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ABSTRACT. In this paper, based on Lyapunov stability theory, sufficient con-
ditions are established for the local stabilization of the equilibrium point of a
class of chaotic nonlinear systems. The proposed conditions are expressed as
explicit algebraic inequalities, making them easy to verify without computing
the eigenvalues of the Jacobian matrix. The results support the design of con-
trol strategies for suppressing chaos and stabilizing system trajectories. Their
effectiveness is demonstrated through several three-, four-, and five-dimensional
chaotic systems, with numerical simulations confirming the theoretical results.
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1. INTRODUCTION

Non-linear dynamical systems that exhibit chaotic and hyperchaotic behavior
have attracted sustained interest over the last decades, driven by both their fun-
damental complexity and their growing relevance in engineering and applied sci-
ences. Chaotic dynamics are characterized by strong sensitivity to initial condi-
tions and parameter variations, which may generate irregular trajectories, broad-
ened spectra, and limited predictability. While such features can be beneficial in
some contexts (e.g., secure communications and encryption), they often degrade
performance and reliability in control, signal processing, and decision-making
systems, thereby motivating the development of effective stabilization and chaos-
suppression strategies.

Discrete dynamical systems, which offer an effective mathematical structure
for reproducing and interpreting nonlinear behaviors in many different kinds of
scientific and practical applications, are crucial to the examination of complex
phenomena which vary in discrete time stages [14, 15, 10]
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Beyond classical engineering applications, chaotic behavior has also emerged
naturally in socio-economic and game-theoretic models when firms adopt adap-
tive or boundedly rational adjustment mechanisms. Recent contributions high-
light how stability loss of equilibrium points may trigger complex oscillations,
period-doubling cascades, and chaos, together with the necessity of control to
restore economically meaningful equilibria. For instance, chaos and mixed-mode
oscillations have been reported in a Bertrand duopoly game under bounded ratio-
nality and quadratic costs, where a state-feedback scheme successfully stabilizes
the Bertrand—Nash equilibrium and yields explicit stability boundaries in pa-
rameter space [1]. Similarly, a Cournot triopoly game with bounded rationality
can experience destabilization through flip and Neimark—Sacker bifurcations, and
chaos control techniques (e.g., OGY-type methods) can be employed to recover
stable Nash outcomes [2]. These studies illustrate a broader message: in high-
dimensional non-linear models, stabilization hinges on rigorous yet practically
verifiable stability conditions.

In non-linear control theory, feedback stabilization of chaotic dynamics is typ-
ically established through analytical criteria such as the Routh-Hurwitz condi-
tions or Lyapunov’s direct method. In particular, Lyapunov theory provides
a systematic framework to certify stability by constructing an appropriate Lya-
punov function and enforcing negativity of its derivative along system trajectories.
However, for higher-order chaotic and hyperchaotic systems, standard Lyapunov-
based derivations can become algebraically involved, conservative, or difficult to
verify, which limits their usability in controller synthesis and real-time analysis.

Along another active line of research, several feedback and synchronization
results have been obtained using Jacobian-based conditions and related eigen-
value constraints. For example, Zambrano-Serrano et al. [13] investigated a four-
dimensional jerk-based chaotic oscillator and assessed local stability via Routh—
Hurwitz arguments. Qi et al. [7] derived sufficient synchronization conditions in
terms of LMIs, which implicitly incorporate Jacobian spectral properties. Lya-
punov and LMI-based designs have also been widely used in Takagi—Sugeno fuzzy

control of complex systems [9]. Moreover, Jacobian conditions appear natu-
rally in biological and neuromuscular modeling [12] and in discrete/fractional
strategies for chaotic satellite systems [3]. In [1], additional Jacobian-related

requirements combined with Routh—Hurwitz analysis were proposed to stabi-
lize several benchmark chaotic systems via feedback. Despite their effectiveness,
Jacobian/eigenvalue-based approaches may still lead to non-trivial computations
for high-order dynamics and may not always yield compact, directly checkable in-
equalities. Motivated by these challenges, the present work develops a simplified
Lyapunov-based analytical approach for the stability assessment and stabilization
of a class of nth-order chaotic and hyperchaotic non-linear systems. The main ob-
jective is to reduce the computational and algebraic burden typically encountered
in Lyapunov-based analysis while preserving theoretical rigor.

