
Gulf Journal of Mathematics ISSN: 2309-4966

Vol 23, Issue 2 (2026) 1-13 https://doi.org/10.56947/tw0dx292

ON 2-NIL PRIMARY SUBMODULES OF MODULES OVER
COMMUTATIVE RINGS
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Abstract. We introduce and examine the class of 2-nil primary submodules
for modules over commutative rings. This class is obtained by combining the
nilpotency option occurring in 2-nil submodules with the radical condition that
appears in primary-type submodule theory. Several equivalent descriptions are
obtained; these descriptions are expressed by residual submodules, by ideal
products, and by products of submodules. In the setting of multiplication mod-
ules, we compare the new class with primary submodules and connect it with
2-nil primary ideals for faithful finitely generated multiplication modules. We
then discuss how the property is transferred through module homomorphisms,
quotient modules, intersections, localization, idealization, direct products, and
amalgamated algebra constructions. The examples clarify that many of the im-
plications established here are not reversible without extra assumptions. The
paper therefore gives a systematic module-theoretic treatment of a condition
governed simultaneously by nilpotent and radical alternatives.
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1. Introduction and preliminaries

All rings considered in this paper are commutative and have an identity element
1 6= 0; modules are assumed to be unital. If I is an ideal of R, we write

√
I for

its radical, where
√
I = {a ∈ R | an ∈ I for some positive integer n}.

Thus
√

0 denotes the nilradical of R. For an R-module M , put

Nil(M) = {a ∈ R | anM = 0 for some positive integer n}.

Equivalently, Nil(M) =
√

annR(M); in particular, Nil(M) =
√

0 whenever M
is faithful. For a proper submodule N of M , the symbol M -rad(N) stands for
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the intersection of the prime submodules of M that contain N ; if such prime
submodules do not exist, then by convention M -rad(N) = M . We also use

(N :R M) = {r ∈ R | rM ⊆ N},
so that annR(M) = (0 :R M). Background material concerning radicals of sub-
modules and multiplication modules may be found in [16, 17, 20, 22].

The work is situated in the circle of absorbing-type conditions. Badawi’s notion
of a 2-absorbing ideal [6] requires, for a proper ideal I, that abc ∈ I force at least
one of ab, ac, or bc to lie in I. A primary analogue was later given by Badawi,
Tekir, and Yetkin by replacing part of this conclusion with radical membership
[7]. In the module setting, Payrovi and Babaei studied 2-absorbing submodules
[24], and Dubey and Aggarwal developed the corresponding 2-absorbing primary
version [13]. Related lines include n-ideals and their module analogues, treated
by Tekir, Koç, and Oral [29], as well as the work of Tamekkante and Bouba on
(2, n)-ideals [28]. The nilpotent side of this program was initiated for ideals by
Celikel [8] and was later extended to submodules by Mahdou, Moutui, and Celikel
[21].

The definition considered below is motivated by this background. It keeps the
nilpotency conclusion from the theory of 2-nil submodules, while the remaining
alternatives are measured by the M -radical. In this sense, the condition forms
a bridge between 2-nil submodules and primary-type submodule conditions. It
also interacts well with common constructions in commutative algebra. This per-
spective is related to recent work on ring extensions and absorbing-type ideals;
for instance, idealization techniques appear in the study of weakly S-ρ-ideals by
Abouhalaka, Çay, and Groenewald [1], whereas Chibloun and Eddamane investi-
gated pairs of rings with a common ideal and Kronecker function rings [10]. Such
results provide a natural motivation for examining the module-theoretic condition
under extensions and amalgamations.

The contents are arranged as follows. We first derive criteria for 2-nil primary
submodules using residual submodules, ideals, and products. We then specialize
to multiplication modules and compare the condition with primary submodules
and with 2-nil primary ideals. Finally, we study how the property behaves under
homomorphisms, quotients, intersections, localization, idealization, direct prod-
ucts, and amalgamated algebra constructions. The examples show that some of
the established implications cannot be reversed in general.

The basic definition is the following.

Definition 1.1. Let M be an R-module and let N be a proper submodule of
M . We say that N is a 2-nil primary submodule of M provided that, whenever
a, b ∈ R and m ∈M satisfy abm ∈ N , one has

ab ∈ Nil(M) or am ∈M -rad(N) or bm ∈M -rad(N).

