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EULER–MARUYAMA SCHEMES FOR G-STOCHASTIC
VOLTERRA EQUATIONS
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Abstract. We study Euler–Maruyama approximations for stochastic Volterra
integral equations driven by G-Brownian motion. The proposed explicit Volterra
scheme discretizes the drift term, the quadratic variation term and the sto-
chastic integral term. Under standard Lipschitz, growth and time-regularity
assumptions, we prove uniform moment bounds and strong mean-square con-
vergence under sublinear expectation. The convergence rate reflects the time
regularity of the Volterra kernels and recovers the classical order one–half in
the root mean square sense in the Lipschitz case. A numerical experiment un-
der volatility uncertainty illustrates the theory.
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1. Introduction

Stochastic Volterra integral equations provide a natural framework for sto-
chastic systems with memory, since their coefficients may depend on both the
observation time and the past integration time. This two-time structure is useful
in models with hereditary effects and non-Markovian dynamics, including vis-
coelasticity, finance, and stochastic control. Classical stochastic Volterra equa-
tions have been studied extensively; see [6, 14, 10, 8, 1]. Recent developments on
Volterra-type systems and control-related formulations can be found, for example,
in [7, 4].

In many applications, the probabilistic model itself is uncertain. A typical
case is volatility uncertainty, where the quadratic variation of the driving noise
cannot be described by a single deterministic parameter. Peng’s theory of nonlin-
ear expectations and G-Brownian motion provides a stochastic calculus for such
problems; see [11, 12, 13]. The corresponding sublinear expectation admits a
representation as the supremum of expectations over a family of probability mea-
sures; see [3, 5]. Equations driven by a G-Brownian motion therefore naturally
involve an additional integral with respect to the quadratic variation.
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Stochastic Volterra integral equations driven by G-Brownian motion were re-
cently studied in [17]. The equation considered there, and studied numerically in
this paper, is

X(t) = ϕ(t) +

∫ t

0

b(t, s,X(s)) ds+

∫ t

0

h(t, s,X(s)) d〈B〉s

+

∫ t

0

σ(t, s,X(s)) dBs, 0 ≤ t ≤ T.

(1.1)

Here the coefficients depend on both the current time t and the past integration
time s. Existence, uniqueness, mean-square continuity, pathwise continuity and
comparison results were established in [17], but numerical approximation of (1.1)
was not addressed.

The purpose of this paper is to develop and analyze an Euler–Maruyama ap-
proximation for (1.1). The proposed scheme is adapted to the Volterra structure
and discretizes the Lebesgue integral, the quadratic variation integral and the G-
Itô integral simultaneously. We prove strong mean-square convergence under the

sublinear expectation Ê, with an error estimate that reflects the time regularity
of the Volterra kernels.

Numerical approximations for stochastic Volterra equations and related inte-
gral equations have been studied in the classical probabilistic framework. Zhang
[15] proved strong convergence of the Euler–Maruyama method for stochastic
Volterra integral equations, while Zhang and Li [16] considered generalized sto-
chastic Volterra equations driven by Lévy noise. Related numerical treatments
can also be found in [9]. Numerical methods under the G-framework have been
studied in related settings, for instance for G-SDDEs in [2]. The Volterra-memory
structure in (1.1), however, leads to a different discretization and error analysis.

Our main contribution is to introduce an explicit Volterra-type Euler–Maruyama
scheme for (1.1) and prove its strong mean-square convergence under sublinear
expectation. Under Lipschitz continuity, linear growth and Hölder-type regular-
ity assumptions, the grid error is of order |π|κ, where κ = min{2γ, 1} and γ is
the time-regularity exponent. We also obtain a uniform-in-time estimate for a
continuous Volterra interpolation of the scheme. In the time-Lipschitz case, this
gives the root-mean-square order 1/2.

The paper is organized as follows. Section 2 recalls the basic G-expectation
tools. Sections 3–5 present the equation, assumptions and numerical scheme.
Section 6 proves strong convergence, and Section 7 gives a numerical illustration.

2. Preliminaries on G-expectation

We recall only the notation and estimates needed in the sequel. For a de-
tailed presentation of G-expectation, G-Brownian motion and the corresponding
stochastic calculus, we refer to [11, 12, 13].

Let Ω = C0([0,∞);R) be the canonical path space and let Bt(ω) = ωt be the
canonical process. Fix 0 < σ ≤ σ <∞ and define

G(a) =
1

2

(
σ2a+ − σ2a−

)
, a ∈ R.
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The associated sublinear expectation is denoted by Ê, and B is a one-dimensional

G-Brownian motion under Ê.
For p ≥ 1, LpG(ΩT ) denotes the usual G-expectation space, and Mp

G(0, T ) de-
notes the completion of step processes under the norm

‖η‖Mp
G

=

(
Ê
[∫ T

0

|η(t)|p dt
])1/p

.