More precisely, we establish explicit sufficient stability conditions expressed in
terms of algebraic inequalities, which can be verified directly without the need
to compute the eigenvalues of the Jacobian matrix. These conditions provide a
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simple and practical alternative to classical eigenvalue-based methods, especially
for high-dimensional systems.

Furthermore, the proposed results can be employed in the design of state-
feedback control laws to suppress chaotic dynamics and stabilize the system
around its equilibrium point. The effectiveness of the approach is illustrated
through several representative chaotic systems of different dimensions.

It is important to emphasize that while the fundamental stability conditions
utilized in this work are rooted in classical matrix theory, the primary contribu-
tion of this 'simplified approach’ lies in its practical engineering utility. Rather
than claiming high mathematical complexity, this framework is specifically tai-
lored for the ease of controller synthesis and real-time verification by practition-
ers. By translating established stability theorems into straightforward algebraic
inequalities, this approach provides a highly accessible, computation-light tool
that bypasses the cumbersome eigenvalue extractions typically required when
stabilizing complex, high-dimensional systems.

2. PRELIMINARIES

In this section, we recall fundamental concepts from Lyapunov stability theory
that will be used to establish the stability results presented later in this paper.

2.1. Lyapunov Stability. Consider the autonomous nonlinear system
i= ),  f0)=0, (2.1)
with x € R".

A continuously differentiable function V' : R — R is called a Lyapunov func-
tion for the equilibrium z = 0 if

V(0) =0, V(z) >0 forall z#0, (2.2)

and

V(z) =VV(z) f(z) <O0. (2.3)
Theorem 2.1 ([7]). If there exists a Lyapunov function V such that V(z) < 0 in
a neighborhood of the origin, then the equilibrium x = 0 of system (2.1) s stable.
If, in addition, V(x) < 0 for all x # 0, then the equilibrium is asymptotically
stable.

2.2. Quadratic Lyapunov Functions for Linear Systems. Consider the lin-
ear system

T = Ax. (2.4)
A classical Lyapunov candidate is the quadratic function
V(z)=2"Pz, P=P" >0 (2.5)
The derivative of V along the trajectories of (2.4) is
V(z)=x"(ATP+ PA)z. (2.6)

Theorem 2.2 ([3]). The equilibrium = = 0 of system (2.4) is asymptotically
stable if there exists a symmetric positive definite matriz P such that

ATP+ PA<O. (2.7)
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These results form the theoretical foundation for the stability analysis carried
out in the next section, where they are applied to a nonlinear system written as
the sum of a linear term and higher-order nonlinearities.

3. MAIN RESULTS

Proposition 3.1. Let the nonlinear system be written as
&= Az + h(z), (3.1)

where A € R™™ and h : R® — R" is continuously differentiable in a neighborhood
of the origin. Assume that

h(0) =0, Dh(0)=0.
Then there exist constants ¢ > 0 and r > 0 such that
Ih(@)]| < cllz]l?, |zl <. (3-2)
Proof. Since h is continuously differentiable in a neighborhood of the origin, with
h(0) =0, Dh(0) =0,

the first-order Taylor expansion of h at x = 0 implies that the linear part vanishes
at the origin. Hence the nonlinear term is of order at least two with respect to
x. Therefore, there exist constants ¢ > 0 and r > 0 such that

(@) < ellzlf*, V]| <.
This completes the proof. O

Theorem 3.2. Consider the nonlinear system (3.1), where h(0) = 0, Dh(0) = 0,
and h is continuously differentiable in a neighborhood of the origin. Suppose that
for every k =1,...,n, the following condition holds:

2ar; + Z |a;ﬂ- + aik| < 0. (33)
ik
Then the equilibrium point x = 0 of system (3.1) is locally asymptotically stable.