Every 2-nil submodule is therefore 2-nil primary, although the converse impli-
cation fails.

Example 1.2. Consider M = Z as a module over itself and put N = 4Z. The
submodule N is not 2-nil: indeed, 2 · 2 · 1 ∈ 4Z, but 2 · 2 /∈ Nil(Z) = {0} and
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2·1 /∈ 4Z. On the other hand, 4Z is 2-nil primary. To see this, let abm ∈ 4Z. Then
abm is even, so at least one among a, b, and m is even. Since M -rad(4Z) = 2Z,
whenever ab /∈ Nil(Z), one of am and bm must lie in M -rad(4Z).

As prime submodules are known to be 2-nil submodules [21], the following
chain of implications holds:

prime submodule =⇒ 2-nil submodule =⇒ 2-nil primary submodule.

2. Properties of 2-nil primary submodules

The next result gives several equivalent tests for Definition 1.1. The point is to
replace the elementwise formulation by conditions involving residual submodules,
ideals, and products.

Theorem 2.1. For a proper submodule N of an R-module M , the following
conditions are equivalent.

(1) N is a 2-nil primary submodule of M .
(2) For x, y ∈ R with xy /∈ Nil(M), one has

(N :M xy) ⊆ (M-rad(N) :M x) ∪ (M-rad(N) :M y).

(3) For x, y ∈ R with xy /∈ Nil(M), one has either

(N :M xy) ⊆ (M-rad(N) :M x) or (N :M xy) ⊆ (M-rad(N) :M y).

(4) If x, y ∈ R and K ≤M satisfy xyK ⊆ N , then

xK ⊆M-rad(N), yK ⊆M-rad(N), or xy ∈ Nil(M).

(5) If x ∈ R, J is an ideal of R, and K ≤M with xJK ⊆ N , then

xK ⊆M-rad(N), JK ⊆M-rad(N), or xJ ⊆ Nil(M).

(6) If I, J are ideals of R and K ≤M such that IJK ⊆ N , then

IK ⊆M-rad(N), JK ⊆M-rad(N), or IJ ⊆ Nil(M).

Proof. (1) ⇒ (2) Pick m ∈ (N :M xy). Then xym ∈ N . Because xy is not
in Nil(M), the nilpotent option in Definition 1.1 is unavailable. Consequently,
either xm ∈ M -rad(N) or ym ∈ M -rad(N), and hence m belongs to one of the
two residual submodules on the right-hand side of (2).

(2)⇒ (3) Condition (2) places (N :M xy) inside a union of two submodules of
M . A submodule contained in the union of two submodules must be contained
in one of them. This gives exactly the alternative stated in (3).

(3) ⇒ (4) Suppose xyK ⊆ N and xy /∈ Nil(M). Then every element of
K lies in (N :M xy). By (3), K is contained in either (M -rad(N) :M x) or
(M -rad(N) :M y). Multiplication by x or by y gives the required inclusion in
M -rad(N).

(4)⇒ (5) Assume xJK ⊆ N . If the ideal product xJ is contained in Nil(M),
there is nothing further to prove. Otherwise, take j ∈ J such that xj /∈ Nil(M).
Since xjK ⊆ N , (4) gives xK ⊆ M -rad(N) or jK ⊆ M -rad(N). The first
possibility is one of the desired alternatives. If it does not occur, then all elements
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j ∈ J with xj /∈ Nil(M) satisfy jK ⊆M -rad(N), whereas the remaining elements
of J satisfy xj ∈ Nil(M). Hence the conclusion in (5) follows.

(5) ⇒ (6) Suppose IJK ⊆ N and assume that none of the three conclusions
in (6) holds, that is,

IK 6⊆M -rad(N), JK 6⊆M -rad(N), IJ 6⊆ Nil(M).

