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BERNSTEIN AND JACKSON INEQUALITIES FOR THE
QUATERNIONIC DUNKL TRANSFORM
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ABSTRACT. We study approximation theory for the quaternionic Dunkl trans-
form (QDT) on R%. We establish Bernstein-type inequalities and Jackson direct
theorems, relating the best approximation @, (f)2,¢ to moduli of smoothness.
We also prove inverse theorems showing that summability of Q,(f)2 ¢ implies
Sobolev regularity f € W{*(R?,H). These results extend classical Jackson-
Bernstein theory to the quaternionic Dunkl setting and provide a bridge be-
tween spectral approximation and Dunkl-Sobolev smoothness.
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1. INTRODUCTION

Approximation theory and harmonic analysis are deeply connected through
Fourier-type transforms, which allow the study of smoothness and spectral prop-
erties of functions. Classical results such as Bernstein inequalities, Jackson direct
theorems, and their inverse counterparts provide quantitative relationships be-
tween the smoothness of a function and the rate of its spectral approximation

[13, i

The Dunkl transform, introduced to incorporate reflection symmetries and
weighted measures, has extended classical Fourier analysis to settings with root
systems and reflection groups [%, 9]. On the other hand, quaternionic analysis
provides a natural framework for multidimensional and color-valued signals, lead-
ing to quaternionic integral transforms such as the quaternion Fourier transform
and the quaternion linear canonical transform [6, 7, 1, 2, 3, 4, 5].

Recently, the quaternionic Dunkl transform (QDT) has been introduced as
a synthesis of these two directions. The QDT combines the algebraic richness
of quaternion-valued functions with the reflection-invariant structure of Dunkl
operators, allowing the study of functions on R? with quaternionic values under
spectral and smoothness constraints. Preliminary results, such as Hardy-type
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theorems, have been established for the two-sided QDT [10], but a systematic
approximation theory in this setting has not yet been developed.

The main goal of this paper is to establish a framework of approximation the-
ory for the QDT. We define Dunkl-Sobolev spaces W;™(R? H) associated with
Dunkl operators and study the best approximation of quaternionic functions in
L(R? H). Using finite difference operators and Dunkl translations, we prove
Bernstein-type inequalities and Jackson direct theorems that relate the best
approximation Q,(f)s2,0 to moduli of smoothness. Moreover, we establish in-
verse theorems showing that suitable summability conditions on @Q,,(f)2,¢ imply
Sobolev regularity f € W (R?, H).

These results extend the classical Jackson-Bernstein theory to the quaternionic
Dunkl setting, providing a bridge between spectral approximation and Dunkl-
Sobolev smoothness. The framework developed here opens new directions for
further studies of uncertainty principles, eigenfunction expansions, and applica-
tions to quaternionic signal and image processing [11, 12].

The paper is organized as follows. Section 2 recalls the necessary background
on Dunkl operators, the two-sided quaternionic Dunkl transform (QDT), and the
associated LZ(R? H) spaces, including the definitions of Dunkl translations and
the Plancherel formula. Section 3 establishes Bernstein-type inequalities for func-
tions with bounded Dunkl spectrum and proves Jackson-type direct approxima-
tion theorems, linking the best approximation @, (f)2¢ to moduli of smoothness.
This section also contains inverse theorems showing that summability of the best
approximations @, (f)2,¢ implies membership in Dunkl-Sobolev spaces. Section
4 concludes the paper and discusses potential extensions.

2. THE TWO-SIDED (QUATERNIONIC DUNKL TRANSFORM

Throughout this section, we recall the necessary definitions and properties of
the quaternionic Dunkl transform (QDT'). The symbol k denotes a real parameter
satisfying k > —1.

