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BLOW-UP DIFFUSION IN SINGULAR ELLIPTIC PROBLEMS

MOHAMMED EL FATRY1,∗, AHMED ABERQI2, MOUNIR MEKKOUR3 and YOUSSEF
AKDIM4

Abstract. In this paper, we study a class of nonlinear singular elliptic prob-
lems involving a diffusion operator with blow-up behaviour as the solution ap-
proaches a finite threshold value. The combination of the singular lower-order
term, the blow-up diffusion, and low-regularity data gives rise to significant
analytical difficulties. Using the framework of renormalized solutions, we es-
tablish the existence of solutions under suitable assumptions on the nonlinear
operator and the singular term. We also derive some regularity properties of
the obtained solutions. These results contribute to the study of singular elliptic
problems with blow-up diffusion and low-regularity data.
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1. Introduction

Given Ω a bounded open set of RN (N ≥ 2). This work is devoted to the
study of the existence and regularity of renormalized solutions to the following
nonlinear singular elliptic problem with blowing-up. diffusion:

−div
(
Γ(x, u,Du)

)
=

f

uθ
in Ω,

u > 0 in Ω,
u = 0 on ∂Ω.

(1.1)

A Carathéodory function defines the nonlinear operator

Γ : Ω× R× RN −→ RN . (1.2)

For a structural constraint, we require the usual assumptions on ellipticity of the
diffusion operator Γ (with degeneration in u), precisely We assume that there
exists a continuous positive function g : (−∞,m) −→ R+ satisfying

Date: Received: Jun 12, 2026; Revised: Jul 10, 2026; Accepted: Jul 18, 2026.
∗ Corresponding author
© The Author(s) 2026. This article is licensed under a Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International License. To view a copy of the licence, visit
https://creativecommons.org/licenses/by-nc-nd/4.0/.

1

https://creativecommons.org/licenses/by-nc-nd/4.0/


2 M. EL FATRY, A. ABERQI, M. MEKKOUR, Y. AKDIM

gp−1(s) ≥ λ > 0 for all s < m, lim
s→m−

g(s) = +∞, (1.3)

together with ∫ m

0

g(s) ds < +∞. (1.4)

such that
Γ(x, s, ξ) · ξ ≥ g(s)p−1|ξ|p, Γ(x, s, 0) = 0, (1.5)

and the monotonicity assumption(
Γ(x, s, ξ)− Γ(x, s, ξ′)

)
· (ξ − ξ′) ≥ 0,

as well as

|Γ(x, s, ξ)| ≤ β
(
L(x) + g(s)p−1|ξ|p−1

)
, (1.6)

for a.e. x ∈ Ω, for every s ∈ R and ξ, ξ′ ∈ RN , L is a nonnegative function in
Lp
′
(Ω) and β > 0.

f ∈ L1(Ω), f 6≡ 0, f ≥ 0 a.e. in Ω. (1.7)

and θ is a positive constant.

Remark 1.1. Studying the problem 1.1 under assumptions (1.3)- (1.4) becomes
complicated; however, if we replace them with

∫ m
0
g(s)ds = +∞, which forces

the solution to avoid the value m.

Equations of type (1.1) are used in turbulence models derived from the Navier-
Stokes equations that describe the motion of a fluid in a region. The Rynolds
stress tensor

R = νturb(x, .)
(
∇ω̄ + ω̄T

)
+ qI,

see [12] and [Sect. 4, [13]] νturb(x, .) still remains indetermined, for some detailed
description of k − ε-models, we refer to the monograph [Chapter 4, p. 51, [13]].
Problems 1.1 without blow-up (namely without assumptions (1.4) and (1.5), have
been extensively studied in the literature; more specifically, results regarding
existence, uniqueness, and regularity without assuming the conditions (1.4) and
(1.5) can be found in [2, 3, 4, 6, 7, 11, 14, 16, 17, 21]. Moreover, in the non-singular
case, it has been studied in [19, 18].

Remark 1.2. The condition lims→m− g(s) = +∞ implies that the operator exhibits
an explosive behavior as s approaches the level m. This creates a natural barrier
effect, preventing admissible solutions from reaching this value.

We aim to analyze equations (1.1), which combine a singular behavior near
zero with the behavior of solutions on the set {x ∈ Ω : u = m} , which may be
non-negligible and taking into account the L1-datum.