Choose i1 ∈ I with i1K 6⊆ M -rad(N) and choose i2 ∈ I, j2 ∈ J such that
i2j2 /∈ Nil(M). Since i1JK ⊆ N , condition (5) forces i1J ⊆ Nil(M). Applying
(5) to i2JK ⊆ N , and using both i2J 6⊆ Nil(M) and JK 6⊆ M -rad(N), gives
i2K ⊆M -rad(N). Therefore (i1 + i2)K 6⊆M -rad(N). Also (i1 + i2)J 6⊆ Nil(M);
otherwise the ideal property of Nil(M) together with i1J ⊆ Nil(M) would imply
i2j2 ∈ Nil(M), which is impossible. A final application of (5) to (i1 + i2)JK ⊆ N
yields a contradiction.

(6) ⇒ (1) Given x, y ∈ R and m ∈ M with xym ∈ N , use (6) for I = Rx,
J = Ry, and K = Rm. �

We recall the facts about multiplication modules needed below. An R-module
M is called a multiplication module when every submodule has the form IM
for some ideal I of R. Thus, if N = IM , then N = (N :R M)M ; see [14]. For
submodules N = I1M and K = I2M of such a module, one defines NK = I1I2M ;
this definition is independent of the representing ideals [4]. Moreover, under the
standard assumptions used for multiplication modules, a proper submodule N
satisfies

M -rad(N) =
√

(N :R M)M

[14, 27].

Theorem 2.2. Let M be a multiplication R-module and let N be a proper sub-
module. Then the following conditions are equivalent.

(1) N is a 2-nil primary submodule of M .
(2) Whenever N1 = I1M , N2 = I2M , and N3 is a submodule of M with

N1N2N3 ⊆ N , then

I1I2 ⊆ Nil(M), N1N3 ⊆M-rad(N), or N2N3 ⊆M-rad(N).

Proof. Assume that N is 2-nil primary. Write N1 = I1M and N2 = I2M , and
suppose N1N2N3 ⊆ N . Then I1I2N3 ⊆ N . Theorem 2.1 gives one of I1I2 ⊆
Nil(M), I1N3 = N1N3 ⊆ M -rad(N), or I2N3 = N2N3 ⊆ M -rad(N). Conversely,
from xym ∈ N take N1 = xM , N2 = yM , and N3 = Rm. The alternatives in (2)
reduce exactly to those in Definition 1.1. �

Proposition 2.3. A primary submodule of an R-module M is necessarily 2-nil
primary.

Proof. Let N be primary and assume abm ∈ N with a, b ∈ R and m ∈ M .
When bm ∈M -rad(N), one of the required alternatives already holds. Otherwise

bm /∈ N . Since a(bm) ∈ N , primaryness gives a ∈
√

(N :R M). Therefore
aM ⊆M -rad(N), and in particular am ∈M -rad(N). �
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Example 2.4. Let M = Z6 with its usual Z-module structure, and set N = {0}.
This submodule is not primary: in Z6 one has 2 · 3 = 0, and the usual primary
conclusion fails for the two factors. Nevertheless, N is 2-nil primary. Indeed, if
abm = 0 in Z6 and ab /∈ Nil(Z6), then the divisibility of abm by both 2 and 3
forces am = 0 or bm = 0. Since M -rad(0) = 0 for this module, the defining
condition is satisfied.

Proposition 2.5. For a proper submodule N of an R-module M , the following
assertions hold.

(1) If N is a 2-nil primary submodule of a multiplication R-module M , then
M-rad(N) is a 2-nil submodule of M .

(2) If (M-rad(N) :R m) is an n-ideal of R for every m ∈M \M-rad(N), then
M-rad(N) is a 2-nil primary submodule of M .

(3) If M-rad(N) is a 2-nil primary submodule of M , then (M-rad(N) :M r)
is a 2-nil primary submodule of M containing M-rad(N) for each r ∈
R \ (M-rad(N) :R M). If, in addition, M is faithful, then (M-rad(N) :R
m) is a 2-nil primary ideal of R containing (M-rad(N) :R M) for each
m ∈M \M-rad(N).

Proof. (1) Assume xyM ⊆ M -rad(N) and xy /∈ Nil(M). Then xy belongs to

(M -rad(N) :R M) =
√

(N :R M). Hence, for some positive integer n, (xy)nM ⊆
N . Applying Theorem 2.1 to xn, yn, and the submodule M gives xnM ⊆
M -rad(N) or ynM ⊆ M -rad(N). It follows that xM ⊆ M -rad(N) or yM ⊆
M -rad(N).