2.1. Dunkl Weight and Quaternion Algebra. Let R C R be a finite root
system and R, C R a positive subsystem. Let k : R — [0, 00) be a multiplicity
function invariant under the reflection group associated with R. The associated
Dunkl weight function is defined by

wi(@) =[] Kewa)™, = e R

aER

In the rank-one case with two coordinates, this simplifies to
2k 2k
wy (1, 2) = |T1]|* 222,

and the weighted measure is dug (21, z9) = wi(x1)wk(zs) dzy das.
The quaternion algebra H is a four-dimensional real associative algebra. Every
quaternion ¢ € H can be written as

q=qo+ig +ig+¥gs, q,q,%,q R,



BERNSTEIN AND JACKSON INEQUALITIES FOR QDT 3

where the imaginary units i, j, € satisfy
P==0=it=-1, ij=¢t jt=1i ¢t=j,
ji=—t ¢H=-1 it=—j.
The conjugate of ¢ is ¢ = qo — ig1 — jq2 — tg3, and the quaternionic norm is

lalo = vai = Vag + a4t + & + -

In this paper, we consider quaternion-valued functions f : R? — H expressed as
f(x) = fo(x) +ifi(z) +jfo(x) + Efs(x) with real-valued components f, : R? — R
forn=0,1,2,3.

The inner product of two quaternion-valued functions f, g : R? — H is

()= [ S@)3) i),

and the corresponding norms are

1

Iflhe = ([ rofan) . 1<p<o0 Ifle = esswlle

zeR?

We denote by LP(R?; H) the space of such functions with finite || f||, o norm. For

real-valued functions, LP(R?; duy) is defined analogously with the usual absolute
I'(k+3)

value. The constant ¢, = NOR]
2

appears throughout.

2.2. Quaternionic Dunkl Transform.

Definition 2.1. Let f € Li (R* H). The two-sided quaternionic Dunkl transform
(QDT) of f is defined by

Farf) = |

R
where F)y is the Dunkl kernel associated with the root system of rank one.

Ex (w1, —iyn) f(x1, 22) Bx(22, —jy2) dp (), x = (21,29), ¥y = (y1,12) € R?,

For a quaternion-valued function f = fy +1if1 +jf2 + tf3, the QDT acts com-
ponentwise, and we define the pointwise modulus

1Fen {3 W)lla = 1| D 1 Fanifat )3

The corresponding L?-norm is

Folilaa = ([ 170l 0l ()

Definition 2.2 (Inversion formula). Let f € L (R%* H) N L (R?* H) and assume
Fop{f} € LL(R*% H). Then f can be recovered almost everywhere via

f(x1,39) = Ci/ Ex(z1,iy1) Fop{f}(y) Ex(z2,iy2) du(y), =,y € R%.
RQ

Definition 2.3 (Plancherel formula). For any f € L (R?* H), the QDT satisfies
the Plancherel identity

1Fo.0{f 2@ = ]2
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2.3. Dunkl Operators and Translations. The Dunkl operators are differential-
difference operators defined by

Dixf(zq,29) = %f(xl"%) +k [y, 22) ;f(—:ﬁ,xﬁ)

[y, 29) — f(1317—$2)'

T2

Djif (w1, 22) = aimf(ml,ﬂh) +k
These operators satisfy the eigenfunction relations
Dix(Ex(z1,iM1)) = iXy Ex(1,i\), Djx(Ex(z2,iX2)) = iXa Ex (32, iA2).
We define the QDT differential operator Dy and its powers by
Dy = Dix Dk, Dy =D Diy, reN.
Following [3], the generalized translation operators for f € LZ(R? duy) are

given by

Tip, f(21,22) = Ck(/ fer (G(z1, b, 1), 32) B (31, ha, 1) sin®™ " oy dipy
0

+/ Jor (G(flfl, hla(Pl)axZ) h?(x1, by, @1) sin®*! $1 d801>a
0

and analogously for Tj;,, where

G (i, his i) = \/x? + h? — 2|z;h;| cos @i,

R (x5, hi, i) = 1 — sgn(w;h;) cos @,
and .
(x; +C§L(zifh(f;zn ©i) it (25, ha) # (0,0),
0 if (x;,h;) = (0,0).
The even and odd parts of f with respect to each variable are
Jer (1, m0) = 5(f(1,22) + f(=21,22)),  fo, (w1, 22) = 5(f (21, 22) — f(—21,22)),
Jeo (1, 2) = 5(f21,22) + (21, —22)),  foo (21, 22) = 5(f (21, 22) — f(21, —22)).

