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Abstract. We study approximation theory for the quaternionic Dunkl trans-
form (QDT) on R2. We establish Bernstein-type inequalities and Jackson direct
theorems, relating the best approximation Qν(f)2,Q to moduli of smoothness.
We also prove inverse theorems showing that summability of Qn(f)2,Q implies
Sobolev regularity f ∈ Wm

k (R2,H). These results extend classical Jackson-
Bernstein theory to the quaternionic Dunkl setting and provide a bridge be-
tween spectral approximation and Dunkl-Sobolev smoothness.
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1. Introduction

Approximation theory and harmonic analysis are deeply connected through
Fourier-type transforms, which allow the study of smoothness and spectral prop-
erties of functions. Classical results such as Bernstein inequalities, Jackson direct
theorems, and their inverse counterparts provide quantitative relationships be-
tween the smoothness of a function and the rate of its spectral approximation
[13, 15, 14].

The Dunkl transform, introduced to incorporate reflection symmetries and
weighted measures, has extended classical Fourier analysis to settings with root
systems and reflection groups [8, 9]. On the other hand, quaternionic analysis
provides a natural framework for multidimensional and color-valued signals, lead-
ing to quaternionic integral transforms such as the quaternion Fourier transform
and the quaternion linear canonical transform [6, 7, 1, 2, 3, 4, 5].

Recently, the quaternionic Dunkl transform (QDT) has been introduced as
a synthesis of these two directions. The QDT combines the algebraic richness
of quaternion-valued functions with the reflection-invariant structure of Dunkl
operators, allowing the study of functions on R2 with quaternionic values under
spectral and smoothness constraints. Preliminary results, such as Hardy-type
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theorems, have been established for the two-sided QDT [10], but a systematic
approximation theory in this setting has not yet been developed.

The main goal of this paper is to establish a framework of approximation the-
ory for the QDT. We define Dunkl-Sobolev spaces Wm

k (R2,H) associated with
Dunkl operators and study the best approximation of quaternionic functions in
L2
k(R2,H). Using finite difference operators and Dunkl translations, we prove

Bernstein-type inequalities and Jackson direct theorems that relate the best
approximation Qν(f)2,Q to moduli of smoothness. Moreover, we establish in-
verse theorems showing that suitable summability conditions on Qn(f)2,Q imply
Sobolev regularity f ∈ Wm

k (R2,H).
These results extend the classical Jackson-Bernstein theory to the quaternionic

Dunkl setting, providing a bridge between spectral approximation and Dunkl-
Sobolev smoothness. The framework developed here opens new directions for
further studies of uncertainty principles, eigenfunction expansions, and applica-
tions to quaternionic signal and image processing [11, 12].

The paper is organized as follows. Section 2 recalls the necessary background
on Dunkl operators, the two-sided quaternionic Dunkl transform (QDT), and the
associated L2

k(R2,H) spaces, including the definitions of Dunkl translations and
the Plancherel formula. Section 3 establishes Bernstein-type inequalities for func-
tions with bounded Dunkl spectrum and proves Jackson-type direct approxima-
tion theorems, linking the best approximation Qν(f)2,Q to moduli of smoothness.
This section also contains inverse theorems showing that summability of the best
approximations Qn(f)2,Q implies membership in Dunkl-Sobolev spaces. Section
4 concludes the paper and discusses potential extensions.

2. The Two-Sided Quaternionic Dunkl Transform

Throughout this section, we recall the necessary definitions and properties of
the quaternionic Dunkl transform (QDT). The symbol k denotes a real parameter
satisfying k > −1

2
.

2.1. Dunkl Weight and Quaternion Algebra. Let R ⊂ R be a finite root
system and R+ ⊂ R a positive subsystem. Let k : R → [0,∞) be a multiplicity
function invariant under the reflection group associated with R. The associated
Dunkl weight function is defined by

wk(x) =
∏
α∈R+

|〈α, x〉|2k(α), x ∈ R2.