(2) Suppose uvm ∈M -rad(N) and uv /∈ Nil(M). Then uv ∈ (M -rad(N) :R m).
In particular, neither factor is nilpotent. The assumed n-ideal property applied
successively gives u ∈ (M -rad(N) :R m) and v ∈ (M -rad(N) :R m), equivalently
um, vm ∈M -rad(N).

(3) Choose r ∈ R \ (M -rad(N) :R M). If uvm ∈ (M -rad(N) :M r), then
uvrm ∈ M -rad(N). Since M -rad(N) is 2-nil primary, one has uv ∈ Nil(M),
urm ∈ M -rad(N), or vrm ∈ M -rad(N). Thus, whenever the first alternative is
excluded, either um or vm is in (M -rad(N) :M r). This proves that (M -rad(N) :M
r) is 2-nil primary.

Now assume also that M is faithful and let m ∈ M \M -rad(N). If uvw ∈
(M -rad(N) :R m) and uv /∈

√
0, then faithfulness gives uv /∈ Nil(M). From

uvwm ∈ M -rad(N), the 2-nil primary property yields uwm ∈ M -rad(N) or
vwm ∈M -rad(N). Therefore uw ∈ (M -rad(N) :R m) or vw ∈ (M -rad(N) :R m),
so the residual ideal is 2-nil primary. �

The next cancellation fact for finitely generated faithful multiplication modules
will be used later.

Lemma 2.6. Let I be an ideal of R, and let N be a submodule of a finitely
generated faithful multiplication R-module M . Then

(IN :R M) = I(N :R M).

Moreover, if I is a finitely generated faithful multiplication ideal, then (IN :M
I) = N . If N ⊆ IM , then (JN :M I) = J(N :M I) for every ideal J of R.
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Proof. This is precisely the usual cancellation theorem for finitely generated faith-
ful multiplication modules; see [2, 27]. �

Theorem 2.7. Let M be a faithful finitely generated multiplication R-module and
let N be proper in M . Then the next three conditions are equivalent.

(1) N is a 2-nil primary submodule of M .
(2) (N :R M) is a 2-nil primary ideal of R.
(3) N = IM for some 2-nil primary ideal I of R.

Proof. (1) ⇒ (2) Let x, y, z ∈ R with xyz ∈ (N :R M) and xy /∈
√

0. Since M
is faithful, xy /∈ Nil(M). The inclusion xy(zM) ⊆ N allows Theorem 2.1 to be
applied, and we obtain xzM ⊆M -rad(N) or yzM ⊆M -rad(N). Thus

xz ∈ (M -rad(N) :R M) =
√

(N :R M)

or yz ∈
√

(N :R M), proving that (N :R M) is a 2-nil primary ideal.
(2) ⇒ (1) Suppose xyK ⊆ N for x, y ∈ R and K ≤ M . Applying the

assumption to the residual ideal gives the alternatives xy ∈
√

0 = Nil(M), x ∈√
(N :R M), or y ∈

√
(N :R M). These are the same as xy ∈ Nil(M), xM ⊆

M -rad(N), or yM ⊆M -rad(N). Theorem 2.1 then gives that N is 2-nil primary.
(2) ⇔ (3) Since M is a multiplication module, N = (N :R M)M . Thus (2)

implies (3) by taking I = (N :R M). Conversely, the residual equality for faithful
finitely generated multiplication modules transfers (3) back to (2). �

Proposition 2.8. Let I be a finitely generated faithful multiplication ideal of R,
and let N be a submodule of a finitely generated faithful multiplication R-module
M . If the submodule IN of M is 2-nil primary, then I is a 2-nil primary ideal
of R or N is a 2-nil primary submodule of M .

Proof. If N = M , Lemma 2.6 gives I = (IM :R M). Since in this case IN = IM
is 2-nil primary, Theorem 2.7 shows that I is a 2-nil primary ideal.