Proof. Consider the quadratic Lyapunov function
1
V(z) = Ea:Tx. (3.4)
Clearly, V(z) is positive definite. Its derivative along the trajectories of sys-
tem (3.1) is
V(z) =2 (Az + h(z)) = 2" Az + 2" h(z). (3.5)

.
e Az =" (A —;A ) T. (3.6)

Note that

Let z = (21,...,2,)". Then

! Az = Z apeTs + Z (a;j + aj;)z;x;. (3.7)

k=1 1<i<j<n
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Using the inequality

2|wx;| < af + a3, (3.8)
we obtain .
(aij + aji)xixj S §|az~j + Clﬂ|(l‘12 + ZL’?) (39)
Thus, from (3.7) and (3.9),
1 n n
Az < 5 Z 2a, + Z |ar; + ai| | 3. (3.10)
S\
Define
me=— |20+ lai+anl | >0, k=1,...n (3.11)
i
Let )
1= win > 0. (3.12)
Then (3.10) yields
' Az < —n||z|?. (3.13)

On the other hand, by Proposition 3.1, there exist constants ¢ > 0 and r > 0
such that

Ih(@)Il < cll=lf*, V=] <. (3.14)
Therefore,
(@) < 1o A < el (3.15)
Combining (3.5), (3.13), and (3.15), we obtain
Vi(z) < =llz]|? + cllzl* = —[|z]*(n — c|l]). (3.16)
Choose .
p = min {r, 2—0} . (3.17)

Then for every x # 0 such that ||z| < p, we have
n—clal >3 >o0.

Hence,
V@)g—gww2<o. (3.18)

Therefore, V(z) is positive definite and V (z) is negative definite in a neighbor-
hood of the origin. By Lyapunov’s direct method, the equilibrium point x = 0 is
locally asymptotically stable. Il

Remark 3.3. Without loss of generality, the stability analysis is performed around
the origin. If the system admits an equilibrium point x* # 0, the change of
variables y = x — x* shifts the equilibrium to the origin, allowing the proposed
results to be directly applied.
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Remark 3.4. Tt is worth noting that the stability condition established in The-
orem 3.2 is mathematically equivalent to requiring that the symmetric part of
the Jacobian matrix, A+2AT, is strictly diagonally dominant with negative diag-
onal entries. By the well-known Gershgorin circle theorem, this strict diagonal
dominance guarantees that the symmetric part of the matrix is negative definite,
which inherently ensures that the Lyapunov derivative satisfies V' (z) < 0. While
this foundation is rooted in classical linear algebra, explicitly formulating the
condition as the straightforward algebraic inequality presented in our theorem
serves a distinct practical purpose. For applied control engineering—particularly
when stabilizing high-dimensional chaotic and hyperchaotic systems—this ex-
plicit formulation translates a theoretical matrix property into a highly accessi-
ble, computation-light tool. It allows practitioners to analytically determine the
required stabilizing feedback gains without the need for cumbersome numerical
eigenvalue extractions or complex matrix transformations.

4. APPLICATION TO A THREE-DIMENSIONAL CONTROLLED LORENZ SYSTEM

In this section, we apply the proposed control strategy to a three-dimensional
controlled Lorenz system in order to demonstrate the effectiveness of the devel-
oped theorem in stabilizing chaotic dynamics. The Lorenz system is a classical
nonlinear dynamical system that exhibits chaotic behavior and has been widely
used as a benchmark in control theory. Due to its strong nonlinear coupling and
sensitivity to initial conditions, it provides an appropriate framework for testing
the applicability of the proposed stabilization method.

4.1. System Definition. The Lorenz system [0] is defined by:

t=o(y—x),

)= pr—y— a2, (4.1)
Z:xy_ﬁz7

8

where 0 = 10, p = 28, and § = 3

The system admits the equilibrium point

E, = (0,0,0).

4.2. Control at Ej,. The controlled Lorenz system is given by:
t=o0(y —x)— uy,
Y=pr—1y—T2— U, (4.2)
z=uzy— Bz — us,
where the feedback controllers are defined as:
uy = kix, us = koy, uz = k32,

with k17 k?g, k3 eR.
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Proof. The Jacobian matrix of the controlled system (4.2) at the equilibrium
point (0,0,0) is:

—(0 + k1) o 0
0 0 —(B 4+ ks)

We apply the sufficient condition for local asymptotic stability:
3
2ap+ Y lagi +awl <0, k=123 (4.4)
i
For k = 1:
2a11 + |a12 + a91| + |ais + as1| = =2(c + k1) + |o + pl.
Since ¢ > 0 and p > 0, we obtain