We first establish the existence of a positive renormalized solution under the
above structural assumptions. The proof relies on truncation techniques, mono-
tonicity arguments, compactness methods, and suitable a priori estimates adapted
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to the singular nature of the problem.
The first challenge arises from the assumption that f ∈ L1(Ω). To overcome
this, we work within the framework of renormalized solutions adapted to our
equation. This concept was introduced by DiPerna and Lions [10] in their study
of the Boltzmann equation; see also Lions [20] for several applications to fluid
mechanics models. For elliptic problems, we refer the reader to [1, 6, 14, 15], and
for parabolic equations to [5, 9, 7].
The second challenge stems from the behavior of the function Γ(x, s, ξ) as s →
m−. This causes difficulties in defining the meaning of a on the set {x ∈ Ω :
u(x) = m}.

In what follows, we present the adapted renormalized solution to Problem (1.1).

Definition 1.3. A measurable function u defined on Ω is a renormalized solution
of problem (1.1) if

Tk(u) ∈ W 1,p
0 (Ω),

f

uθ
∈ L1

loc(Ω), (1.8)

0 < u ≤ m, a.e. in Ω, (1.9)

Γ(x, T km(u), DT km(u))χ{u<m} ∈ (Lp
′
(Ω))N , (1.10)

lim
s→+∞

∫
{−s−1≤u(x)≤−s}

Γ(x, u,Du)Dudx = 0, (1.11)

lim
δ→0

1

δ

∫
{m−2δ≤u(x)≤m−δ}

Γ(x, u,Du)Dudx =

∫
{u(x)=m}

f

uθ
dx, (1.12)

and, for every function S in W 1,∞(R) such that supp(S) is compact and S(m) = 0,
u satisfies ∫

Ω

Γ(x, u,Du)D(S(u)ϕ)dx =

∫
Ω

f

uθ
S(u)ϕdx, (1.13)

for every ϕ ∈ W 1,p
0 (Ω) ∩ L∞ (Ω) .

Remark 1.4. Conditions (1.8) and (1.10) to show that all term in (1.13) are well
defined. The assumption (1.12), has been established in [8].

Let

T kε (s) =

 −k, if s ≤ −k,
r, if − k ≤ r ≤ ε,
ε, if r ≥ ε,

for For any k, ε > 0 , and
For a fixed l ≥ 1,

σl(s) = T1 (r − Tl(r)), φl(s) = 1− |σl(s)| ,
for all s ∈ R.
The rest of the paper is structured as follows. In Sect 2, we establish the existence
of renormalized solutions to Problem 1.1 using Schauder’s fixed-point theorem,
truncation, and monotonicity arguments. We then present regularity results in
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Theorems 2.5–2.6, depending on the parameter θ.

2. Main finding

In what follows, we will present our first main result regarding the existence of
renormalized solutions.

Theorem 2.1. Under assumptions (1.2)-(1.7), there existe a renormalized solu-
tion u of problem (1.1).

Proof of Theorem 2.1: The proof is divided into three main steps.

2.1. Step 1: Regularization and apriori estimate. Fix n ≥ 1, let

gn(r) = g(T nm−1/n(r)),

Γn(x, s, ξ) = Γ(x, T nm−1/n(s), ξ),

fn ∈ L∞(Ω), such that fn → f strongly in L1(Ω), as n tends to +∞, (2.1)

Let us now consider the following regularized problem{
−div (Γn(x, un, Dun)) = fn

(un+ 1
n

)θ
in Ω,

un = 0 on ∂Ω,
(2.2)

Proof. Let n ∈ N be a fixed and let v be a function in LpΩ), we know the following
non singular problem{

−div (Γn(x,w,Dw)) = fn
(|v|+ 1

n
)θ

in Ω,

un = 0 on ∂Ω,
(2.3)

The problem (2.3) has a unique solution, which we invite the reader to see ([17]).
Define

G : Lp(Ω)→ Lp(Ω),

and let w = G(v) to be the unique solution of (2.3). Taking w as a test function,
we obtain

λ

∫
Ω

|Dw|p ≤
∫

Ω

Γn(x,w,Dw)Dwdx =

∫
Ω

fnw(
|v|+ 1

n

)θ ≤ nθ+1

∫
Ω

|w|.

Using the Sobolev inequality for the left-hand side together with Hölder’s in-
equality for the right-hand side, we obtain(∫

Ω

|w|p∗
) p

p∗

≤ Cnθ+1

(∫
Ω

|w|p∗
) 1

p∗

,

for some constant C independent of v. This implies

‖w‖Lp∗ (Ω) ≤
(
Cnθ+1

) 1
p−1 = Cn,

so that the ball of Lp
∗
(Ω) of radius Cn is invariant for G. Using the Sobolev

embedding, it is easy to prove that G is continuous and compact. Both operators
are continuous and compact on Lp

∗
(Ω). Therefore, by Schauder’s fixed point
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theorem, there exists un ∈ W 1,p
0 (Ω) such that un = S(un). In other words, un is

a weak solution of− div (Γn(x, un, Dun)) =
fn(

|un|+ 1
n

)θ in Ω,

un = 0 on ∂Ω.