Now suppose N 6= M . Take x, y ∈ R and m ∈ M such that xym ∈ N and
xy /∈ Nil(M). Then xyIm ⊆ IN . The 2-nil primary property of IN yields
xIm ⊆ M -rad(IN) or yIm ⊆ M -rad(IN). Since M -rad(IN) ⊆ M -rad(N),
we get xm ∈ (IM -rad(N) :M I) or ym ∈ (IM -rad(N) :M I). By Lemma 2.6,
(IM -rad(N) :M I) = M -rad(N). Hence xm ∈ M -rad(N) or ym ∈ M -rad(N),
and N is 2-nil primary. �

3. 2-nil primary submodules in module extensions

We now examine the behavior of the property under module homomorphisms.

Proposition 3.1. Let ϕ : M1 → M2 be an R-module homomorphism between
R-modules.

(1) If ϕ is a monomorphism and N2 is a 2-nil primary submodule of M2 with
ϕ−1(N2) 6= M1, then ϕ−1(N2) is a 2-nil primary submodule of M1.

(2) If ϕ is an epimorphism and N1 is a 2-nil primary submodule of M1 with
ker(ϕ) ⊆ N1, then ϕ(N1) is a 2-nil primary submodule of M2.
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Proof. (1) Suppose xym ∈ ϕ−1(N2). Then xyϕ(m) ∈ N2. Since N2 is 2-nil
primary, one has xy ∈ Nil(M2), xϕ(m) ∈ M -rad(N2), or yϕ(m) ∈ M -rad(N2).
If the first case occurs, then (xy)nM2 = 0 for some n, and the injectivity of ϕ
implies (xy)nM1 = 0; hence xy ∈ Nil(M1). The two radical cases yield xm ∈
ϕ−1(M -rad(N2)) ⊆M1-rad(ϕ−1(N2)), or the analogous statement for ym.

(2) Assume xym ∈ ϕ(N1), and take m1 ∈ M1 with ϕ(m1) = m. Because
ker(ϕ) ⊆ N1, it follows that xym1 ∈ N1. Thus xy ∈ Nil(M1), or xm1 ∈
M1-rad(N1), or ym1 ∈ M1-rad(N1). Surjectivity gives Nil(M1) ⊆ Nil(M2), and
also

ϕ(M1-rad(N1)) ⊆M2-rad(ϕ(N1))

by [22]. Therefore the required alternatives hold for ϕ(N1), and so ϕ(N1) is 2-nil
primary. �

Corollary 3.2. Let L and P be submodules of an R-module M .

(1) If P ⊆ L and L is a 2-nil primary submodule of M , then L/P is a 2-nil
primary submodule of M/P .

(2) If L is a 2-nil primary submodule of M and P 6⊆ L, then L∩ P is a 2-nil
primary submodule of P .

(3) If P ⊆ L, L/P is a 2-nil primary submodule of M/P , Nil(M/P ) ⊆
Nil(M), and the inverse image of (M/P )-rad(L/P ) under the quotient
map is contained in M-rad(L), then L is a 2-nil primary submodule of
M .

Proof. For (1), apply Proposition 3.1(2) to the quotient map M → M/P . For
(2), use Proposition 3.1(1) for the natural inclusion P ↪→ M . For (3), transfer
the defining condition from L/P back to M by means of the quotient map and
then invoke the two compatibility hypotheses stated in the assertion. �

Proposition 3.3. Let M be a multiplication R-module and let N1, . . . , Nt be 2-nil
primary submodules of M such that M-rad(Ni) = M-rad(Nj) for all i, j. Then

N =
t⋂

i=1

Ni

is a 2-nil primary submodule of M .

Proof. By [3, Theorem 15(3)], one has M -rad(N) =
⋂t

i=1M -rad(Ni). Suppose
xym ∈ N and xy /∈ Nil(M). Then xym lies in every Ni. Hence, for each i, the
2-nil primary property of Ni gives xm ∈M -rad(Ni) or ym ∈M -rad(Ni). Because
all these radicals coincide, the same one of xm and ym lies in the intersection,
that is, in M -rad(N). �

Remark 3.4. Two 2-nil primary submodules may have an intersection that is
not 2-nil primary. For instance, in the Z-module Z, both 2Z and 3Z are 2-nil
primary, whereas 6Z = 2Z ∩ 3Z fails to have the property. Indeed, 2 · 3 · 1 ∈ 6Z,
but 2 · 3 /∈ Nil(Z) and neither 2 · 1 nor 3 · 1 belongs to M -rad(6Z) = 6Z.