In the rank-one case with two coordinates, this simplifies to

wk(x1, x2) = |x1|2k1|x2|2k2 ,

and the weighted measure is dµk(x1, x2) = wk(x1)wk(x2) dx1 dx2.
The quaternion algebra H is a four-dimensional real associative algebra. Every

quaternion q ∈ H can be written as

q = q0 + iq1 + jq2 + kq3, q0, q1, q2, q3 ∈ R,
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where the imaginary units i, j, k satisfy

i2 = j2 = k2 = ijk = −1, ij = k, jk = i, ki = j,

ji = −k, kj = −i, ik = −j.
The conjugate of q is q̄ = q0 − iq1 − jq2 − kq3, and the quaternionic norm is
|q|Q =

√
qq̄ =

√
q2

0 + q2
1 + q2

2 + q2
3.

In this paper, we consider quaternion-valued functions f : R2 → H expressed as
f(x) = f0(x) + if1(x) + jf2(x) + kf3(x) with real-valued components fn : R2 → R
for n = 0, 1, 2, 3.

The inner product of two quaternion-valued functions f, g : R2 → H is

〈f, g〉 =

∫
R2

f(x) g(x) dµk(x),

and the corresponding norms are

‖f‖p,Q =

(∫
R2

|f(x)|pQ dµk(x)

) 1
p

, 1 ≤ p <∞, ‖f‖∞,Q = ess sup
x∈R2

|f(x)|Q.

We denote by Lp(R2;H) the space of such functions with finite ‖f‖p,Q norm. For
real-valued functions, Lp(R2; dµk) is defined analogously with the usual absolute

value. The constant ck =
Γ(k+ 1

2
)

Γ( 1
2

) Γ(k)
appears throughout.

2.2. Quaternionic Dunkl Transform.

Definition 2.1. Let f ∈ L1
k(R2;H). The two-sided quaternionic Dunkl transform

(QDT) of f is defined by

Fq,D{f}(y) =

∫
R2

Ek(x1,−iy1) f(x1, x2)Ek(x2,−jy2) dµk(x), x = (x1, x2), y = (y1, y2) ∈ R2,

where Ek is the Dunkl kernel associated with the root system of rank one.

For a quaternion-valued function f = f0 + if1 + jf2 + kf3, the QDT acts com-
ponentwise, and we define the pointwise modulus

‖Fq,D{f}(y)‖Q =

√√√√ 3∑
n=0

|Fq,D{fn}(y)|2Q.

The corresponding L2-norm is

‖Fq,D{f}‖2,Q =

(∫
R2

‖Fq,D{f}(y)‖2
Q dµk(y)

) 1
2

.

Definition 2.2 (Inversion formula). Let f ∈ L1
k(R2;H) ∩ L2

k(R2;H) and assume
Fq,D{f} ∈ L1

k(R2;H). Then f can be recovered almost everywhere via

f(x1, x2) = c2
k

∫
R2

Ek(x1, iy1)Fq,D{f}(y)Ek(x2, jy2) dµk(y), x, y ∈ R2.

Definition 2.3 (Plancherel formula). For any f ∈ L2
k(R2;H), the QDT satisfies

the Plancherel identity
‖Fq,D{f}‖2,Q = ‖f‖2,Q.
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2.3. Dunkl Operators and Translations. The Dunkl operators are differential-
difference operators defined by

Di,kf(x1, x2) =
∂

∂x1

f(x1, x2) + k
f(x1, x2)− f(−x1, x2)

x1

,

Dj,kf(x1, x2) =
∂

∂x2

f(x1, x2) + k
f(x1, x2)− f(x1,−x2)

x2

.

These operators satisfy the eigenfunction relations

Di,k

(
Ek(x1, iλ1)

)
= iλ1Ek(x1, iλ1), Dj,k

(
Ek(x2, jλ2)

)
= jλ2Ek(x2, jλ2).

We define the QDT differential operator Dk and its powers by

Dk = Di,k Dj,k, Dr
k = Dr

i,k Dr
j,k, r ∈ N.

Following [8], the generalized translation operators for f ∈ L2
k(R2, dµk) are

given by

Ti,h1f(x1, x2) = ck

(∫ π

0

fe1
(
G(x1, h1, ϕ1), x2

)
he(x1, h1, ϕ1) sin2k−1 ϕ1 dϕ1

+

∫ π

0

fo1
(
G(x1, h1, ϕ1), x2

)
ho(x1, h1, ϕ1) sin2k−1 ϕ1 dϕ1

)
,

and analogously for Tj,h2 , where

G(xi, hi, ϕi) =
√
x2
i + h2

i − 2|xihi| cosϕi,

he(xi, hi, ϕi) = 1− sgn(xihi) cosϕi,

and

ho(xi, hi, ϕi) =


(xi + hi)h

e(xi, hi, ϕi)

G(xi, hi, ϕi)
if (xi, hi) 6= (0, 0),

0 if (xi, hi) = (0, 0).