From Lemma 2.5 in [%], we obtain the following fundamental identities:
‘F%D (Ti,hlf) ()‘17 /\2> - Ek(hb 1)‘1) ‘F%D{f}(/\h /\2)7 (21)

Foo (Tins f) (M, X2) = Fon{f (M1, A2) Exc(ha, js). (2.2)

For a quaternion-valued function f € Li(R? H), we define the shifted (trans-
lated) function

ho(%',hi,%') =

Thyhof (1, 22) = Tipy 0 Tip, (f(21,22)).

The following norm inequalities hold (see [3] for the real-valued case, extended
componentwise to H):

I Tin fllze < 8V2 20, I T fllze < 8V2 20, Thy ho fll2.0 < 128 fll2,0-
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Lemma 2.4. Let f € Li(R?* H). Then for any h = (hy, hy) € R?,
Fao (Thina f) (A) = Exc(ha,ih) Fono(f)(Mr, A2) Exc(ha,iAa).

Proof. Write f = fo+ifi1+jfo+¥tf5 with real-valued components f,,. By linearity of
T;, and Tj p,, and using identities (2.1) and (2.2) together with the quaternionic
multiplication rules, the result follows by direct computation. O

2.4. Sobolev Spaces and K-Functionals. For » € N, the Sobolev space asso-
ciated with Dy is
b =1{f€Ly(R*H) | DIf € Lpy(R* H), m=1,2,...,r}.
For t > 0, the corresponding K-functional is defined by
Kp(f,t)2 = inf {[|f — gllz.o + tIDK'gll2.0} -
gEWZk

Lemma 2.5. If f € Wy, then
[ Fa.0 (D) M2 = [Ade]" | Fg.0(f) (A1, A2)|2.0-

Proof. For each real-valued component, using the eigenfunction relations and the
fact that F, p maps D} to multiplication by (—i\;)" on the left and (—jA2)" on
the right, we have

Fo.o(Dif)(A) = (=id)" Fop{f}(A) (=iA2)".
Taking the || - [|2,o-norm and noting |i| = |j| = 1 together with multiplicativity of
the quaternionic norm yields the result. 0

Lemma 2.6. For x = (11, z2) € R?, the following inequalities hold:
(1) |Ex(z1,iy1)|g < 1 and |Ex(xa,jye)|qo < 1, with equality iff 1 = 0 and
xo = 0, respectively.
(@) 1 Bl ign)lg < 2lo1] and 1~ Bu(az,iye)l < 2Jos).
(3) There exists a constant ¢ > 0, depending only on k, such that |1 —
Ex(z1,iy1)lg > ¢ for all |z1] > 1, and |1 — Ex(22,iy2)|q > ¢ for all

Proof. See Lemma 2.9 in [3]. O

2.5. Finite Difference Operators. We define the finite difference operators of
first and higher orders as follows:

Apyhy f() = Thy mo f () = Tiny f(1) = Tjny f(2) + f(2) = (Tin, = I)(Tin, — I)f(2),

ARSI = 3 DDAy 1y (}Z) (Z) T, 0 T,/ (@),
k2 =0 k1=0
where T°, f(z) = f(z) and T, f(z) = T s, (T’;if(m)), and I denotes the
identity operator on L (R?, H).
For f € L*(R* H) and a scalar step h > 0, we will use the notation Ay, f(z) =
(Tin —I)(Tjn —I) f(x), where the same step h is taken in both directions. When
we write A/, with a scalar argument, it is understood that the step vector is

(1/v,1/v).
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The following norm inequality holds (see [3]):
1AF Fll2 < 122" £l (2:3)

3. BERNSTEIN AND JACKSON-TYPE THEOREMS FOR THE QUATERNIONIC
DUNKL TRANSFORM

In this section, we establish Bernstein-type inequalities and Jackson direct and
inverse theorems in the framework of the two-sided quaternionic Dunkl trans-
form (QDT). These results provide quantitative estimates for approximating
quaternion-valued functions in Li(R? H) by functions with bounded spectral
support.

3.1. Sobolev Spaces and Modulus of Smoothness. Let m € N. The Sobolev
space associated with the quaternionic Dunkl differential operator Dy is

W (R2, H) = {f € [2(R%H) : Dif € L2(RLH), r=1,... ,m}.
For f € Li(R? H), the modulus of smoothness of order m € N is defined by

win(f,0)2, = sup HAZIJC”Q,Q?
|h|<é

where A" denotes the m-th order finite difference operator associated with the
two-sided quaternionic Dunkl translations (see Section 2), and the norm || - |2,
is taken with respect to the weighted measure dju on R2.