Proposition 3.5. Let N and P be 2-nil primary submodules of an R-module
M . Suppose that the quotient map M → M/P satisfies the lifting hypotheses in
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Corollary 3.2(3) for the submodule N + P . If N/(N ∩ P ) is 2-nil primary in
M/(N ∩ P ), then N + P is a 2-nil primary submodule of M .

Proof. The canonical isomorphismN/(N∩P ) ∼= (N+P )/P shows that (N+P )/P
is 2-nil primary in M/P . Corollary 3.2(3), applied with L = N + P , then gives
the conclusion. �

For a proper ideal I of R and a submodule N of M , set

ZI(R) = {r ∈ R | rs ∈ I for some s ∈ R \ I}
and

ZN(M) = {r ∈ R | rm ∈ N for some m ∈M \N}.

Proposition 3.6. Let S be a multiplicatively closed subset of R, and let N be a
proper submodule of an R-module M .

(1) If N is a 2-nil primary submodule of M and (N :R M) ∩ S = ∅, then
S−1N is a 2-nil primary submodule of S−1M .

(2) Assume that Nil(S−1M) = S−1 Nil(M) and

S−1M-rad(S−1N) = S−1(M-rad(N)).

If S−1N is a 2-nil primary submodule of S−1M and

S ∩ ZNil(M)(R) = S ∩ ZM-rad(N)(M) = ∅,
then N is a 2-nil primary submodule of M .

Proof. (1) Suppose (x/s1)(y/s2)(m/s3) ∈ S−1N . Then, for some u ∈ S, uxym ∈
N . Since N is 2-nil primary, one has xy ∈ Nil(M), uxm ∈M -rad(N), or uym ∈
M -rad(N). Passing to the localization gives

(x/s1)(y/s2) ∈ Nil(S−1M),

or (x/s1)(m/s3) ∈ S−1M -rad(S−1N), or the corresponding alternative with y in
place of x.

(2) Let xym ∈ N . Then (x/1)(y/1)(m/1) belongs to S−1N . Since S−1N is
2-nil primary, the localized element gives one of (xy)/1 ∈ S−1 Nil(M), (xm)/1 ∈
S−1M -rad(N), or (ym)/1 ∈ S−1M -rad(N). Thus an element of S sends, respec-
tively, xy into Nil(M), or xm or ym into M -rad(N). The two disjointness assump-
tions remove the multiplier from S, and therefore xy ∈ Nil(M), xm ∈M -rad(N),
or ym ∈M -rad(N). Hence N is 2-nil primary. �

Proposition 3.7. Let R(+)M be the idealization associated with the R-module
M ; its multiplication is

(r1,m1)(r2,m2) = (r1r2, r1m2 + r2m1).

For an ideal I of R and a proper submodule N of M , the ideal I(+)N is 2-nil
primary in R(+)M precisely when I is 2-nil primary in R.

Proof. Let π : R(+)M → R denote the canonical projection. The kernel 0(+)M
has square zero. If I(+)N is 2-nil primary, apply its defining property to elements
(r, 0) and then project to R; this proves that I is 2-nil primary. Conversely,
assume that I is 2-nil primary and that (x1,m1)(x2,m2)(x3,m3) ∈ I(+)N , while
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the product of the first two factors is not nilpotent modulo zero. Then x1x2x3 ∈ I
and x1x2 /∈

√
0. Hence x1x3 ∈

√
I or x2x3 ∈

√
I, which is exactly the required

radical conclusion in the idealization. �

Theorem 3.8. Let P1, . . . , Pk be multiplication R-modules and set P = P1×· · ·×
Pk.

(1) If S = S1 × · · · × Sk is a 2-nil primary submodule of P , then each proper
component Si 6= Pi is a 2-nil primary submodule of Pi.

(2) Suppose that
√

(0 :R Pi) =
√

(0 :R P ) for every i. If Si 6= Pi is a 2-nil
primary submodule of Pi, then

T = P1 × · · · × Si × · · · × Pk

is a 2-nil primary submodule of P .