The even and odd parts of f with respect to each variable are

fe1(x1, x2) = 1
2
(f(x1, x2) + f(−x1, x2)), fo1(x1, x2) = 1

2
(f(x1, x2)− f(−x1, x2)),

fe2(x1, x2) = 1
2
(f(x1, x2) + f(x1,−x2)), fo2(x1, x2) = 1

2
(f(x1, x2)− f(x1,−x2)).

From Lemma 2.5 in [8], we obtain the following fundamental identities:

Fq,D
(
Ti,h1f

)
(λ1, λ2) = Ek(h1, iλ1)Fq,D{f}(λ1, λ2), (2.1)

Fq,D
(
Tj,h2f

)
(λ1, λ2) = Fq,D{f}(λ1, λ2)Ek(h2, jλ2). (2.2)

For a quaternion-valued function f ∈ L2
k(R2,H), we define the shifted (trans-

lated) function

τh1,h2f(x1, x2) = Ti,h1 ◦ Tj,h2

(
f(x1, x2)

)
.

The following norm inequalities hold (see [8] for the real-valued case, extended
componentwise to H):

‖Ti,h1f‖2,Q ≤ 8
√

2‖f‖2,Q, ‖Tj,h2f‖2,Q ≤ 8
√

2‖f‖2,Q, ‖τh1,h2f‖2,Q ≤ 128‖f‖2,Q.
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Lemma 2.4. Let f ∈ L2
k(R2,H). Then for any h = (h1, h2) ∈ R2,

Fq,D
(
τh1,h2f

)
(λ) = Ek(h1, iλ1)Fq,D(f)(λ1, λ2)Ek(h2, jλ2).

Proof. Write f = f0+if1+jf2+kf3 with real-valued components fn. By linearity of
Ti,h1 and Tj,h2 , and using identities (2.1) and (2.2) together with the quaternionic
multiplication rules, the result follows by direct computation. �

2.4. Sobolev Spaces and K-Functionals. For r ∈ N, the Sobolev space asso-
ciated with Dk is

Wr
2,k =

{
f ∈ L2

k(R2,H)
∣∣ Dm

k f ∈ L2
k(R2,H), m = 1, 2, . . . , r

}
.

For t > 0, the corresponding K-functional is defined by

Km(f, t)2 = inf
g∈Wm

2,k

{‖f − g‖2,Q + t‖Dm
k g‖2,Q} .

Lemma 2.5. If f ∈Wr
2,k, then

‖Fq,D(Dr
kf)(λ)‖2,Q = |λ1λ2|r ‖Fq,D(f)(λ1, λ2)‖2,Q.

Proof. For each real-valued component, using the eigenfunction relations and the
fact that Fq,D maps Dr

k to multiplication by (−iλ1)r on the left and (−jλ2)r on
the right, we have

Fq,D(Dr
kf)(λ) = (−iλ1)r Fq,D{f}(λ) (−jλ2)r.

Taking the ‖ · ‖2,Q-norm and noting |i| = |j| = 1 together with multiplicativity of
the quaternionic norm yields the result. �

Lemma 2.6. For x = (x1, x2) ∈ R2, the following inequalities hold:

(1) |Ek(x1, iy1)|Q ≤ 1 and |Ek(x2, jy2)|Q ≤ 1, with equality iff x1 = 0 and
x2 = 0, respectively.

(2) |1− Ek(x1, iy1)|Q ≤ 2|x1| and |1− Ek(x2, jy2)|Q ≤ 2|x2|.
(3) There exists a constant c > 0, depending only on k, such that |1 −

Ek(x1, iy1)|Q ≥ c for all |x1| ≥ 1, and |1 − Ek(x2, jy2)|Q ≥ c for all
|x2| ≥ 1.