For η ∈ M2
G(0, T ), the G-Itô integral

∫ t
0
ηs dBs is well defined, while for ξ ∈

M1
G(0, T ) the quadratic variation integral

∫ t
0
ξs d〈B〉s is well defined.

The quadratic variation of B satisfies, quasi-surely,

σ2(t− s) ≤ 〈B〉t − 〈B〉s ≤ σ2(t− s), 0 ≤ s ≤ t ≤ T. (2.1)

Hence, in estimates, we use d〈B〉t ≤ σ2 dt in the usual quasi-sure sense. Moreover,
the following G-Itô estimate holds for every η ∈M2

G(0, T ):

Ê

[∣∣∣∣∫ t

0

ηs dBs

∣∣∣∣2
]
≤ σ2Ê

[∫ t

0

|ηs|2 ds
]
, 0 ≤ t ≤ T. (2.2)

We shall also use the representation theorem for G-expectation: there exists a
weakly compact family P of probability measures such that

Ê[ξ] = sup
P∈P

EP [ξ]

for all admissible random variables ξ; see [3, 5]. A property is said to hold quasi-
surely if it holds outside a polar set.

Throughout the paper, C denotes a generic positive constant which may change
from line to line, but never depends on the mesh size |π|.

3. The G-SVIE and assumptions

Set
∆T = {(t, s) ∈ [0, T ]2 : 0 ≤ s ≤ t ≤ T}.

We consider the G-stochastic Volterra integral equation

X(t) = ϕ(t) +

∫ t

0

b(t, s,X(s)) ds+

∫ t

0

h(t, s,X(s)) d〈B〉s

+

∫ t

0

σ(t, s,X(s)) dBs, 0 ≤ t ≤ T.

(3.1)

To keep the presentation focused on numerical analysis, we use deterministic
kernels and avoid technicalities related to random kernels under capacity.

Assumption 3.1. The following conditions hold.

(A1) The free term ϕ is an adapted process such that

ϕ(t) ∈ L2
G(Ωt), 0 ≤ t ≤ T,

sup
0≤t≤T

Ê
[
|ϕ(t)|2

]
<∞,

and ϕ ∈M2
G(0, T ).
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(A2) The coefficients b, h, σ : ∆T × R → R are deterministic continuous func-
tions such that, for each t ∈ [0, T ] and x ∈ R,

b(t, ·, x), h(t, ·, x), σ(t, ·, x) ∈M2
G(0, t).

(A3) There exists a constant L > 0 such that, for all (t, s) ∈ ∆T and x, y ∈ R,

|b(t, s, x)− b(t, s, y)|+ |h(t, s, x)− h(t, s, y)|+ |σ(t, s, x)− σ(t, s, y)|
≤ L|x− y|.

(A4) There exists a constant L > 0 such that, for all (t, s) ∈ ∆T and x ∈ R,

|b(t, s, x)|2 + |h(t, s, x)|2 + |σ(t, s, x)|2 ≤ L2(1 + |x|2).
(A5) There exists a continuous increasing function ρ : [0,∞) → [0,∞), with

ρ(0) = 0, such that, for every ` = b, h, σ,

|`(t, s, x)− `(t′, s, x)| ≤ ρ(|t− t′|)(1 + |x|),
for all 0 ≤ s ≤ t ≤ T , 0 ≤ s ≤ t′ ≤ T , and x ∈ R.

Remark 3.2. Assumption 3.1(A5) controls the dependence of the Volterra kernels
on the first time variable. The factor 1+ |x| is compatible with linear growth and
natural for kernels depending on t− s. For instance,

b(t, s, x) = 0.2(t− s)x, h(t, s, x) = 0.1(1 + t− s)x, σ(t, s, x) = 0.3e−(t−s)x

satisfy Assumption 3.1(A5). The contraction argument relies on Lipschitz conti-
nuity in the state variable, while Assumption 3.1(A5) is used for well-definedness
and time regularity of the Volterra terms.

Proposition 3.3. Under Assumption 3.1, equation (3.1) admits a unique solu-
tion X ∈M2

G(0, T ). Moreover,

sup
0≤t≤T

Ê
[
|X(t)|2

]
<∞.

Proof. The proof follows the fixed-point strategy used for G-SVIEs, with a minor
modification in the well-definedness step caused by the factor 1 + |x| in Assump-
tion 3.1(A5).

For X ∈M2
G(0, T ), define the Volterra operator Λ by

Λt(X) = ϕ(t) +

∫ t

0

b(t, s,X(s)) ds+

∫ t

0

h(t, s,X(s)) d〈B〉s

+

∫ t

0

σ(t, s,X(s)) dBs, 0 ≤ t ≤ T.