Proof. (1) It is enough, by symmetry, to consider S1. Suppose abp1 ∈ S1 and
ab /∈ Nil(P1). Then ab(p1, 0, . . . , 0) ∈ S. Since S is 2-nil primary and ab /∈ Nil(P ),
one of a(p1, 0, . . . , 0) and b(p1, 0, . . . , 0) lies in P -rad(S). Projecting to the first
component gives ap1 ∈ P1-rad(S1) or bp1 ∈ P1-rad(S1).

(2) We again take i = 1. If ab(p1, . . . , pk) ∈ T with ab /∈ Nil(P ), then abp1 ∈ S1.
The equality of the radical annihilators ensures that ab /∈ Nil(P1). Since S1 is
2-nil primary, ap1 ∈ P1-rad(S1) or bp1 ∈ P1-rad(S1). Consequently, a(p1, . . . , pk)
or b(p1, . . . , pk) lies in P -rad(T ). �

4. 2-nil primary ideals of amalgamation rings

The last section treats the ideal version inside amalgamated algebras. Let
ϕ : R→ S be a ring homomorphism and let J be an ideal of S. The amalgamation
of R with S along J , relative to ϕ, is

R ./ϕ J = {(r, ϕ(r) + j) | r ∈ R, j ∈ J}.

Fix an ideal I of R, an ideal K of ϕ(R)+J , and an ideal H of ϕ(R)+J satisfying
ϕ(I)J ⊆ H ⊆ J . We shall use

I ./ϕ J = {(i, ϕ(i) + j) | i ∈ I, j ∈ J},

I ./ϕ H = {(i, ϕ(i) + h) | i ∈ I, h ∈ H},
Kϕ = {(r, ϕ(r) + j) | r ∈ R, j ∈ J, ϕ(r) + j ∈ K},

and

I ×ϕ K = {(r, ϕ(r) + j) | r ∈ I, j ∈ J, ϕ(r) + j ∈ K}.
For amalgamated algebras and absorbing-type ideals in this context, see [11, 12,
15, 18].

Lemma 4.1. Let ϕ : R→ S be a homomorphism of rings.

(1) If ϕ−1(
√

0S) ⊆
√

0R and I2 is a 2-nil primary ideal of S, then ϕ−1(I2) is
a 2-nil primary ideal of R.

(2) Suppose that ϕ is surjective and ker(ϕ) ⊆ I1 ∩
√

0R. Then I1 is a 2-nil
primary ideal of R if and only if ϕ(I1) is a 2-nil primary ideal of S.
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Proof. (1) Suppose abc ∈ ϕ−1(I2) and ab /∈
√

0R. Then ϕ(a)ϕ(b)ϕ(c) ∈ I2. The
inclusion hypothesis rules out ϕ(a)ϕ(b) ∈

√
0S, for otherwise ab ∈

√
0R. Therefore

the 2-nil primary property of I2 gives ϕ(a)ϕ(c) ∈
√
I2 or ϕ(b)ϕ(c) ∈

√
I2. Taking

inverse images yields ac ∈
√
ϕ−1(I2) or bc ∈

√
ϕ−1(I2).

(2) For the forward implication, lift the relevant elements of S to R and use
ker(ϕ) ⊆ I1. The extra nilradical condition ensures that a product which is non-
nilpotent after projection corresponds to a non-nilpotent product before projec-
tion. Conversely, assume abc ∈ I1 and ab /∈

√
0R. Then ϕ(a)ϕ(b)ϕ(c) ∈ ϕ(I1)

and ϕ(a)ϕ(b) /∈
√

0S. Applying the 2-nil primary condition in S and pulling the
result back gives ac ∈

√
I1 or bc ∈

√
I1. �

Theorem 4.2. With the notation fixed above, the following assertions are valid.

(1) If I ./ϕ H is a 2-nil primary ideal of R ./ϕ J , then I is a 2-nil primary
ideal of R.

(2) If I ./ϕ J is a 2-nil primary ideal of R ./ϕ J , then I is a 2-nil primary
ideal of R. Moreover, under the natural projection onto ϕ(R) + J , the
ideal J is 2-nil primary in ϕ(R) + J whenever the projection hypotheses
of Lemma 4.1 are satisfied. Conversely, if I is 2-nil primary in R and
J ⊆
√

0S, then I ./ϕ J is a 2-nil primary ideal of R ./ϕ J .
(3) If ϕ−1(

√
0S) ⊆

√
0R, then Kϕ is a 2-nil primary ideal of R ./ϕ J if and

only if K is a 2-nil primary ideal of ϕ(R) + J .
(4) If I is a prime ideal of R with I ⊆

√
0R, and K is a prime ideal of ϕ(R)+J

with K ⊆
√

0ϕ(R)+J , then I ×ϕ K is a 2-nil primary ideal of R ./ϕ J .