Proof. See Lemma 2.9 in [8]. �

2.5. Finite Difference Operators. We define the finite difference operators of
first and higher orders as follows:

∆h1,h2f(x) = τh1,h2f(x)− Ti,h1f(x)− Tj,h2f(x) + f(x) = (Ti,h1 − I)(Tj,h2 − I)f(x),

∆m,n
h1,h2

f(x) =
m∑

k2=0

n∑
k1=0

(−1)n−k1(−1)m−k2
(
n

k1

)(
m

k2

)
Tk1

i,h1
◦ Tk2

j,h2
f(x),

where T0
.,hp
f(x) = f(x) and Ti

.,hp
f(x) = T.,hp

(
Ti−1
.,hp
f(x)

)
, and I denotes the

identity operator on L2
k(R2,H).

For f ∈ L2(R2,H) and a scalar step h > 0, we will use the notation ∆hf(x) =
(Ti,h− I)(Tj,h− I)f(x), where the same step h is taken in both directions. When
we write ∆1/ν with a scalar argument, it is understood that the step vector is
(1/ν, 1/ν).
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The following norm inequality holds (see [8]):

‖∆m
h f‖2 ≤ 122m‖f‖2. (2.3)

3. Bernstein and Jackson-Type Theorems for the Quaternionic
Dunkl Transform

In this section, we establish Bernstein-type inequalities and Jackson direct and
inverse theorems in the framework of the two-sided quaternionic Dunkl trans-
form (QDT). These results provide quantitative estimates for approximating
quaternion-valued functions in L2

k(R2,H) by functions with bounded spectral
support.

3.1. Sobolev Spaces and Modulus of Smoothness. Let m ∈ N. The Sobolev
space associated with the quaternionic Dunkl differential operator Dk is

Wm
2,k(R2,H) =

{
f ∈ L2

k(R2,H) : Dr
kf ∈ L2

k(R2,H), r = 1, . . . ,m
}
.

For f ∈ L2
k(R2,H), the modulus of smoothness of order m ∈ N is defined by

ωm(f, δ)2,Q = sup
|h|≤δ
‖∆m

h f‖2,Q ,

where ∆m
h denotes the m-th order finite difference operator associated with the

two-sided quaternionic Dunkl translations (see Section 2), and the norm ‖ · ‖2,Q

is taken with respect to the weighted measure dµk on R2.

3.2. Spectral Truncation and Functions with Bounded Spectrum. For
any ν > 0, define the spectral projection operator Pν by

Pν(f)(x) = F−1
q,D

{
Fq,D{f}(λ)χν(λ)

}
(x),

where χν is the characteristic function of the square [−ν, ν]× [−ν, ν] ⊂ R2. Since
Pν(f) has compact spectral support, it follows that Pν(f) is infinitely differ-
entiable in the sense of the Dunkl operator and belongs to Wm

2,k(R2,H) for all
m ∈ N.

A function f ∈ L2
k(R2,H) is said to have bounded spectrum of order ν > 0 if

Fq,D{f}(λ) = 0 for all |λ| > ν.

We denote the set of such functions by Iν . The best approximation of f ∈
L2
k(R2,H) by functions in Iν is

Qν(f)2,Q = inf
g∈Iν
‖f − g‖2,Q,

where ‖ · ‖2,Q denotes the L2
k-norm associated with the quaternionic Dunkl mea-

sure. The operator Pν is the orthogonal projection onto Iν .
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3.3. Bernstein-Type Inequalities.

Theorem 3.1. Let f ∈ Iν, i.e., f has bounded spectrum of order ν > 0. Then
Dkf ∈ Iν and

‖Dkf‖2,Q ≤ ν2 ‖f‖2,Q. (3.1)

More generally, for any integer m ≥ 1,

‖Dm
k f‖2,Q ≤ ν2m ‖f‖2,Q. (3.2)

Proof. Since f ∈ Iν , its quaternionic Dunkl transform Fq,D{f}(λ) is supported
in the square [−ν, ν]2. By definition of Dk and properties of the QDT,

Fq,D{Dm
k f}(λ) = (−iλ1)mFq,D{f}(λ) (−jλ2)m,

so Dm
k f also has spectrum contained in [−ν, ν]2, i.e., Dm

k f ∈ Iν . Applying the
Plancherel formula for the QDT,

‖Dm
k f‖2

2,Q =

∫
R2

|Fq,D{Dm
k f}(λ)|2Q dµk(λ)

=

∫
[−ν,ν]2

|(λ1λ2)mFq,D{f}(λ)|2Q dµk(λ)

≤ ν4m

∫
[−ν,ν]2

|Fq,D{f}(λ)|2Q dµk(λ)

= ν4m ‖f‖2
2,Q.

