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BLOW-UP DIFFUSION IN SINGULAR ELLIPTIC PROBLEMS

MOHAMMED EL FATRY!*, AHMED ABERQI?, MOUNIR MEKKOUR? and YOUSSEF
AKDIM*

ABSTRACT. In this paper, we study a class of nonlinear singular elliptic prob-
lems involving a diffusion operator with blow-up behaviour as the solution ap-
proaches a finite threshold value. The combination of the singular lower-order
term, the blow-up diffusion, and low-regularity data gives rise to significant
analytical difficulties. Using the framework of renormalized solutions, we es-
tablish the existence of solutions under suitable assumptions on the nonlinear
operator and the singular term. We also derive some regularity properties of
the obtained solutions. These results contribute to the study of singular elliptic
problems with blow-up diffusion and low-regularity data.
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1. INTRODUCTION

Given © a bounded open set of RY (N > 2). This work is devoted to the
study of the existence and regularity of renormalized solutions to the following
nonlinear singular elliptic problem with blowing-up. diffusion:

—diV(F(x, u, Du)) = ie in €,

u
u >0 in (2, (1.1)
u=10 on 0f).

A Carathéodory function defines the nonlinear operator
I:QxRxRY — RY. (1.2)

For a structural constraint, we require the usual assumptions on ellipticity of the
diffusion operator I' (with degeneration in ), precisely We assume that there
exists a continuous positive function g : (—oo, m) — R* satisfying
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gt (s) > A >0 forall s <m, lim g(s) = +o0, (1.3)

S—m—

together with

/Om g(s)ds < 4o0. (1.4)

such that
D(z,5,€)-&>g(s)P e, T(x,s,0) =0, (1.5)

and the monotonicity assumption

(F(z,s,€) = T(z,5,¢)) - (£ =€) =0,

as well as

T2, 5,€)] < B (L(z) + g(s)PHEP) (1.6)
for a.e. x € Q, for every s € R and &, & € RV, L is a nonnegative function in
LP(Q) and 3 > 0.

ferll(), f#£0, f>0ae inQ. (1.7)

and @ is a positive constant.

Remark 1.1. Studying the problem 1.1 under assumptions (1.3)- (1.4) becomes
complicated; however, if we replace them with fom g(s)ds = +o0, which forces
the solution to avoid the value m.

Equations of type (1.1) are used in turbulence models derived from the Navier-
Stokes equations that describe the motion of a fluid in a region. The Rynolds
stress tensor

R = vpp(z,.) (Vo + ") +ql,

see [12] and [Sect. 4, [13]] Vpurp(z,.) still remains indetermined, for some detailed
description of k — e-models, we refer to the monograph [Chapter 4, p. 51, [13]].
Problems 1.1 without blow-up (namely without assumptions (1.4) and (1.5), have
been extensively studied in the literature; more specifically, results regarding
existence, uniqueness, and regularity without assuming the conditions (1.4) and
(1.5) can be found in [2, 3,4, 6, 7, 11, 14, 16, 17, 21]. Moreover, in the non-singular
case, it has been studied in [19, 18].

Remark 1.2. The condition lim,_.,,- g(s) = 400 implies that the operator exhibits
an explosive behavior as s approaches the level m. This creates a natural barrier
effect, preventing admissible solutions from reaching this value.

We aim to analyze equations (1.1), which combine a singular behavior near
zero with the behavior of solutions on the set {z € Q:u =m}, which may be
non-negligible and taking into account the L!'-datum.

We first establish the existence of a positive renormalized solution under the
above structural assumptions. The proof relies on truncation techniques, mono-
tonicity arguments, compactness methods, and suitable a priori estimates adapted
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to the singular nature of the problem.
The first challenge arises from the assumption that f € L'(Q). To overcome
this, we work within the framework of renormalized solutions adapted to our

equation. This concept was introduced by DiPerna and Lions [10] in their study
of the Boltzmann equation; see also Lions [20] for several applications to fluid
mechanics models. For elliptic problems, we refer the reader to [1, 6, 14, 15], and

for parabolic equations to [5, 9, 7].

The second challenge stems from the behavior of the function I'(z,s,£) as s —
m~. This causes difficulties in defining the meaning of a on the set {x € Q :
u(z) =m}.

In what follows, we present the adapted renormalized solution to Problem (1.1).