(2.4)

Using the test function un− = min{un, 0}, we obtain un ≥ 0. Since the right-
hand side of (2.4) belongs to L∞(Ω), and proceeding as in [22], we deduce that
un is bounded in L∞(Ω) (although its L∞(Ω)-norm may depend on n). �

Lemma 2.2. Let the assumptions of Theorem 2.1 be satisfied. Consequently,
{un} forms an increasing sequence, and every element of the sequence remains
strictly positive in Ω, and for every ω ⊂⊂ Ω there exists cω > 0 (independent of
n) such that

un(x) ≥ cω > 0, ∀x ∈ Ω, ∀n ∈ N. (2.5)

Moreover, there exists a pointwise limit u ≥ cω of the sequence un.

Proof. Since θ > 0 and 0 ≤ fn ≤ fn+1, we subtract the weak formulations satisfied
by un and un+1. For every ϕ ∈ W 1,p

0 (Ω) with ϕ ≥ 0, we obtain∫
Ω

(
Γn(x, un, Dun)− Γn+1(x, un+1, Dun+1)

)
· ∇ϕdx

=

∫
Ω

(
fn(

un + 1
n

)θ − fn+1(
un+1 + 1

n+1

)θ
)
ϕdx

≤
∫

Ω

fn+1

[(
un+1 + 1

n+1

)θ − (un + 1
n+1

)θ(
un + 1

n

)θ (
un+1 + 1

n+1

)θ
]
ϕdx. (2.6)

Choosing ϕ = (un − un+1)+, and using the monotonicity assumption (1.5), we
obtain

λ

∫
Ω

|∇(un − un+1)+|p dx ≤
∫

Ω

fn+1

[(
un+1 + 1

n+1

)θ − (un + 1
n+1

)θ(
un + 1

n

)θ (
un+1 + 1

n+1

)θ
]

(un − un+1)+ dx.

Since θ ≥ 0 and fn+1 ≥ 0, we have[(
un+1 +

1

n+ 1

)θ
−
(
un +

1

n+ 1

)θ]
(un − un+1)+ ≤ 0.

Therefore,

λ

∫
Ω

|∇(un − un+1)+|p dx ≤ 0,

which yields
(un − un+1)+ = 0 a.e. in Ω.

Hence,
un ≤ un+1 a.e. in Ω,

for every n ∈ N.
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We first note that u1 ∈ L∞(Ω). Hence, there exists a positive constant c0,
depending only on Ω and N , such that

‖u1‖L∞(Ω) ≤ c ‖f1‖L∞(Ω) ≤ c0.

Consequently,

− div
(
Γ(x, u1,∇u1)

)
=

f1

(u1 + 1)θ
≥ f1

(c0 + 1)θ
≥ 0 in Ω.

Since
f1

(c0 + 1)θ
6≡ 0,

the strong maximum principle (see [22]) implies that

u1 > 0 in Ω.

Moreover, since (un) is nondecreasing, we have

un ≥ u1 for every n ∈ N.
Therefore, estimate (2.5) follows for every un, with the same constant cω, which
is independent of n.

By pluging the test function Tk(u
n) in (2.2), we obtain∫

Ω

Γn(x, un, Dun)DTk(u
n)dx =

∫
Ω

fn
(un + 1

n
)θ
Tk(u

n)dx.

And by (1.3) and (1.5), we get∫
Ω

|DTk(un)|p dx < C, (2.7)

for some C > 0.
Then

un → u a.e. in Ω, (2.8)

for subsequence (un). Thus,
Tk(u

n)→ Tk(u) a.e. in Ω
Tk(u

n)→ Tk(u) in Lp(Ω).

Tk(u
n) ⇀ Tk(u) in W 1,p

0 (Ω)
(2.9)

Choosing the function Zn =
∫ Tmk (un)

0
gn(s)ds in (2.2), we get∫

Ω

Γn(x, un, Dun)DZn(un)dx =

∫
Ω

fn
(un + 1

n
)θ
Zn(un)dx. (2.10)

By virtue of assumption (1.5) on Γn and assumption (1.3), it follows that∫
Ω

|DZn(un)|p dx < C. (2.11)

So
|Γn(x, Tmk (un), DTmk (un))| ≤ β

[
L(x) + |DZn(un)|p−1] , (2.12)

for all k > 0.By combining the assumptions on the function L with estimate (2.12),
we obtain