20 +k)+o+p<0 <= k > p;J.
For k = 2:
2a2 + |ag1 + arz| + |ags + azs| = —2(1 + k2) + [p + 0.
Thus,
214+ k) +p+0<0 <= k2>%p_2.
For k = 3:

2@33 =+ |(l31 + (113| + |CL32 + CL23| = —2(6 + k?g) <0 «— ]{?3 > —6
Therefore, if

- +p—2

k1>¥7 k2>%7 k3>_55

then all the conditions of the theorem are satisfied, and the equilibrium point
Ey = (0,0,0) is locally asymptotically stable.

O
4.2.1. Numerical Validation. For the classical Lorenz parameters o = 10, p = 28,

8
and § = 3 the stability conditions become

8
ki1 > 9, ko > 18, ks > —§

We choose the feedback gains
ky =10, ko =19, k3=1.
Since the theoretical result ensures only local asymptotic stability, the initial
condition is selected in a neighborhood of the equilibrium point:
(0, Y0, 20) = (1,1, 1).
The simulation results show that all state variables converge asymptotically to

the equilibrium point Ey = (0,0,0), confirming the theoretical prediction. The
time evolution of the system states is illustrated in Figure 1.
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FIGURE 1. Time series of the Lorenz system: (a) chaotic dynamics
of the uncontrolled system, (b) stabilization of the system under
the proposed control law with gains ky = 10, ks = 19, and k3 = 1,
showing convergence to the equilibrium point Ey = (0,0,0) from
the initial condition (1,1, 1).

5. APPLICATION TO A FOUR-DIMENSIONAL BIOLOGICAL SYSTEM

In this section, we consider a four-dimensional autonomous nonlinear system
inspired by the work in [I1]. By introducing the parameters a, b, ¢, 1, o, and S,
we formulate the following four-dimensional snap system:

(-
r=1Y,
Yy =az,

9 (5.1)
Z=w,

\u'):—x—bz+cy—w+,uy(1—x2+ax4—ﬁa:6),

where (z,y, z,w) denote the state variables and (a,b,c, i, o, 3) are real-valued
system parameters. Due to its strong nonlinearity and high dimensionality, the
system is capable of exhibiting a rich variety of dynamical behaviors, including
periodic, quasi-periodic, and chaotic motions, depending on the choice of param-
eters.

5.1. Uncontrolled Case. For instance, when
(a,b,c,a, B, 1) = (5, 24, —0.05, 2.55, 1.7, 2.001),

the trajectories of system (5.1) display chaotic behavior (see Figure 2a).
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5.2. Controlled Case via Feedback. To stabilize the system, we introduce a
linear feedback control law:

T =19y — U,
Y = az — Ug,

Z=w — ug,

W=—x—bz+cy—w+py(l—a2+art - B2%) — uy,

with

up = kx, wuy=ky, uz==kz, us=kuw,

where k& > 0 is the feedback gain. It follows that, for k& > 14, system (5.2)
asymptotically converges to the equilibrium point (0,0, 0, 0).

Proof. The Jacobian matrix of the controlled system at the equilibrium point
(0,0,0,0) is:

-k 1 0 0
0 -k «a 0
0O 0 -k 1
-1 ¢ —-b —-1—-k

Applying the sufficient conditions of the theorem 3.2, we obtain:

2a11 + a1z + ag1| + a1z + azi| + |la1s +an| <0 & k> 1,

2a90 + a1z + ao1| + |agz + asa| + |ags + asp| <0 & k> 3.9755,
2a33 + |a13 + asi| + |ags + ase| + |ags +as| <0 & k> 14,

2044 + |a14 + aq1| + |aos + ago] + |azqs +ag3| <0 & k> 11.9755.

Thus, when k = 15, the system (5.2) gradually converges to the equilibrium
point (0,0,0,0). This proves the effectiveness of the feedback control approach
(see Figure 2b). O
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FIGURE 2. Time series before control (a) and after control (b) in
a neighborhood of the origin, for z(0) = (0.5,0.1,—-0.3,0.2) with
feedback coefficient £ = 15.