Proof. (1) Take x, y, z ∈ R with xyz ∈ I and xy /∈
√

0R. Then

(x, ϕ(x))(y, ϕ(y))(z, ϕ(z)) ∈ I ./ϕ H.
Moreover, (x, ϕ(x))(y, ϕ(y)) is not nilpotent in R ./ϕ J . The 2-nil primary prop-
erty in R ./ϕ J therefore gives

(x, ϕ(x))(z, ϕ(z)) ∈
√
I ./ϕ H

or the corresponding alternative with y in place of x. Projecting onto the first
component yields xz ∈

√
I or yz ∈

√
I, so I is 2-nil primary.

(2) The first part is the special case H = J of (1). The statement concerning
the second projection follows from Lemma 4.1. Conversely, suppose that I is 2-nil
primary and J ⊆

√
0S. If

(x1, ϕ(x1) + j1)(x2, ϕ(x2) + j2)(x3, ϕ(x3) + j3) ∈ I ./ϕ J
and the product of the first two factors is not nilpotent, then x1x2 /∈

√
0R. Hence

x1x3 ∈
√
I or x2x3 ∈

√
I. Because J ⊆

√
0S,
√
I ./ϕ J =

√
I ./ϕ J , and thus one

of the two products required by the definition lies in
√
I ./ϕ J .

(3) Let p : R ./ϕ J → ϕ(R) + J be defined by p(r, ϕ(r) + j) = ϕ(r) + j. The
image of Kϕ under p is K. The nilradical hypothesis permits the use of Lemma
4.1 for this projection, which proves the equivalence.

(4) The assumptions allow the standard prime-component argument for amal-
gamations to show that I ×ϕ K is a 2-nil ideal of R ./ϕ J ; see [18]. Since every
2-nil ideal is 2-nil primary, the assertion follows. �
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The reverse direction of Theorem 4.2(1) can be recovered when the following
extra containments are imposed.

Theorem 4.3. Assume that

ϕ(I)J ⊆ J2 ⊆ H ⊆ J ⊆
√

0S.

Then I ./ϕ H is a 2-nil primary ideal of R ./ϕ J if and only if I is a 2-nil primary
ideal of R.

Proof. The implication from left to right is Theorem 4.2(1). For the converse,
assume that I is 2-nil primary in R and take

α = (x, ϕ(x) + j1), β = (y, ϕ(y) + j2), γ = (z, ϕ(z) + j3)

in R ./ϕ J such that αβγ ∈ I ./ϕ H and αβ /∈
√

0R./ϕJ . Since J ⊆
√

0S, the latter
condition implies xy /∈

√
0R, while the first coordinate of αβγ gives xyz ∈ I. The

2-nil primary property of I yields xz ∈
√
I or yz ∈

√
I. Equivalently, a suitable

power of one of these two products lies in I. Expanding the corresponding power
of αγ or βγ, the mixed terms containing entries from J are contained in ϕ(I)J

or in J2, and hence lie in H. Thus αγ ∈
√
I ./ϕ H or βγ ∈

√
I ./ϕ H, proving

that I ./ϕ H is 2-nil primary. �

5. Conclusion

This work defined 2-nil primary submodules and developed several equivalent
descriptions in terms of elements, residual submodules, ideals, and multiplication-
module products. Under the stated hypotheses, the property is preserved by a
range of constructions, including images and inverse images of homomorphisms,
localization, idealization, direct products, and amalgamated algebras. The exam-
ples demonstrate that the class is genuinely different from both 2-nil submodules
and primary submodules. These results suggest further investigation of module
conditions in which nilpotency and radical containment occur together, particu-
larly in connection with ring extensions.
Acknowledgement. The authors are grateful to the editor and to the anony-
mous reviewers for their helpful comments and careful evaluation of the manu-
script.
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