Γn(x, Tmk (un), DTmk (un)) is bounded in Lp
′
(Ω).
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As a consequence, there exist ϕk ∈ Lp
′
(Ω) such as

Γn(x, Tmk (u), DTmk (un)) ⇀ ϕk weakly in Lp
′
(Ω). (2.13)

Using T+
2m(un)− T+

m(un) in (2.2) gives∫
Ω

Γn(x, un, Dun).D
(
T+

2m(un)− T+
m(un)

)
dx =

∫
Ω

fn
(un + 1

n
)θ
(
T+

2m(un)− T+
m(un)

)
dx,

thanks to (1.5), we have

g(m− 1

n
)p−1

∫
Ω

∣∣D (T+
2m(un)− T+

m(un)
)∣∣p dx ≤ C, (2.14)

Passing to the limit as n→ +∞ in (2.14), we deduce that

T+
2m(u)− T+

m(u) = 0 a.e. in Ω,

u ≤ m. (2.15)

�

Now let vn =
∫ un

0
gn(s) ds and by the test Tk(v

n) in (2.2), leads to∫
Ω

Γn(x, un, Dun) ·DTk(vn) dx ≤ C.

Then, by assumptions (1.3) and (1.5), we deduce that∫
Ω

|DTk(vn)|p dx ≤ C. (2.16)

Based on the above analysis and from (2.16), we obtain the following conver-
gences:

vn → v a.e. in Ω, (2.17)

and

Tk (vn) ⇀ Tk (v) in W 1,p
0 (Ω).

By selecting σk(v
n) as a test function in (2.2), we infer

lim
n→∞

∫
Ω

Γn(x, un, Dun)D (σk(v
n)) dx =

∫
Ω

fn
(un + 1

n
)θ
σk(v)dx.

Since f ∈ L1(Ω), by Lebesgue’s theorem it follows that

lim
k→∞

lim
n→∞

∫
{n≤|vn|≤n+1}

Γn(x, un, Dun).Dvndx = 0. (2.18)

2.2. Step 2: Monotonicity trick.

Lemma 2.3. For any k ≥ 0, we have

lim
n→∞

∫
Ω

[
Γn(x, Tmk (un), DTmk (un))

gn(un)p−1
− Γn(x, Tmk (un), DTmk (u))

gn(un)p−1

]
× (DTmk (un)−DTmk (u)) dx = 0. (2.19)
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Proof. For a fixed k ≥ 0, equality (2.19) can be decomposed as follows:∫
Ω

[
Γn(x, Tmk (un), DTmk (un))

gn(un)p−1
− Γn(x, Tmk (un), DTmk (u))

gn(un)p−1

]
× (DTmk (un)−DTmk (u)) dx = In1 + In2 + In3 , (2.20)

where

In1 =

∫
Ω

Γn(x, Tmk (un), DTmk (un))

gn(un)p−1
DTmk (un)dx,

In2 = −
∫

Ω

Γn(x, Tmk (un), DTmk (un))

gn(un)p−1
DTmk (u)dx,

In3 = −
∫

Ω

Γn(x, Tmk (un), DTmk (u))

gn(un)p−1
(DTmk (un)−DTmk (u)) dx.

In the sequel, we consider the limit as n→ +∞ in (2.20).

Limit of I n1 . We choose φl(v
n)
∫ Tmk (u)

0
1

g(s)p−1ds as a test function in (2.2) to

obtain ∫
Ω

φl(v
n)Γn(x, un, Dun)

DTmk (u)

g(u)p−1
dx+∫

Ω

Γn(x, un, Dun)Dφl(v
n).

(∫ Tmk (u)

0

1

g(s)p−1
ds

)
dx (2.21)

=

∫
Ω

fn
(un + 1

n
)θ
φl(v

n)

∫ Tmk (u)

0

1

g(s)p−1
dsdx.

Since φl has compact support, we have, for sufficiently large n

|Γn(x, un, Dun)φl(v
n)| ≤ β

[
L(x) + |DTl+1(vn)|p−1] . (2.22)

From (2.22) and (2.16), we deduce that

Γn(x, T(l+1)/λ (un) , DT(l+1)/λ (un))φl(v
n) is bounded in Lp

′(x)(Ω), (2.23)

for every large n.
Using estimate (2.23), we extract another subsequence, still indexed by l, for

which

Γn(x, T(l+1)/λ (un) , DT(l+1)/λ (un))φl(v
n) ⇀ ψl weakly in Lp

′
(Ω) , (2.24)

as n tends to +∞.
Assuming that max(k,m) ≤ l

λ
, it follows that

Γn(x, T(l+1)/λ (un) , DT(l+1)/λ (un))φl(v
n) χ{−k<un<m}

= φl(v
n)Γn(x, Tmk (un), DTmk (un)) χ{−k<un<m}

a.e. in Ω. Ussing the covergences (2.24), (2.17), and (2.24) and letting n tends
to +∞, we have for