Definition 1.3. A measurable function u defined on 2 is a renormalized solution
of problem (1.1) if

Tew) € W), L5 e L), (1.9
0<u<m, ae. in(, (1.9)
lim / I'(z,u, Du)Dudx = 0, (1.11)
s——+00
{=s—1<u(z)<-s}
1i ! I'( Du)Dudz = fd (1.12)
lim z,u, Du)Dudz = it :
{m—25<u(z)<m—3} {u(w)=m}

and, for every function S in W1 (R) such that supp(S) is compact and S(m) = 0,
u satisfies

/ Iz, u, Du) D(S(u)p)dz = / §S(U)¢dx, (1.13)

0
for every ¢ € WyP(Q) N L*® (Q).

Remark 1.4. Conditions (1.8) and (1.10) to show that all term in (1.13) are well
defined. The assumption (1.12), has been established in [%].

Let
—k, if s < —k,
THs)={ r, if —k<r<e,
g, if r>e,
for For any k,¢ > 0 , and
For a fixed [ > 1,

ai(s) = Ty (r = Ti(r)), ¢i(s) = 1 —|au(s)],

for all s € R.

The rest of the paper is structured as follows. In Sect 2, we establish the existence
of renormalized solutions to Problem 1.1 using Schauder’s fixed-point theorem,
truncation, and monotonicity arguments. We then present regularity results in
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Theorems 2.5-2.6, depending on the parameter 6.

2. MAIN FINDING

In what follows, we will present our first main result regarding the existence of
renormalized solutions.

Theorem 2.1. Under assumptions (1.2)-(1.7), there existe a renormalized solu-
tion w of problem (1.1).

Proof of Theorem 2.1: The proof is divided into three main steps.

2.1. Step 1: Regularization and apriori estimate. Fix n > 1, let
g’VL(T) = g(T'rZ—l/n<T))a
Pn(xv 8, 5) = F(xv 771—1/71(5)7 5)’
fn € L°(Q), such that f,, — f strongly in L*(Q2), as n tends to + oo,  (2.1)
Let us now consider the following regularized problem
{ —div (I'"(x,u™, Du")) = @ n’; 5 in Q,

2.2
u™ = 0 on 09, (2:2)

Proof. Let n € N be a fixed and let v be a function in LPQ)), we know the following
non singular problem
{ —div (I'"(z, w, Dw)) = W |+ Ty in €,

2.3
u™ = 0 on 09, (2:3)

The problem (2.3) has a unique solution, which we invite the reader to see ([17]).
Define

G: LP(Q) — LP(2),
and let w = G(v) to be the unique solution of (2.3). Taking w as a test function,
we obtain

)\/Q\Dw\pg/QF"(x,w,Dw)Dwdx:/ (w{i /\w\

Using the Sobolev inequality for the left-hand side together with Holder’s in-
equality for the right-hand side, we obtain
) o

(/ P*) p < 9+1 (/
Q
for some constant C' independent of v. This implies

_1

[l Lor ) < (Cn"TH 7T = O,

so that the ball of LF"(2) of radius C, is invariant for G. Using the Sobolev
embedding, it is easy to prove that G is continuous and compact. Both operators
are continuous and compact on LP (). Therefore, by Schauder’s fixed point
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theorem, there exists u,, € Wy () such that u, = S(u,). In other words, u,, is
a weak solution of

b g
(Jur| + L) (2.4)
u" =0 on 0f).

—div (I"(z, u™, Du™)) =

Using the test function "~ = min{u", 0}, we obtain ™ > 0. Since the right-
hand side of (2.4) belongs to L>(2), and proceeding as in [22], we deduce that
u™ is bounded in L*>()) (although its L>°(€2)-norm may depend on n). O

Lemma 2.2. Let the assumptions of Theorem 2.1 be satisfied. Consequently,
{u"} forms an increasing sequence, and every element of the sequence remains
strictly positive in ), and for every w CC ) there exists c¢,, > 0 (independent of
n) such that

u"(x) > ¢, >0, VeeQ, VnelN (2.5)

Moreover, there exists a pointwise limit u > c,, of the sequence u™.