Taking the square root yields (3.2) (and (3.1) for m = 1). �

3.4. Jackson-Type Direct Theorem.

Theorem 3.2. Let f ∈ Wm
2,k(R2,H), where m is a positive integer. Then, for any

ν > 0, the best approximation by functions with spectrum bounded by ν satisfies

Qν(f)2,Q = inf
g∈Iν
‖f − g‖2,Q ≤ c ν−2m ωk(D

m
k f, 1/ν)2,Q, (3.3)

where c > 0 is a constant independent of f and ν, and ωk is the modulus of
smoothness of order k defined via the QDT.

Proof. Consider the spectral projection Pν(f)(x) = F−1
q,D{Fq,D{f}(λ)χν(λ)}(x),

where χν is the characteristic function of [−ν, ν]2. By the Plancherel formula for
QDT,

‖f − Pν(f)‖2
2,Q =

∫
R2

|(1− χν(λ))Fq,D{f}(λ)|2Q dµk(λ).

Key observation: Since χν is the characteristic function of [−ν, ν]2, we have
λ /∈ [−ν, ν]2 if and only if max(|λ1|, |λ2|) > ν. Equivalently, |λ1| > ν or |λ2| > ν.
Using the inequality |ϕi,λ1(1/ν)| ≤ |λ1/ν|, we obtain

‖f − Pν(f)‖2,Q ≤ c1 ‖∆k+m
1/ν f‖2,Q,

where ∆k+m
1/ν denotes the finite difference operator with uniform step vector (1/ν, 1/ν).

Applying the QDT analogue of the inequality ‖∆hf‖2,Q ≤ h2‖Dkf‖2,Q repeatedly
m times gives

‖∆k+m
1/ν f‖2,Q ≤ (ν−2)m ‖∆k

1/νD
m
k f‖2,Q ≤ ν−2m ωk(D

m
k f, 1/ν)2,Q.
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Combining the inequalities, we obtain

‖f − Pν(f)‖2,Q ≤ c ν−2m ωk(D
m
k f, 1/ν)2,Q.

Since Pν(f) ∈ Iν , we conclude

Qν(f)2,Q ≤ ‖f − Pν(f)‖2,Q ≤ c ν−2m ωk(D
m
k f, 1/ν)2,Q.

�

3.5. Auxiliary Lemmas for Inverse Theorems.

Lemma 3.3. For j, k ∈ N∗, the following inequality holds for the QDT best
approximation:

22k(j−1)Q2j(f)2,Q ≤
2j∑

η=2j−1+1

η2k−1Qη(f)2,Q.

Proof. Observe that

2j∑
η=2j−1+1

η2k−1 ≥ (2j−1)2k−1 · 2j−1 = 22k(j−1).

Since Qη(f)2,Q is monotonically decreasing with respect to η, we have

22k(j−1)Q2j(f)2,Q ≤
2j∑

η=2j−1+1

η2k−1Qη(f)2,Q.

�

Lemma 3.4. For n, k ∈ N∗,

2kQn(f)2,Q ≤
c4

n2k

n∑
j=0

(j + 1)2k−1Qj(f)2,Q.

Proof. A simple calculation shows

n∑
j=0

(j + 1)2k−1 ≥
n∑

j≥n/2−1

(j + 1)2k−1 ≥
(n

2

)2k−1 n

2
= 2−2kn2k.

Taking into account this inequality and the fact that Qj(f)2,Q is decreasing with
respect to j, we obtain the result. �

Lemma 3.5. Let Φν ∈ Iν satisfy ‖f − Φν‖2,Q = Qν(f)2,Q for each ν ∈ N. Then

‖Dk
kΦ2j+1 −Dk

kΦ2j‖2,Q ≤ 22k(j+1)+1Q2j(f)2,Q.

In particular,

‖Dk
kΦ1‖2,Q = ‖Dk

kΦ1 −Dk
kΦ0‖2,Q ≤ 24k+1Q0(f)2,Q.
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Proof. By the QDT analogue of Bernstein’s inequality and the monotonicity of
Qν(f)2,Q:

‖Dk
kΦ2j+1 −Dk

kΦ2j‖2,Q ≤ 22k(j+1)‖Φ2j+1 − Φ2j‖2,Q

= 22k(j+1)‖(f − Φ2j)− (f − Φ2j+1)‖2,Q

≤ 22k(j+1)
(
Q2j(f)2,Q +Q2j+1(f)2,Q

)
≤ 22k(j+1)+1Q2j(f)2,Q.