ψlDT
m
k (u) = φl(v)ϕkDT

m
k (u) a.e.in Ω. (2.25)
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Letting now n tends to +∞ and l tends to +∞. The first term in (2.21) yeilds

lim
l→+∞

lim
n→+∞

∫
Ω

φl(v
n)Γn(x, un, Dun)

DTmk (u)

g(u)p−1
dx =

∫
Ω

ϕk
DTmk (u)

g(u)p−1
dx. (2.26)

The second term of (2.21)∣∣∣∣∣Γn(x, un, Dun)Dφl(v
n).

(∫ Tmk (u)

0

1

g(s)p−1
ds

)∣∣∣∣∣ ≤ max(m, k)

λ
|Γn(x, un, Dun)Dvn| .

Since (2.18), we deduce that

lim
l→+∞

lim
n→+∞

∫
Ω

Γn(x, un, Dun)Dφl(v
n).

(∫ Tmk (u)

0

1

g(s)p−1
ds

)
dx = 0. (2.27)

Due to (2.26) and (2.27) , we have∫
Ω

ϕk
DTmk (u)

g(u)p−1
dx =

∫
Ω

f

uθ

(∫ Tmk (u)

0

1

g(s)p−1
ds

)
dx. (2.28)

Take
∫ Tmk (un)

0
1

gn(s)p−1ds as a test function in (2.2), we get∫
Ω

Γn(x, un, Dun)
DTmk (un)

gn(un)p−1
dx =

∫
Ω

fn
(un + 1

n
)θ

∫ Tmk (un)

0

1

gn(s)p−1
dsdx. (2.29)

Taking the limit as n→ +∞ in (2.29) and using (2.28), we deduce that

lim
n→+∞

In1 =

∫
Ω

ϕk
DTmk (u)

g(u)p−1
dx. (2.30)

Limit of I n2 . By the assumption of gn, we remark

1

gn(un)p−1
→ 1

g(u)p−1
a.e. in Ω, (2.31)

as n tends to +∞. Since (2.9), (2.13), and (2.31), we have

lim
n→+∞

In2 = −
∫

Ω

ϕk
DTmk (u)

g(u)p−1
dx. (2.32)

Limit of I n3 . We notice (1.2), (1.3), and (2.9), we show

Γn(x, Tmk (un) , DTmk (u))

gn(un)p−1
→ Γ(x, Tmk (u) , DTmk (u))

g(u)p−1
a.e. in Ω, (2.33)

as n tends to +∞, and∣∣∣∣Γn(x, Tmk (un) , DTmk (u))

gn(un)p−1

∣∣∣∣ ≤ 1

λ

[
β
[
L(x) + |DTmk (un)|p−1]] a.e. in Ω, (2.34)

uniformly with respect to n. by (2.33), and (2.34), we deduce

Γn(x, Tmk (un) , DTmk (u))

gn(un)p−1
→ Γ(x, Tmk (u) , DTmk (u))

g(u)p−1
weakly in Lp

′
(Ω) , (2.35)

as n tends to +∞.
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From (2.9), we conclude

DTmk (un)−DTmk (u)→ 0 weakly in Lp(Ω). (2.36)

Due to (2.35), and (2.36) imply that

lim
n→+∞

In3 = 0. (2.37)

Combining (2.20) with (2.30)–(2.37), we establish (2.19).
�

Lemma 2.4. For fixed k ≥ 0, one has

ϕk = Γ(x, Tmk (u) , DTmk (u)) a.e.in {x ∈ Ω ; u(x) < m} . (2.38)

And

Γn(x, Tmk (un) , DTmk (un))

gn(un)p−1
DTmk (un)

→ Γ(x, Tmk (u) , DTmk (u))

g(u)p−1
DTmk (u) weakly in L1(Ω), (2.39)

when n→ +∞.

Proof. Let k ≥ 0 be fixed. From (2.8) and (2.35), we obtain

lim
n→+∞

∫
Ω

Γn(x, Tmk (un) , DTmk (un))

gn(un)p−1
DTmk (un) dx =

∫
Ω

ϕk
g(u)p−1

DTmk (u) dx.