3.2. Spectral Truncation and Functions with Bounded Spectrum. For
any v > 0, define the spectral projection operator P, by

B,(f)(x) = F p{Fan{ 3N xo (V) } (2),

where Y, is the characteristic function of the square [—v,v] x [-v,v] C R2. Since
P,(f) has compact spectral support, it follows that P,(f) is infinitely differ-
entiable in the sense of the Dunkl operator and belongs to Wy} (R? H) for all
m € N.

A function f € L(R? H) is said to have bounded spectrum of order v > 0 if

Fop{ft(A) =0 forall |A| > v.

We denote the set of such functions by Z,. The best approximation of f €
LZ(R? H) by functions in Z,, is

Qu(f)2g = gléljj—i If = gll2.0;

where || - [|2,0 denotes the L2-norm associated with the quaternionic Dunkl mea-
sure. The operator P, is the orthogonal projection onto Z,.
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3.3. Bernstein-Type Inequalities.

Theorem 3.1. Let f € Z,,, i.e., f has bounded spectrum of order v > 0. Then
Dyf e, and

1Dk fllze < V2 [ fll20- (3.1)
More generally, for any integer m > 1,
ID% fllo.@ < v*™ || fll2.- (3.2)

Proof. Since f € 7, its quaternionic Dunkl transform F, p{f}()) is supported
in the square [—v, v]?. By definition of Dy and properties of the QDT,

Foo{ D' [HA) = (=)™ Fop{fHA) (=iA2)™,
so DI f also has spectrum contained in [—v,v]? i.e., D{"f € Z,. Applying the
Plancherel formula for the QDT,

D21 = [ 1ot DETO din)
:/[_ ]2\(AMQ)qu,D{f}(A)%dukw

<o [ Fuod O )

=" [|f113 -
Taking the square root yields (3.2) (and (3.1) for m = 1). O

3.4. Jackson-Type Direct Theorem.

Theorem 3.2. Let [ € WQ’f‘k(RQ, H), where m is a positive integer. Then, for any
v > 0, the best approzimation by functions with spectrum bounded by v satisfies

Qu(fag = Inf |If —gll2q < cv™ M w (DR f1/v)20, (3.3)

where ¢ > 0 is a constant independent of f and v, and wy is the modulus of
smoothness of order k defined via the QDT.
Proof. Consider the spectral projection P,(f)(x) = F, p{Fo.o{f}(X) xo(A) }(z),
where Y, is the characteristic function of [—v, v]?. By the Plancherel formula for
QDT,

IF = PPl = [ 10~ ol Fan YOI dinY).

Key observation: Since Y, is the characteristic function of [—v,v]?, we have
A ¢ [—v,v)? if and only if max(|\[, [X2]) > v. Equivalently, |A;| > v or [As| > v.
Using the inequality |piy, (1/v)] < |A1/v], we obtain

If = Po(Nllze < et AT fllz0;

where A]fﬁm denotes the finite difference operator with uniform step vector (1/v,1/v).
Applying the QDT analogue of the inequality || Ay, f|l2.o < h?|| Dy f||2.0 repeatedly
m times gives

AT fllag < (7)™ AT, D fll2q < v wi(DR 1/ V)20
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Combining the inequalities, we obtain

If = Po(f)llzq < cv™" wi(DEf, 1/v)2-
Since P,(f) € Z,, we conclude

QN2 < I = Po(Nll2g < cv™™ we(DR f,1/1)2.-

3.5. Auxiliary Lemmas for Inverse Theorems.

Lemma 3.3. For j,k € N*, the following inequality holds for the QDT best
approrimation:

27

2000y (fag < Y. Qe

n=21-141
Proof. Observe that

27
Sl (@R = 9,
n=23-"141

Since @, (f)2,0 is monotonically decreasing with respect to 7, we have

27

2%(]'71)6221 (f)2g < Z anilQn(f)Q,Q'

n:2j_1+1

Lemma 3.4. Forn,k € N*,

Proof. A simple calculation shows
. 2k—1 - - 2k—1 nNELn o op ok
DGHDFE Y G+ > 5 g =2

j=0 j>n/2-1

Taking into account this inequality and the fact that Q;(f)2, is decreasing with
respect to 7, we obtain the result. O