The second inequality follows similarly. �

3.6. Inverse Theorem.

Theorem 3.6. For each function f ∈ L2
k(R2,H) and every n ∈ N∗,

ωk

(
f,

1

n

)
2,Q
≤ c

n2k

n∑
j=0

(j + 1)2k−1Qj(f)2,Q,

where c = c(k, α) > 0 is a constant.

Proof. Let 2m ≤ n < 2m+1 for some m ∈ N. For each ν ≥ 0, let Φν ∈ Iν be the
best approximation of f , i.e., ‖f − Φν‖2,Q = Qν(f)2,Q.

Using the triangle inequality and the modulus of smoothness properties:

ωk

(
f,

1

n

)
2,Q
≤ ωk

(
f − Φ2m+1 ,

1

n

)
2,Q

+ ωk

(
Φ2m+1 ,

1

n

)
2,Q

≤ 2k‖f − Φ2m+1‖2,Q + ωk

(
Φ2m+1 ,

1

n

)
2,Q

≤ 2kQ2m+1(f)2,Q + ωk

(
Φ2m+1 ,

1

n

)
2,Q

≤ 2kQn(f)2,Q + ωk

(
Φ2m+1 ,

1

n

)
2,Q
.

By the QDT analogues of Lemmas 2.5 and 2.6:

ωk

(
Φ2m+1 ,

1

n

)
2,Q
≤ c3

n2k
‖Dk

kΦ2m+1‖2,Q

≤ c3

n2k

{
‖Dk

kΦ1 −Dk
kΦ0‖2,Q +

m∑
j=0

‖Dk
kΦ2j+1 −Dk

kΦ2j‖2,Q

}

≤ c3

n2k

{
24k+1Q0(f)2,Q +

m∑
j=0

22k(j+1)+1Q2j(f)2,Q

}

≤ c324k+1

n2k

{
Q0(f)2,Q +

m∑
j=0

22k(j−1)Q2j(f)2,Q

}
.

Using the discrete summation lemma (QDT analogue of Lemma 2.4 in [8]):

ωk

(
Φ2m+1 ,

1

n

)
2,Q
≤ c5

n2k

2m∑
j=0

(j + 1)2k−1Qj(f)2,Q.
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Therefore, combining the estimates:

ωk

(
f,

1

n

)
2,Q
≤ 2kQn(f)2,Q +

c5

n2k

n∑
j=0

(j + 1)2k−1Qj(f)2,Q.

Finally, by the monotonicity of Qν(f)2,Q and the summation lemma,

ωk

(
f,

1

n

)
2,Q
≤ c

n2k

n∑
j=0

(j + 1)2k−1Qj(f)2,Q.

�

3.7. Numerical Illustration. We briefly summarize the numerical procedure
used to illustrate the Jackson-type theorems. (Full implementation details are
provided in the supplementary material.) For a given quaternion-valued signal f
with components f0, f1, f2, f3 defined on a spatial grid x ∈ [−5, 5], we compute
the spectral best approximation error Qν(f)2,Q and the modulus of smoothness
ω1(f, 1/ν)2,Q for spectral radii ν = 1, 2, . . . , 20 using an FFT-based approximation
of the QDT. The spectral mask Mν is the characteristic function of [−ν, ν]2.

The numerical results are displayed in Figure 1, showing the decay of the best
spectral approximation error and the modulus of smoothness with respect to ν
on a log-log scale. The observed asymptotic equivalence Qν(f)2,Q � ω1(f, 1/ν)2,Q

confirms the theoretical predictions of Theorems 3.2 and 3.6.

Figure 1. Best spectral approximation error Qν(f)2,Q (solid line)
and modulus of smoothness ω1(f, 1/ν)2,Q (dashed line) versus spec-
tral radius ν on a log-log scale. The parallel decay confirms the
Jackson-type direct and inverse theorems.
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3.8. Inverse Theorem for Higher Derivatives.

Theorem 3.7. Suppose f ∈ L2
k(R2,H) and

∞∑
j=1

j2m−1Qj(f)2,Q <∞, m ∈ N∗.