Proof. Since# > 0and 0 < f,, < f,.11, we subtract the weak formulations satisfied
by u" and u"*!. For every o € W, () with ¢ > 0, we obtain

/ <F"(.:E, u", Du™) — T (2, 0" Du”“)) -V dz
Q

:/ fn _ fn+1 dr
A\ +d) o))

n+1
n+1 1 o o n 1 0
< [ fu W tan) “ W) | g (2.6
o e e )

Choosing ¢ = (u" — u"*'),, and using the monotonicity assumption (1.5), we
obtain

(umt + %H)H — (u"+

0
>\/ V(u" — n+1 Pd S/ - n+l) n __ ,ntl dr.
Q| (u" — ") [P dw Qf +1 [ (u"+%)9 (un+1+L)9 (u" —u"")y dx

n+1

Since # > 0 and f,+1 > 0, we have

0 0
u™tt L R u" + !
n+1 n+1

Therefore,

(un _ un+1)+ <0.

A/ V(" — w1, P da < 0,
Q

which yields
(u" —u™), =0 ae. in Q.
Hence,
ut < u™oae. in Q,

for every n € N.
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We first note that u' € L>*(Q). Hence, there exists a positive constant c,
depending only on 2 and N, such that

[u'|| L (@) < ¢l fille@) < co

Consequently,
— div(T 1 D) = h > hi >0 in €.
1V( (x,u",Vu )) 117 = 1) = in
Since ;
1

the strong maximum principle (see [22]) implies that
u' >0 inQ.
Moreover, since (u,) is nondecreasing, we have
u, > u'  for every n € N.

Therefore, estimate (2.5) follows for every u", with the same constant c,, which
is independent of n.
By pluging the test function Ty (u™) in (2.2), we obtain

Jfn
Iz, 0", Du™) DT (u)dz = | —" T (u™)de.
/Q (x,u", Du™) DTy (u")dx /Q(u”—l—%)g k(u™)dx
And by (1.3) and (1.5), we get
/ | DTy (u")|" dx < C, (2.7)
Q
for some C' > 0.
Then
u" — u  ae. in €, (2.8)
for subsequence (u"). Thus,
Tie(u") = Ti(u) a.e. in Q
Ti(u™) = Ti(u) in LP(Q). (2.9)
Ti(u™) — Tpp(u) in WyP(Q)
Choosing the function Z™ = fOT,;n(un) gn(s)ds in (2.2), we get

/QF”(x,u”,Du”)DZ”(u")da::/QﬁZ”(u")dw. (2.10)

n

By virtue of assumption (1.5) on I'" and assumption (1.3), it follows that
/ \DZ"(um) P da < C. (2.11)
Q
So
n m(, n m(, n n/, n\|p—1
(&, T (@), DT ()| < B[L() + (D2 )P7],  (212)
for all k£ > 0.By combining the assumptions on the function L with estimate (2.12),

we obtain
" (z, T/ (u™), DT (u")) is bounded in L ().
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As a consequence, there exist @, € L” () such as
" (z, T (u), DT (u™)) — @, weakly in LP' (). (2.13)

Using T3 (u™) — T.F (u™) in (2.2) gives

[ Tt D). (1,0 = T ) do = [ P (T ) - T ) de,

0 o (U +7)

n

thanks to (1.5), we have

1
g(m — —)P—l/ |D (T, (u™) = T, (u™) " do < C, (2.14)
n Q
Passing to the limit as n — +o00 in (2.14), we deduce that
Ty (u)—THwu) = 0 a.e. in ),
u < m. (2.15)
0
Now let v™ = foun gn(s) ds and by the test Ti(v™) in (2.2), leads to
M(xz,u", Du™) - DT} (v") dx < C.
0
Then, by assumptions (1.3) and (1.5), we deduce that
/ DT (") dz < C. (2.16)
Q

Based on the above analysis and from (2.16), we obtain the following conver-
gences:

v" = v a.e. in Q, (2.17)

and
Ti (v") = Ty (v) in WyP(9).
By selecting o1 (v") as a test function in (2.2), we infer

Jn

lim [ I'"(x,u", Du"™)D (o (v"))dr = | ———=o0k(v)dx.
tim [ D (o) de = [ oo
Since f € L'(Q), by Lebesgue’s theorem it follows that
lim lim I'"(z,u", Du™).Dv"dz = 0. (2.18)

2.2. Step 2: Monotonicity trick.

Lemma 2.3. For any k > 0, we have

[Wuﬂwmemwm> D" (2, T (u"), DT} (u))
Q

G (um)P~ Gn(um)P~t
x (DT (u") — DT (w)) dz = 0. (2.19)

lim
n—oo
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Proof. For a fixed k > 0, equality (2.19) can be decomposed as follows:

/ {rnw,me,DTmun» I (e, Ty (u"), DT} ()

gn<un)p71 - gn<un)p71
x (DT™(u") — DT™(w)) dv = I7 + ID + I7, (2.20)
where
Q Gn(um)P
Q Gn(um)P™
n I (@, Ty (u"), DT (W) oy m
= _/ O 22 M) (D) - DT () d
Q gn(“ )

In the sequel, we consider the limit as n — +o0 in (2.20).
Limit of I'. We choose ¢;(v") J, Tt
obtain

g(s)lp_lds as a test function in (2.2) to

/d)l I (z, u™, Du” )Z;(ZT)’;( 1>

. . . . Trw)
/QF (x,u", Du™) D¢y (v™). </0 st) dx (2.21)

- /Q (mi—) i )/OTF(U) g(s—;’ldm'

n

dr+

Since ¢; has compact support, we have, for sufficiently large n
(2, w", Du)n(v)| < B [L(z) + | DTis (0") 7] (2.22)
From (2.22) and (2.16), we deduce that
T (x, Tayayn (W), DTnya (u™)di(v™) is bounded in LP@)(0Q), (2.23)

for every large n.
Using estimate (2.23), we extract another subsequence, still indexed by [, for

which
L™ (2, Tagnya (u") s DTgnya (W) gi(v") — oy weakly in LF(Q) (2.24)

as n tends to +oo.

Assuming that max(k, m) < <, it follows that

it
I (2, Trny/n ("), DTgeny/n (0")@u(v") Xq—k<ur<m)
= ¢ (") (2, T (u"), DT} (u")) X{—k<un<m}
a.e. in €. Ussing the covergences (2.24), (2.17), and (2.24) and letting n tends
to +00, we have for

U DT (u) = ¢y(v) i DT (1) a.e.in €. (2.25)
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Letting now n tends to +o0c and [ tends to +o0c. The first term in (2.21) yeilds

DT (uw) , o DT (u)

() T = Rmr= dr.  (2.26)

lim lim /gbl "I (x, u”, Du™) ——=——=

l—+oon—+o00

The second term of (2.21)

7 (u)
" (z,u™, Du™) Dy (v"). (/0 g(s;p_lds>

Since (2.18), we deduce that

max(m, k)

< IT"(x,u", Du™)Dv"|.

T (w) 4
lim lim M (x,u™, Du"™)Dey(v"). / ———ds | dx = 0. 2.27
[ ) Do >(0 = ) (2.27)

l—+oon—+00

Due to (2.26) and (2.27), we have

DT} Tt
@kk—(u)dx = / I / ———ds | dz. (2.28)
o g(u)p! o \ Jo g(s)p~!
Take T @) (sl)p,lds as a test function in (2.2), we get

DT (u” ey
/Fn(x,unyDu”)k—(ude:/Lle/ L dsdr. (229)
Q gn(u")P~ o (u"+3)" Jo gn(s)P~

Taking the limit as n — 400 in (2.29) and using (2.28), we deduce that

DT
lim [T = gokﬂ
=00 o glup!

da. (2.30)

Limit of [}'. By the assumption of g,, we remark
1 . 1
gn(ur)P=t glu)pt
as n tends to +oo. Since (2.9), (2.13), and (2.31), we have
D1"
lim [ = — @kﬂ
n—-+oo o glu)p!
Limit of IJ'. We notice (1.2), (1.3), and (2.9), we show
[z, " (), DI (w)) D, T (w) , DT (w))
gn(um)r=t glu)r~
as n tends to +00, and
(@, T (), DTY ()| _ 1 ey
kgn(u")l’—l k < 3 18 [L(z) + | DT (u™) [ 1“ a.e. in €, (2.34)
uniformly with respect to n. by (2.33), and (2.34), we deduce
(2, " (u"), DTG (w)) _, D, T3 (u) , DT (u))
gn(um)p=t glu)p~!
as n tends to 4-oc.

a.e. in €, (2.31)

da. (2.32)

a.e. in €, (2.33)

weakly in LP(Q), (2.35)
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From (2.9), we conclude

DT (u") — DT (u) — 0 weakly in LP(Q). (2.36)
Due to (2.35), and (2.36) imply that
lim I3 =0. (2.37)
n—-+o0o

Combining (2.20) with (2.30)—(2.37), we establish (2.19).