Lemma 3.5. Let &, € 7, satisfy || f — Pull2,0 = Qu(f)2,0 for each v € N. Then
1Dk @41 — Dg@ailzq < 2505 VHQyi ()2
In particular,

| D@1 |20 = || DE®1 — Di®oll2o < 2% Qo(f)2,0-
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Proof. By the QDT analogue of Bernstein’s inequality and the monotonicity of
QV(f)Q,Q:
| Die®aits — Di@ailla.q < 25 0HD [ @01 — @y o g
= 22TV (f — @g) — (f — o) |20
< 22kG+D) (sz(f)Q,Q + QQJ’H(f)Q,Q)
S 22k(j+1)+1Q2j (f>2 o

The second inequality follows similarly. 0

3.6. Inverse Theorem.

Theorem 3.6. For each function f € LE(R? H) and every n € N*,

where ¢ = c(k,a) > 0 is a constant.

Proof. Let 2™ < n < 2™*! for some m € N. For each v > 0, let ®, € 7, be the

best approximation of f, ie., [|[f — ®ull20 = Qu(f)2.0-
Using the triangle inequality and the modulus of smoothness properties:

1 1 1
Wi <f7 _> S W <f — ®2m+1, —> =+ Wk <¢2m+l, —)
n/’2Q n’/2,Q n/2,Q
1
< 2k||f — q)2m+1 HQ,Q + Wy, <¢2m+1’ —>
n’/2,0
1
< 2kQ2M+1 (f)2,Q + Wi (CI>2m+1, —)
n’2q

1
< 2°Qn(f)2,0 + wr (‘1)2”“’ E>2,Q'

By the QDT analogues of Lemmas 2.5 and 2.6:

1 c
a <¢2m+1, ﬁ>2 o < n—sk||Dlli‘I)2m+1 2.0

IN

. m
n—;{HD{chl ~ Di®ollag + 3 [Dk@zis — Dy Hw}

j=0

IA

%{241&1@0“)2@ 4 ZQQk(j-&-l)-&-le_(f)Q’Q}

Jj=0
Cy24k+1

S T {%(f)w+Z22’““‘”Q2j<f>m}-
§=0

Using the discrete summation lemma (QDT analogue of Lemma 2.4 in [3]):

m
Cs

1
Bt _) < NG DPO(ao.
wk( om+ ,n 20 = Tl2k jzo(j + ) QJ(f)Z,Q
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Therefore, combining the estimates:

1 n
Wk <f, ﬁ>2,Q < 2°Qn(f)2q + % Z(J + 1D)*7Q;(f)2.0-

j=0

Finally, by the monotonicity of Q),(f)s,o and the summation lemma,

n’/2Q

w(f), < oSG (e
j=0
O

3.7. Numerical Illustration. We briefly summarize the numerical procedure
used to illustrate the Jackson-type theorems. (Full implementation details are
provided in the supplementary material.) For a given quaternion-valued signal f
with components fy, f1, fo, f3 defined on a spatial grid x € [—5, 5], we compute
the spectral best approximation error @,(f)z2¢ and the modulus of smoothness
wi(f,1/v)aq for spectral radii v = 1,2, ..., 20 using an FFT-based approximation
of the QDT. The spectral mask M,, is the characteristic function of [—v, v]?.

The numerical results are displayed in Figure 1, showing the decay of the best
spectral approximation error and the modulus of smoothness with respect to v
on a log-log scale. The observed asymptotic equivalence @, (f)2.0 =< wi(f,1/v)20
confirms the theoretical predictions of Theorems 3.2 and 3.6.

QDT Jackson Direct and Inverse Theorems (Spectral Truncation)

10—1 L
@
©
9 1073}
o
o
€
S
= 107°F
~
4
1077 L
Qu(f)2,0 (Best Approx.)
w1(f, 1/v)2,0 (Modulus of Smoothness)

10° 10t
v (Spectral Radius)

FIGURE 1. Best spectral approximation error Q,(f)s,¢ (solid line)
and modulus of smoothness wy (f,1/v)q,¢ (dashed line) versus spec-
tral radius v on a log-log scale. The parallel decay confirms the
Jackson-type direct and inverse theorems.