6. APPLICATION TO A FIVE-DIMENSIONAL HYPERCHAOTIC SYSTEM

In this section, we extend our investigation to a higher-dimensional chaotic
model. We consider a novel five-dimensional hyperchaotic system [10] which
generates a sequence of five state variables (z,y, z,u,v) evolving dynamically
over time.

The complexity of the 5D phase space ensures a stronger nonlinearity and un-
predictability, which are highly desirable properties for secure image encryption.
The additional degrees of freedom intensify the diffusion and confusion effects
that are fundamental to cryptographic security.

The system is governed by the following set of differential equations:

(dx ( )+ Ry +
— = —x)+ kK

d
d—i:7x+5y—a:22+yz,
d

d—j = —Bz+ 2%+ a2y + K2, (6.1)
d

d—z:5y+19uoz,

dv T

— = pr+ KU+ 2

\ dt P ’

where the control parameters are chosen as
a=40, =8, =40, =1, e=-0.5, v=-0.5 p=255 Kr=0.05

6.1. Feedback Control Design. To stabilise the chaotic trajectories around
the equilibrium point (0,0,0,0,0), we introduce a linear feedback control of the
form:

up = kx, uy=ky, uz=kz, us=ku, us;=kv.
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The controlled system then becomes:

(dx
azfy(y—x)—l—/ﬁijc—ul,
dy 9
£:7x+5y—:pz +yz — ug,
dz 9
az—ﬁz%—x + oy + Kz — us, (6.2)
du iy

— =c uo — U

dt y 47

dv_ Yt

\dt—px KU 4+ 2 — us.

When k > 41.275, the system (6.2) will gradually converge to the equilibrium
point (0,0,0,0).

Proof. The Jacobian matrix of system (6.2) at the equilibrium point (0,0, 0,0, 0)
is given by:

—k—39 40.05 0 0 0
40 —k+1 0 0 0
A= 0 0 —k +8.05 0 0
0 —0.5 0 —k —20 0
25.5 0 1 0 —k+0.05

By applying the sufficient stability conditions (Theorem 3.2), we obtain the
following inequalities:

(—2k +27.55 < 0 k > 13.775,

—2k+171<0

&
—2k+8255 <0 <& k> 41.275,

< k> 8.55,

&

—2k—-395<0 k> —19.75,

(—2k+0.1<0 & k> 0.05.

The most restrictive condition corresponds to
k > 41.275.

Therefore, according to Theorem 3.2, the feedback-controlled system (6.2)
gradually converges to the equilibrium point (0,0,0,0,0) when k > 41.275. This
confirms the effectiveness of the control law in suppressing the hyperchaotic os-
cillations and ensuring system stabilisation (see Figure 3b). OJ
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F1cUurE 3. Time series before control (a) and after control (b) in
a neighborhood of the origin, for z(0) = (0.1,0.05,0.02,0.01,0.01)
with feedback coefficient k£ = 42.

7. CONCLUSION

Local stability criteria for the equilibrium point of a class of nonlinear dy-
namical systems have been established using a Lyapunov-based framework. The
resulting sufficient conditions are both straightforward and practical, as they
provide explicit algebraic inequalities for assessing stability without requiring the
computation of the Jacobian eigenvalues.

The main contribution of this work lies in reformulating the stability problem
into a set of easily verifiable algebraic inequalities, leading to a simple and com-
putationally efficient stability criterion. This formulation facilitates the synthesis
and validation of stabilizing feedback gains, particularly for high-dimensional
chaotic and hyperchaotic systems, thereby providing a practical link between
theoretical stability analysis and control implementation.

The proposed methodology is applicable to a broad range of nonlinear dynami-
cal systems arising in applied mathematics and engineering, where understanding
qualitative system behavior is of fundamental importance. Owing to its simplic-
ity and low computational cost, the proposed criterion can serve as an effective
tool for both stability analysis and feedback controller design.

Finally, several representative examples are presented to illustrate the applica-
bility of the proposed results. The numerical simulations confirm the theoretical
analysis and demonstrate that suitably designed feedback controllers drive the
trajectories of the considered systems asymptotically toward the desired equilib-
rium point.
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