O
Lemma 2.4. For fized k > 0, one has
o = (z, 17" (u), DT (w)) a.e.in {x € Q ; u(z) < m}. (2.38)
And
Do T () DTE ()
gn(ur)p=t
— Lz, ng(&));ngn (u))DT,;" (u) weakly in L' (), (2.39)

when n — +00.
Proof. Let k > 0 be fixed. From (2.8) and (2.35), we obtain
lim (z. T (“)’71"; (u >>DT,g”(u")dx:/ — kDT (u) da
n—+oo [ gn(un)p Q g(u)

Since (2.31) and (1.3), we have for every ¢

O ) DI ) DT ) )]
Ognl—lgloo Q{ gn(un>p_1 gn(un)p_l :|[DTk ( ) w]d
o [T ), DT )
=, g () PTE (") = ¥l

g [ ST 0) ey g a (2.40)
n—=+oo Jo gn(u )p
-/ <g<u>p—1 s )[DTk( ) — ] da.

By Minty’s trick, we conclude that for any

o _ (e, TP (u), DIY (u)

g(u)pt g(u)pt
Since (2.41) and (2.15), we deduce (2.38). To establish (2.39), we use the mono-
tonicity property of the operator a along with equality (2.19), which leads to
(@, T (), DT (") T(a, T (u"), DT (u"))
gn(un)pfl gn(un)pfl
(DT (u") — DT (u™)] — 0

a.e.in €. (2.41)
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strongly in L'(Q) as n tends to +oo. From (2.9), (2.13), (2.35), and (2.38), we
conclude when n — +o00

(2, Ty (u™) , DT} (u™))
Gn(um)P!

Uz, T (u) , DT (u))

g(u)p T DT} (u) weakly in L'(€),

(2.42)

DT (u) —

and

I"(z, T;" (u") , DT} (u))
Gn(un )=t

U(z, T7" (v) , DT (u))
g(u)pr—t

DT (u™) — DT (u) weakly in L'(Q),

(2.43)
and
(2, T;" (u") , DT} (u))
Gn(um)P=?

P, T () DT () b () sveakly in L1(Q).

g(u)r~
(2.44)
By the convergences (2.42), (2.43), and (2.44), we obtain that for any k£ > 0

DT (u) —

I'"(z, Ty" (u"), DT (u™))
Gn(um)P!

Uz, T{" (u),, DT (u))
g(u)p?

DT (u") — DT} (u) weakly in L'(),

as n tends to +oo.

2.3. Step 3: End of the proof. Taking 7% (u") — T* (u™) as a test function
in (2.2) gives

ey u™ s+1 u™) — T (u™ T = fn s+1 u™) — T (u™ T
e D () ) do = [ e (et ) -1 )
(2.45)
Since supp (T (\) —T*(.)) C [~(s+ 1), s], we obtain
/ ["(x,u"”, Du™).Du"dx (2.46)
{—1-s<[un|<—s}

= /QF"(x, u", Du™)D (T (u") — T° (u")) dz

= /Q F”;jEZ:;ZEIL”)D (T (") = T (")) gn(T* (u™))P~" d
— / Fn(l,’ Ts+1 (un) , DTS—H (un)>
Q G (T5+1 (un))p—1

- [ I D (e ) g1

D (T (u") go(T* ()P (247)
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We deduce from (2.8) and (2.39) that

lim I"(x,u", Du™).Du"dx

nH0 J{—1-s< un<—s}

= /QF"(x, u", Du™)D (T (u") — T° (u")) dz

_ / F( Ts+1( ) DTS+1( ))D (Ts+1 <u>) gn(Terl (u))pfl

Gn(T5H (ur) )P~
_/ ([l? T% (u), DT (u ))D (T* (u)) gn(TS+1 (u))P_l (2.48)
a g(u)r=t

:/ I'(x,u, Du) Dudz.
{—1-s<u<-s}

Passing to the limit as s — +o00 in (2.45) and using estimates (2.47) and (2.48),
we conclude that u satisfies (1.11).
Choosing ¢;(v™) (T} _s(u) — T, _o5(u)) as a test function in (2.2), we have

5/Fn z,u", Du")D(gn(v") (T _s(w) — Tpy_p5(w)))d
- S/QWWU")(TJ 5(w) = T o5(w))d. (2.49)

Since supp(¢;) C

) C [=(l+1), I+ 1], we obtain
% / A (", D) DT () = T_gs(u))do =

/ G (") (@, Tnya (u") , DTgayn () D(T_s(w) — T _ps(w))da. (2.50)

In addition, by applying the same arguments as above, we deduce that

|—+oon——+oo

lim  lim % /Q ()T (2, u™, DUYD(T S (w) = T (u))da
1

= / ['(z, u, Du) Dudz. (2.51)
0 {m—26<u<m—é}

Passing to the limit as 6 — 0 in (2.49) and applying estimates (2.50) and (2.51),
we conclude that u satisfies (1.12).