Since (2.31) and (1.3), we have for every ψ

0 ≤ lim
n→+∞

∫
Ω

[
Γn(x, Tmk (un) , DTmk (un))

gn(un)p−1
− Γn(x, Tmk (un) , ψ)

gn(un)p−1

]
[DTmk (un)− ψ] dx

= lim
n→+∞

∫
Ω

Γn(x, Tmk (un) , DTmk (un))

gn(un)p−1
[DTmk (un)− ψ] dx

− lim
n→+∞

∫
Ω

Γn(x, Tmk (un) , ψ)

gn(un)p−1
[DTmk (un)− ψ] dx (2.40)

=

∫
Ω

(
ϕk

g(u)p−1
− Γ(x, Tmk (u) , ψ)

g(u)p−1

)
[DTmk (un)− ψ] dx.

By Minty’s trick, we conclude that for any

ϕk
g(u)p−1

=
Γ(x, Tmk (u) , DTmk (u))

g(u)p−1
a.e.in Ω. (2.41)

Since (2.41) and (2.15), we deduce (2.38). To establish (2.39), we use the mono-
tonicity property of the operator a along with equality (2.19), which leads to[

Γn(x, Tmk (un) , DTmk (un))

gn(un)p−1
− Γn(x, Tmk (un) , DTmk (un))

gn(un)p−1

]
×

[DTmk (un)−DTmk (un)]→ 0
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strongly in L1(Ω) as n tends to +∞. From (2.9), (2.13), (2.35), and (2.38), we
conclude when n→ +∞

Γn(x, Tmk (un) , DTmk (un))

gn(un)p−1
DTmk (u)→ Γ(x, Tmk (u) , DTmk (u))

g(u)p−1
DTmk (u) weakly in L1(Ω),

(2.42)
and

Γn(x, Tmk (un) , DTmk (u))

gn(un)p−1
DTmk (un)→ Γ(x, Tmk (u) , DTmk (u))

g(u)p−1
DTmk (u) weakly in L1(Ω),

(2.43)
and

Γn(x, Tmk (un) , DTmk (u))

gn(un)p−1
DTmk (u)→ Γ(x, Tmk (u) , DTmk (u))

g(u)p−1
DTmk (u) weakly in L1(Ω).

(2.44)
By the convergences (2.42), (2.43), and (2.44), we obtain that for any k ≥ 0

Γn(x, Tmk (un) , DTmk (un))

gn(un)p−1
DTmk (un)→ Γ(x, Tmk (u) , DTmk (u))

g(u)p−1
DTmk (u) weakly in L1(Ω),

as n tends to +∞.

2.3. Step 3: End of the proof. Taking T s+1 (un)− T s (un) as a test function
in (2.2) gives

∫
Ω

Γn(x, un, Dun).D
(
T s+1 (un)− T s (un)

)
dx =

∫
Ω

fn
(un + 1

n
)θ
(
T s+1 (un)− T s (un)

)
dx.

(2.45)
Since supp (T s+1 (.)− T s (.)) ⊂ [−(s+ 1), s] , we obtain

∫
{−1−s≤|un|≤−s}

Γn(x, un, Dun).Dundx (2.46)

=

∫
Ω

Γn(x, un, Dun)D
(
T s+1 (un)− T s (un)

)
dx

=

∫
Ω

Γn(x, un, Dun)

gn(un)p−1
D
(
T s+1 (un)− T s (un)

)
gn(T s+1 (un))p−1dx

=

∫
Ω

Γn(x, T s+1 (un) , DT s+1 (un))

gn(T s+1 (un))p−1
D
(
T s+1 (un)

)
gn(T s+1 (un))p−1 (2.47)

−
∫

Ω

Γn(x, T s (un) , DT s (un))

gn(un)p−1
D (T s (un)) gn(T s+1 (un))p−1
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We deduce from (2.8) and (2.39) that

lim
n→+∞

∫
{−1−s≤ un≤−s}

Γn(x, un, Dun).Dundx

=

∫
Ω

Γn(x, un, Dun)D
(
T s+1 (un)− T s (un)

)
dx

=

∫
Ω

Γ(x, T s+1 (u) , DT s+1 (u))

gn(T s+1 (un))p−1
D
(
T s+1 (u)

)
gn(T s+1 (u))p−1

−
∫

Ω

Γ(x, T s (u) , DT s (u))

g(u)p−1
D (T s (u)) gn(T s+1 (u))p−1 (2.48)

=

∫
{−1−s≤u≤−s}

Γ(x, u,Du)Dudx.

Passing to the limit as s→ +∞ in (2.45) and using estimates (2.47) and (2.48),
we conclude that u satisfies (1.11).