Then f ∈ Wm
k (R2,H) and, for every positive integer n,

ωk

(
Dm

k f,
1

n

)
2,Q
≤ C

{
1

n2k

n∑
j=0

(j + 1)2(k+m)−1Qj(f)2,Q +
∞∑

j=n+1

j2m−1Qj(f)2,Q

}
,

where C = C(k,m, α) > 0.

Proof. Let 2s ≤ n < 2s+1 for some s ∈ N. For each r ≤ m, consider the series

Dr
kΦ1 +

∞∑
j=0

(
Dr

kΦ2j+1 −Dr
kΦ2j

)
.

Using the QDT analogues of Lemmas 2.5 and 2.6, this series converges in L2
k(R2,H)

because
∞∑
j=0

‖Dr
kΦ2j+1 −Dr

kΦ2j‖2,Q ≤
∞∑
j=1

j2r−1Qj(f)2,Q <∞.

Moreover, we have f = Φ1 +
∑∞

j=0(Φ2j+1 − Φ2j), where the series converges in

L2
k and hence in D′(R2,H). Since Dk is continuous on D′, we obtain

Dr
kf = Dr

kΦ1 +
∞∑
j=0

(
Dr

kΦ2j+1 −Dr
kΦ2j

)
∈ L2

k,

so f ∈ Wm
k (R2,H).

For the modulus of smoothness, using the triangle inequality:

ωk

(
Dm

k f,
1

n

)
2,Q
≤ ωk

(
Dm

k f −Dm
k Φ2s+1 ,

1

n

)
2,Q

+ ωk

(
Dm

k Φ2s+1 ,
1

n

)
2,Q
.

By Lemmas 2.5 and 2.6 for QDT, the first term is bounded as

ωk

(
Dm

k f −Dm
k Φ2s+1 ,

1

n

)
2,Q
≤ c6

∞∑
j=2s+1

j2m−1Qj(f)2,Q.

The second term is estimated by

ωk

(
Dm

k Φ2s+1 ,
1

n

)
2,Q
≤ c7

n2k

2s∑
j=0

(j + 1)2(k+m)−1Qj(f)2,Q.

Combining these estimates and noting that 2s ≤ n < 2s+1 yields the desired
inequality. �
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4. Conclusion

In this work we have extended classical results of approximation theory to the
setting of the Quaternionic Dunkl Transform (QDT). Specifically, we established
three main families of results.

First, we proved Bernstein-type inequalities showing that functions with bounded
QDT spectrum have their derivatives controlled in the L2

k norm. More precisely,
for any f ∈ Iν we obtained ‖Dm

k f‖2,Q ≤ ν2m‖f‖2,Q, which generalizes the classical
Bernstein inequality to the quaternionic Dunkl setting.

Second, we established Jackson-type direct theorems providing quantitative es-
timates for the best approximation of functions in Sobolev-type spacesWm

k (R2,H)
in terms of their modulus of smoothness. The inequalityQν(f)2,Q ≤ c ν−2m ωk(D

m
k f, 1/ν)2,Q

captures the precise rate at which functions can be approximated by bandlimited
quaternionic signals.

Third, we proved inverse theorems linking the decay of best approximation
errors Qn(f)2,Q to membership in Sobolev spaces. Under suitable summability
conditions on Qn(f)2,Q, we showed that f belongs to Wm

k (R2,H) and obtained
explicit estimates for higher-order QDT derivatives. These inverse results com-
plete the approximation-theoretic characterization of smoothness in the QDT
framework.

These results together form a comprehensive framework for approximation and
smoothness analysis in the QDT setting, generalizing well-known theorems from
classical Fourier and octonion Fourier analysis to the quaternionic Dunkl context.
The theoretical foundation laid here opens the door for further investigations.

Promising future directions include the development of numerical algorithms
for signal reconstruction using QDT and its associated prolate spheroidal wave
function analogues; extensions to multi-dimensional and weighted Dunkl-type set-
tings with more general root systems; and applications in quaternion-valued sig-
nal processing, color image analysis, and harmonic analysis on reflection groups.
Another interesting direction would be to investigate uncertainty principles and
eigenfunction expansions within the QDT framework, as well as the connection
between the K-functionals defined here and other smoothness measures.

Overall, this work provides a robust bridge between classical approximation
theory and the emerging field of quaternionic Dunkl analysis, offering both the-
oretical insights and potential computational tools for processing quaternion-
valued signals with reflection symmetries.