BERNSTEIN AND JACKSON INEQUALITIES FOR QDT 11

3.8. Inverse Theorem for Higher Derivatives.

Theorem 3.7. Suppose f € Li(R? H) and
> Qi(f)ag <00, mEN

Then f € Wi (R? H) and, for every positive integer n,

1 1 & -
Wi, (D{?f, H)z,@ < C{W ;(j + 1)?FHMQ; (o + Z jzm_l@j(f)w}?

Jj=n+1
where C' = C(k,m,a) > 0.

Proof. Let 2° < n < 257! for some s € N. For each » < m, consider the series

Dp®; + Y (Di®y1 — Didy)).

J=0

Using the QDT analogues of Lemmas 2.5 and 2.6, this series converges in L (R?, H)
because

o (o)
D 1D5@y1 — Dpyillag < Z Qj(f)aq < oo
j=0 j=1

Moreover, we have f = ®; + 3 7% (Pgj+1 — Py;), where the series converges in
L% and hence in D'(R?, H). Since Dy is continuous on D', we obtain

Dyf = Dy®1 + Z (Dlz(bgj-‘rl — Dﬂfbgj) c L,

J=0

so f € W (R? H).

For the modulus of smoothness, using the triangle inequality:

Wk (Dlin.]l: 5)2 0 S Wk (Dﬂlf — Dlinq)23+l7 5)2 —+ Wi (D]T(nq)Zs‘H; ﬁ>2 Q

) 7Q )

By Lemmas 2.5 and 2.6 for QDT the first term is bounded as
m m 1 m—
W (Dk f— Di®ygsn, 5)2’ < ¢ Z 2100 (g
=241
The second term is estimated by
1 0 —
m - o : 2(k+m)—1y .
au(DE R 7)o € 1 20+ Qe
]:

Combining these estimates and noting that 25 < n < 25*! yields the desired
inequality. O
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4. CONCLUSION

In this work we have extended classical results of approximation theory to the
setting of the Quaternionic Dunkl Transform (QDT). Specifically, we established
three main families of results.

First, we proved Bernstein-type inequalities showing that functions with bounded
QDT spectrum have their derivatives controlled in the L2 norm. More precisely,
for any f € Z, we obtained || DY f|2.0 < v*™|| f]l2.0, which generalizes the classical
Bernstein inequality to the quaternionic Dunkl setting.

Second, we established Jackson-type direct theorems providing quantitative es-
timates for the best approximation of functions in Sobolev-type spaces W™ (R? H)
in terms of their modulus of smoothness. The inequality @, (f)2.q < cv 2™ wi(Df,1/v)20
captures the precise rate at which functions can be approximated by bandlimited
quaternionic signals.

Third, we proved inverse theorems linking the decay of best approximation
errors @, (f)2.0 to membership in Sobolev spaces. Under suitable summability
conditions on Q,(f)2.q, we showed that f belongs to W;™(R? H) and obtained
explicit estimates for higher-order QDT derivatives. These inverse results com-
plete the approximation-theoretic characterization of smoothness in the QDT
framework.

These results together form a comprehensive framework for approximation and
smoothness analysis in the QDT setting, generalizing well-known theorems from
classical Fourier and octonion Fourier analysis to the quaternionic Dunkl context.
The theoretical foundation laid here opens the door for further investigations.

Promising future directions include the development of numerical algorithms
for signal reconstruction using QDT and its associated prolate spheroidal wave
function analogues; extensions to multi-dimensional and weighted Dunkl-type set-
tings with more general root systems; and applications in quaternion-valued sig-
nal processing, color image analysis, and harmonic analysis on reflection groups.
Another interesting direction would be to investigate uncertainty principles and
eigenfunction expansions within the QDT framework, as well as the connection
between the K-functionals defined here and other smoothness measures.

Overall, this work provides a robust bridge between classical approximation
theory and the emerging field of quaternionic Dunkl analysis, offering both the-
oretical insights and potential computational tools for processing quaternion-
valued signals with reflection symmetries.
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