Choosing φl(v
n)1

δ
(T+

m−δ(u)− T+
m−2δ(u)) as a test function in (2.2), we have

1

δ

∫
Ω

Γn(x, un, Dun)D(φl(v
n)
(
T+
m−δ(u)− T+

m−2δ(u)
)
)dx

=
1

δ

∫
Ω

fn
(un + 1

n
)θ
φl(v

n)(T+
m−δ(u)− T+

m−2δ(u))dx. (2.49)

Since supp(φl) ⊂ [−(l + 1), l + 1], we obtain

1

δ

∫
Ω

φl(v
n)Γn(x, un, Dun)D(T+

m−δ(u)− T+
m−2δ(u))dx =

1

δ

∫
Ω

φl(v
n)Γn(x, T(l+1)/λ (un) , DT(l+1)/λ (un))D(T+

m−δ(u)− T+
m−2δ(u))dx. (2.50)

In addition, by applying the same arguments as above, we deduce that

lim
l→+∞

lim
n→+∞

1

δ

∫
Ω

φl(v
n)Γn(x, un, Dun)D(T+

m−δ(u)− T+
m−2δ(u))dx

=
1

δ

∫
{m−2δ≤u≤m−δ}

Γ(x, u,Du)Dudx. (2.51)

Passing to the limit as δ → 0 in (2.49) and applying estimates (2.50) and (2.51),
we conclude that u satisfies (1.12).

Let S ∈ W 1,∞(R) be a function with compact support satisfying S(m) = 0,
and let ϕ ∈ W 1,p

0 (Ω)∩L∞(Ω). Choosing S(u)hl(v
n)ϕ as a test function in (2.2),

we obtain∫
Ω

φl(v
n)Γn(x, un, Dun)D (S(u)ϕ) dx+

∫
Ω

S(u)ϕΓn(x, un, Dun)Dφl(v
n)dx

(2.52)

=

∫
Ω

fn
(un + 1

n
)θ
S(u)φl(v

n)ϕdx.

Taking the limits as n→ +∞ and l→ +∞ in (2.52).
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Limit of first term in (2.52)
Given that supp(hl) ⊂ [−(l + 1), l + 1], it follows that

Γn(x, T(l+1)/λ (un) , DT(l+1)/λ (un))φl(v
n)) = φl(v

n)Γn(x, un, Dun) a.e.in Ω.

From (2.15), (2.24), (2.25) and (2.38), we get

lim
l→+∞

lim
n→+∞

∫
Ω

φl(v
n)Γn(x, un, Dun)D (S(u)ϕ) dx

= lim
l→+∞

∫
Ω

φl(v)Γ(x, Tmk (un) , DTmk (un))D (S(u)ϕ) dx

=

∫
Ω

Γ(x, u,Du)D (S(u)ϕ) dx.

Limit of second term in (2.52)
In view of (2.18), we deduce that

lim
l→+∞

lim
n→+∞

∫
Ω

S(u)ϕΓn(x, un, Dun)Dφl(v
n)dx = 0.

Limit of the Right-Hand Side of (2.52)
From (2.1) and (2.17)

lim
l→+∞

lim
n→+∞

∫
Ω

fn
(un + 1

n
)θ
S(u)φl(v

n)ϕdx =

∫
Ω

f

uθ
S(u)ϕdx.

Then, u satisfies (1.13). �

In what follows, we will present the results regarding regularity stated in The-
orems 2.5 and Theorem2.6.

Theorem 2.5. Let 1 < p < N , θ > 1 and let un be the solution of problem (1.1),

hence T
θ+p−1
p

k (un) ∈ W 1,p
0 (Ω).

Proof. We restrict our analysis to the case 1 < p < N , since the arguments for
the range p ≥ N follow with only straightforward modifications. Choosing the
truncation Tk(un)θ as a test function in the weak formulation (2.2), we obtain

θ

∫
Ω

|DTk(un)|p Tk(un)θ−1dx ≤
∫

Ω

Γn(x, un, Dun)DTk(u
n)dx

=

∫
Ω

fn Tk(u
n)θ(

Tk(un) + 1
n

)θ dx
≤
∫

Ω

fndx

≤
∫

Ω

fdx

= ‖f‖L1(Ω).

Therefore ∥∥∥D (Tk(un)
θ+p−1
p

)∥∥∥
Lp(Ω)

≤ C ‖f‖
1
p

L1(Ω)
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and the first part of the thesis is proved. Recalling the assumption on the
exponent s we deduce that

‖Tk(un)‖Ls(Ω) =

(∫
Ω

Tk(u
n)

p∗(θ+p−1)
p dx

) 1
s

=
∥∥∥Tk(un)

θ+p−1
p

∥∥∥ p∗s
Lp∗ (Ω)

≤ C
∥∥∥D (Tk(un)

θ+p−1
p

)∥∥∥ p∗s
Lp(Ω)

≤ C ‖f‖
p∗
ps

L1(Ω),

The previous estimate ensures that the family {Tk(un)} is uniformly bounded in
Ls(Ω).