Conflicts of Interest

No data sets were generated or analysed during the current study. All authors
declare that they have no conflict of interest. This research received no specific
grant from any funding agency in the public, commercial, or not-for-profit sectors.
All authors contributed equally to the conceptualization, formal analysis, and
writing of this manuscript. All authors have read and approved the final version
of the manuscript.



BERNSTEIN AND JACKSON INEQUALITIES FOR QDT 13

References

1. Achak, A., Akhlidj, A., Daher, R., & Jaafari, A. (2024). On estimates for the quaternion
linear canonical transform in the space L2(R2,H). Rend. Circ. Mat. Palermo, II. Ser.
https://doi.org/10.1007/s12215-024-01010-w

2. Achak, A., Ahmad, O., Belkhadir, A., & Daher, R. (2022). Jackson Theorems for the
Quaternion Linear Canonical transform. Adv. Appl. Clifford Algebras, 32, 41. https://
doi.org/10.1007/s00006-022-01224-6

3. Bouhlal, A., Safouane, N., Achak, A., & Daher, R. (2021). Wavelet Transform of Dini
Lipschitz Functions on the Quaternion Algebra. Adv. Appl. Clifford Algebras, 31, 8. https:
//doi.org/10.1007/s00006-020-01109-6

4. Achak, A., Bouhlal, A., Daher, R., & Safouane, N. (2020). Titchmarsh’s theorem and some
remarks concerning the right-sided quaternion Fourier transform. Bol. Soc. Mat. Mex., 26,
599–616. https://doi.org/10.1007/s40590-019-00255-5

5. Achak, A., Abouelaz, A., Daher, R., & Safouane, N. (2019). Uncertainty principles for
the quaternion linear canonical transform. Adv. Appl. Clifford Algebras, 29, 99. https:
//doi.org/10.1007/s00006-019-1007-9

6. Sudbery, A. (1979). Quaternionic analysis. Math. Proc. Cambridge Phil. Soc., 85, 199–225.
https://doi.org/10.1017/S0305004100055638

7. Dickson, L.E. (1919). On quaternions and their generalization and the history of the eight
square theorem. Ann. Math., 20(3), 155–171. https://doi.org/10.2307/1967865

8. Belkina, E.S., & Platonov, S.S. (2008). Equivalence of K-functionals and modulus of
smoothness constructed by generalized Dunkl translations. Russian Mathematics (Izvestiya
VUZ. Matematika), 52(8), 1–11. https://doi.org/10.3103/S1066369X08080015

9. Platonov, S.S. (2019). Fourier-Jacobi harmonic analysis and some problems of approxima-
tion of functions on the half-axis in L2 metric: Jackson’s type direct theorems. Integr. Trans-
form Spec. Funct., 30(4), 264–281. https://doi.org/10.1080/10652469.2018.1554561

10. Essenhajy, M., & Fahlaoui, S. (2023). The two-sided quaternionic Dunkl transform and
Hardy’s theorem. Rend. Circ. Mat. Palermo, II. Ser, 72, 1–13. https://doi.org/10.1007/
s12215-022-00794-1

11. Grigoryan, A.M., & Agaian, S.S. (2018). Quaternion and octonion color image processing
with MATLAB. SPIE. https://doi.org/10.1117/3.2312280

12. Grigoryan, A.M., & Agaian, S.S. (2018). Quaternion and Octonion Color Image Processing
with MATLAB. SPIE, Bellingham. https://doi.org/10.1117/3.2312280

13. Nikol’skii, S.M. (1969). Approximation of Functions of Several Variables and Embedding
Theorems. Nauka, Moscow. (In Russian)

14. Prasad, A., & Ansari, Z.A. (2019). Approximation of linear canonical wavelet transform
on the generalized Sobolev spaces. J. Pseudo-Differ. Oper. Appl., 10, 855–881. https:
//doi.org/10.1007/s11868-018-0272-x

15. Stechkin, S.B. (1954). On the order of best approximation of continuous functions (Russian).
Izv. Akad. Nauk. SSR, Ser. Math., 15, 219–243.

1 Department of Mathematics, Faculty of Sciences Chouaib Doukkali, El Ja-
dida, Morocco.

Email address: elhyatsm4@gmail.com

2 Department of Mathematics, Faculty of Sciences Äın Chock, University of
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