Let S € WH(R) be a function with compact support satisfying S(m) = 0,
and let ¢ € Wy P(Q) N L>(Q). Choosing S(u) hy(v™) ¢ as a test function in (2.2),
we obtain

/gbl(v”)I’”(m,u”,Dun)D(S(u)gp) dm+/S(u)gpF"(m,u”,Du”)qul(v”)dx
Q Q
(2.52)
_ fn n
— [ Sl

o (u"+7)

n

Taking the limits as n — 400 and [ — +o0 in (2.52).



SINGULAR ELLIPTIC PROBLEMS 13

Limit of first term in (2.52)
Given that supp(h;) C [—(l + 1), I + 1], it follows that
I (x, Tagnyx (u"), DTagaya (u"))gi(v")) = ¢o(v™)I" (2, w", Du™) a.e.in Q.
From (2.15), (2.24), (2.25) and (2.38), we get

lim lim /gbl (™)™ (z,u", Du™)D (S(u)p) dz

|—+oon——+o00

~ lim / )T, TP (u"), DT (u)D (S(u)) d

= /Q ['(z,u, Du)D (S(u)p) dz.

Limit of second term in (2.52)
In view of (2.18), we deduce that

lim lim S(u)eI™(x,u", Du"™)D¢y(v")dz = 0.
l—+oon—+o00 Q

Limit of the Right-Hand Side of (2.52)
From (2.1) and (2.17)

o f n f
dm I Gy gt walede = ngS(uedr.
Then, u satisfies (1.13). O

In what follows, we will present the results regarding regularity stated in The-
orems 2.5 and Theorem?2.6.
Theorem 2.5. Let 1 < p < N, 0 > 1 and let u" be the solution of problem (1.1),
6+p—1

hence T, * (u") € W, 7(Q).

Proof. We restrict our analysis to the case 1 < p < N, since the arguments for
the range p > N follow with only straightforward modifications. Choosing the
truncation Ty (u,)? as a test function in the weak formulation (2.2), we obtain

0 / | DT (u™)|P Tie(u™)?tdx < / I"(x,u"™, Du™) DTy(u™)dx
Q Q

/fnda:
< /ﬂ fds

= I fllr -

o ()

Therefore

1
<Oz

LP(Q)
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and the first part of the thesis is proved. Recalling the assumption on the
exponent s we deduce that

2 (9+p 1) 9+p 1
Q

Q) ~
The previous estimate ensures that the family {7} (u")} is unlformly bounded in
L (Q).

It remains to derive the local Sobolev regularity of the truncations. This can
be obtained by taking the test function Tj(u")¢?, where ¢ € C°(Q), in (2.2),
which yields a uniform estimate in W?(Q).

Alternatively, this conclusion follows directly from the first part of the theorem.
0+p—1

Indeed, the sequence {Tk(un) P } is uniformly bounded in W,”(Q). Moreover,

1T (™)

LP* ()

<o (nwF)

since the truncations {7} (u™)} remain uniformly positive on every compact subset
of 2, these two properties immediately imply that {T(u™)} is uniformly bounded
in I/V1 Q). O

loc

Theorem 2.6. Let 1 < p < N and let 0 < 0 < 1. Assume that f € L™() with

. Np _( p* >/ . Np
T Np-D+p+0N-p \1-0)° P TN
Then problem (1.1) has a solution u € W, P(9).

If p = N, the same result holds assuming that f € L™(Q) for some m > 1. In
the case p > N, the result is true if f € L'().

Proof. We only consider the case 1 < p < N. The other cases are simpler and
can be proved in a similar way with trivial changes. We have that

/|DTk |de_/Q<JZlTi ~dx </fn ) 0dr < || flloma (/QT,,C(U”)U—”

(2.53)
Since (1 — @)m’ = p*, then by Sobolev inequality, we get
» Bl
(/|Tk G d:c) < c/um Pz < C | fllom (/|Tk
(2.54)

Since % > =, by (2.54), we get that

*

175wl @) < (C Nl fllemeen) 7 -
From this, exploiting (2.53), we deduce that {T;(u™)} is uniformly bounded in
WP (9 -
0" ().

Acknowledgement. Acknowledgements could be placed at the end of the
text but precede the references.
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