It remains to derive the local Sobolev regularity of the truncations. This can
be obtained by taking the test function Tk(u

n)ϕ2, where ϕ ∈ C∞c (Ω), in (2.2),
which yields a uniform estimate in W 1,p

loc (Ω).
Alternatively, this conclusion follows directly from the first part of the theorem.

Indeed, the sequence
{
Tk(u

n)
θ+p−1
p

}
is uniformly bounded in W 1,p

0 (Ω). Moreover,

since the truncations {Tk(un)} remain uniformly positive on every compact subset
of Ω, these two properties immediately imply that {Tk(un)} is uniformly bounded
in W 1,p

loc (Ω). �

Theorem 2.6. Let 1 < p < N and let 0 < θ < 1. Assume that f ∈ Lm(Ω) with

m =
Np

N(p− 1) + p+ θ(N − p)
=

(
p∗

1− θ

)′
, p∗ =

Np

N − p
.

Then problem (1.1) has a solution u ∈ W 1,p
0 (Ω).

If p = N , the same result holds assuming that f ∈ Lm(Ω) for some m > 1. In
the case p > N , the result is true if f ∈ L1(Ω).

Proof. We only consider the case 1 < p < N . The other cases are simpler and
can be proved in a similar way with trivial changes. We have that∫

Ω

|DTk(un)|pdx =

∫
Ω

fnTk(u
n)

(un + 1
n
)θ
dx ≤

∫
Ω

fnTk(u
n)1−θdx ≤ ‖f‖Lm(Ω)

(∫
Ω

Tk(u
n)(1−θ)m′dx

) 1
m′

.

(2.53)
Since (1− θ)m′ = p∗, then by Sobolev inequality, we get(∫

Ω

|Tk(un)|p∗ dx
) p

p∗

≤ C

∫
Ω

|DTk(un)|p dx ≤ C ‖f‖Lm(Ω)

(∫
Ω

|Tk(un)|p∗ dx
) 1

m′

.

(2.54)
Since p

p∗
> 1

m′
, by (2.54), we get that

‖Tk(un)‖Lp∗ (Ω) ≤
(
C ‖f‖Lm(Ω)

) p∗

p− p
∗
m′ .

From this, exploiting (2.53), we deduce that {Tk(un)} is uniformly bounded in
W 1,p

0 (Ω). �

Acknowledgement. Acknowledgements could be placed at the end of the
text but precede the references.



SINGULAR ELLIPTIC PROBLEMS 15

References

1. Akdim, Y., Allalou, C., & El Gorch, N. (2018). Existence of renormalized solutions for
nonlinear elliptic problems in weighted variable-exponent space with L1-data. Gulf Journal
of Mathematics, 6(4), 151–165. https://doi.org/10.56947/gjom.v6i4.254

2. Aberqi, A., & Ouaziz, A. (2025). Blow-up and global existence of solutions for a
new class of parabolic Kirchhoff equation involving nonlinearity logarithmic. Journal of
Pseudo-Differential Operators and Applications, 16, Article 13. https://doi.org/10.

1007/s11868-024-00666-3

3. Bendahmane, M., & Wittbold, P. (2009). Renormalized solutions for nonlinear elliptic
equations with variable exponents and L1 data. Nonlinear Analysis, 70, 567–583. https:
//doi.org/10.1016/j.na.2008.01.032

4. Ben Omrane, I., Ben Slimane, M., Gala, S., & Ragusa, M. A. (2025). A new regularity
criterion for the 3D nematic liquid crystal flows. Analysis and Applications, 23, 287–306.
https://doi.org/10.1142/S0219530525500136

5. Bouajaja, A., Marah, A., & Redwane, H. (2018). Renormalized solution of nonlinear par-
abolic equations without sign condition and general measure data. Gulf Journal of Mathe-
matics, 6(3), 51–70. https://doi.org/10.56947/gjom.v6i3.252

6. Boccardo, L., Giachetti, D., & Murat, F. (1993). Existence and regularity of renormalized
solutions for some elliptic problems involving derivatives of nonlinear terms. Journal of
Differential Equations, 106(2), 215–237. https://doi.org/10.1006/jdeq.1993.1105

7. Blanchard, D., & Redwane, H. (1998). Renormalized solutions for a class of nonlinear
parabolic evolution problems. Journal de Mathématiques Pures et Appliquées, 77(2), 117–
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