, and that «(-) is like-

wise T-invariant. The space K:C(’.p))’e(Q) is as in Definition 2.8, with the annuli
{Ry} playing the role of the dyadic shells. Then:

(i) For any ¥ € K:‘(’g)’e(Q), the time average defined in (3.18) exists for
almost everyn € Q, and P, belongs to K;‘(’.))’S(Q).
(ii) Fvery € K;‘(’J))G(Q) satisfies

=0, (3.19)
K@)

together with Pay(N) = Par (TM)) a.e. and [o oy dp = [P dp.

lim
m-—o00

1m—1 .
wav—aigojwo‘f
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Proof. Ezistence of the Pointwise Limit. For each k > 0, the Holder inequality
in the variable-exponent setting gives

Il :/y )] Tdum) < bxa o o X o @ < Xl @@,
k

where g := essinfyeo q(n) and we used [|x, |10 < (R )% . Summing

over k > 0, and using the fact that {Ry} partitions © up to a null set (since
}‘L(gk) - 1)7

Wl = D Il < D w9 [bxs, oo, S Ibllgameq) < oo,

k>0 k>0

(3.20)
establishing the continuous embedding K:‘(’_”))’G(Q) — LY(Q). With ¢ € LY(Q)
and T measure-preserving, the classical Birkhoff Ergodic Theorem asserts that
the limit

Pa) = I S p(T () (3.21)

exists for p-a.e. N € Q, Yoy 0 T = Py ace., and [, Yo dp = [, b dp.

Membership of V., tn the Grand Variable Herz Space Fix € > 0 and k > 0.
Since ¢+ [t[PM1+9) is convex and Yoy (M) = limy o0 = S M (Ti()), Jensen’s
inequality gives, for a.e. 1,

WPy (1) PO 1+€><hmmf—2\¢ ) [ (3.22)

Integrating (3.22) over Ry and applying Fatou’s lemma,

m—1
. € . 1 ; 1+e
[ e < timint =S [ (@) du). (329
k i=0 k

For each fixed i, the substitution i’ = J%(17), combined with the measure-preserving
property du(n) = du(n’), the T-invariance p(T'(n)) = p(n) a.e., and the invari-
ance T (Ry) = R mod null sets, yields

)" aum) = [ )P aum). @.24)

Since the right-hand side of (3.24) is independent of i, every term in the Cesaro
sum is identical, so substituting back into (3.23),

[P PO du < [ PO dp,
ka ka

which, upon taking the appropriate power 1/(p(-)(1 + €)) and applying the norm
equivalence on Ry, gives

||1bavXk||Lp(-)(1+e)(Q,u) < CO Hll)XkHLP(')(1+€)(Q7u) (3-25)
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with Cp independent of k and €. Multiplying (3.25) by 2X*% | raising to the power
g, summing over k > 0, taking the 1/q, power, multiplying by €°, and taking
SUp,~( in accordance with Definition 2.8,

Hll)aVHK:‘(v'P)),e(Q) S CO |’1-I)HK:‘<J’>)9(Q) < OO; (326)

which gives both the norm bound and V,, € K“(’?))’S(Q), completing part (i).

Convergence in Norm. Bounded case. Suppose first |[||p) < M < oo. For
each k > 0 and € > 0, the pointwise bound

1 p(n)(1+e)
oy (n) = — Z e (7T

< (2M) 0+ —: g0 e LY(Ry, p)
holds uniformly in m, since p* < oo and u(Ry) < 1. Birkhoff’s theorem gives
pointwise a.e. convergence of the Cesaro averages to 1., so the Dominated Con-
vergence Theorem yields

p(-)(1+e)
lim du =0 for each fixed k. (3.27)
m—o0

1 .
kwav—agwofﬂ

Since [l < oo, for any & > 0 there exists Ko such that 7, 250 ||¢Xk||i§_;(-)(l+e)(g o <

b )
8%, and the bound (3.25) controls the tail of the Cesaro average by the same quan-

tity. Combining the tail estimate with (3.27) applied to the finite sum k < Kj,
there exists mg = mg(d, M) such that for all m > my,

< 8. (3.28)

K@

1 .
wav—ai;wo‘r

General case. For arbitrary 1V € K“(p)) e(Q), the truncations Yy := VP - Ly <ny

satisfy || —Pn|lk — 0 as N — oo by monotone convergence. Fix 6 > 0 and
choose ¢ € L>°(Q2) with [P — ¢||lx < 6. The decomposition

1mfl . 1mfl .
1|)av—5§1|)071:(1|)—¢)av+ (d)av_giz:;d)ogq)
1m—l

+B;(¢_¢)O

= El + E2 + E3 (329)
holds in K;‘(p))e(ﬂ) For E;, the bound (3.26) gives directly
[Eillx = [[(d = )avllx < Collb — dllx < Cod. (3.30)

For Es, since T is measure-preserving and both p(-), «(:) are T-invariant with
T(Ry) = Ry mod null sets, composition with T is an isometry of K:‘(’g)’e(Q):

(d—W)o Tk = ||d —W|x <& for everyi> 0,
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and the triangle inequality in K applied to the Cesaro average yields
m—1
1 :
E < — — Tk = — <6. 3.31
[Esllx < m;ll(d) $) o Tk = [lb — [k < (3.31)

For E,, since ¢ € L>®(Q2), the bounded case (3.28) provides my = mg (9, ¢) such
that
|E2]lx <& for all m > my. (3.32)

Combining (3.30), (3.32), and (3.31) via the triangle inequality,

m—1
1 .
Yoy — — le) o T < (Co+2)d for all m > my, (3.33)
P e
and since 8 > 0 was arbitrary, (3.19) follows. O

Remark 3.5. The foregoing theorem improves upon recent results obtained in the
variable Lebesgue space setting [16], which are carried over here to the grand
variable Herz framework that simultaneously captures local and global behaviour
of dynamical systems. In particular, the grand integrability structure furnishes
control at borderline integrability thresholds inaccessible in standard variable
Lebesgue or Herz space settings. Setting 6 — 07 (equivalently, working within
the standard Herz space) recovers the ergodic result of [16] as a special case.

4. CONCLUSION

We have proved the boundedness of the Wolff potential operator in grand vari-
able Herz spaces, extending earlier results confined to Lebesgue and classical Herz
spaces. The central novelty lies in the simultaneous use of the grand integrabil-
ity parameter, governing borderline Sobolev-type embeddings, and the variable
exponent structure, adapting to local integrability of the medium. We have fur-
ther established Birkhoff’s ergodic theorem in this setting, proving convergence of
time averages both pointwise almost everywhere and in the grand variable Herz
norm. These results provide effective tools for regularity and well-posedness of
quasilinear elliptic and parabolic PDEs in irregular domains. Open directions
include multilinear extensions of the Wolff potential, commutator estimates with
BMO functions, and applications to nonlinear elliptic systems with non-standard
growth.
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