We first show that Λ(X) ∈ M2
G(0, T ). We give the details for the stochastic

integral term and set

M(t) =

∫ t

0

σ(t, s,X(s)) dBs.

Let Πn = {0 = tn0 < tn1 < · · · < tnn = T} be partitions of [0, T ] with

|Πn| = max
0≤i≤n−1

(tni+1 − tni ) −→ 0.
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Define

Mn(t) =
n−1∑
i=0

M(tni )1[tni ,t
n
i+1)

(t).

For t ∈ [tni , t
n
i+1), we have

M(t)−M(tni ) =

∫ tni

0

[
σ(t, s,X(s))− σ(tni , s,X(s))

]
dBs

+

∫ t

tni

σ(t, s,X(s)) dBs.

Using the G-Itô estimate, Assumption 3.1(A5), and the linear growth condition
3.1(A4), we obtain

Ê
[
|M(t)−M(tni )|2

]
≤ 2σ 2Ê

∫ tni

0

|σ(t, s,X(s))− σ(tni , s,X(s))|2 ds

+ 2σ 2Ê
∫ t

tni

|σ(t, s,X(s))|2 ds

≤ Cρ2(|Πn|)Ê
∫ T

0

(1 + |X(s)|2) ds

+ CÊ
∫ t

tni

(1 + |X(s)|2) ds.

Therefore,

Ê
∫ T

0

|M(t)−Mn(t)|2 dt ≤ CTρ2(|Πn|)Ê
∫ T

0

(1 + |X(s)|2) ds

+ C|Πn|Ê
∫ T

0

(1 + |X(s)|2) ds.

Since X ∈M2
G(0, T ), the right-hand side tends to zero as n→∞. Hence

Ê
∫ T

0

|M(t)−Mn(t)|2 dt −→ 0.

ThusM ∈M2
G(0, T ). The factor 1+|X(s)| is controlled by the square integrability

of X.
The Lebesgue term is treated similarly. If

Nb(t) =

∫ t

0

b(t, s,X(s)) ds,

then Cauchy’s inequality, Assumption 3.1(A5) and the linear growth condition
show that the corresponding step approximations converge to Nb in M2

G(0, T ).
Hence Nb ∈M2

G(0, T ).
For

Nh(t) =

∫ t

0

h(t, s,X(s)) d〈B〉s,
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the quasi-sure bound d〈B〉s ≤ σ 2 ds, combined with the preceding argument for
the Lebesgue term, gives Nh ∈M2

G(0, T ). Hence Λ(X) ∈M2
G(0, T ).

We now prove that Λ is a contraction under a suitable equivalent norm. Let
X, Y ∈ M2

G(0, T ). By the Lipschitz condition in Assumption 3.1(A3), Cauchy’s
inequality, the bound on d〈B〉, and the G-Itô estimate, there exists a constant
C > 0 such that, for every β > 0,

Ê
∫ T

0

e−βt|Λt(X)− Λt(Y )|2 dt

≤ CÊ
∫ T

0

e−βt
∫ t

0

|X(s)− Y (s)|2 ds dt

= CÊ
∫ T

0

(∫ T

s

e−βt dt

)
|X(s)− Y (s)|2 ds

≤ C

β
Ê
∫ T

0

e−βs|X(s)− Y (s)|2 ds.

Define

‖X‖2β = Ê
∫ T

0

e−βt|X(t)|2 dt.

Choosing β > 2C, we obtain

‖Λ(X)− Λ(Y )‖2β ≤
1

2
‖X − Y ‖2β.

Thus Λ is a contraction on (M2
G(0, T ), ‖·‖β). Banach’s fixed-point theorem yields

a unique fixed point X ∈M2
G(0, T ), hence the unique solution of (3.1).

It remains to prove the uniform second-moment estimate. By (3.1), Cauchy’s
inequality, the bound on d〈B〉, the G-Itô estimate and the linear growth condi-
tion, we get

Ê
[
|X(t)|2

]
≤ CÊ

[
|ϕ(t)|2

]
+ C

∫ t

0

(
1 + Ê

[
|X(s)|2

])
ds.

Using Assumption 3.1(A1), we obtain

Ê
[
|X(t)|2

]
≤ C + C

∫ t

0

Ê
[
|X(s)|2

]
ds.

Gronwall’s inequality yields

sup
0≤t≤T

Ê
[
|X(t)|2

]
<∞.

�

In what follows, X always denotes the unique solution of (3.1).

4. Moment and regularity estimates

This section records the estimates for the exact solution which will be used in
the error analysis. The uniform second-moment estimate follows from the basic
assumptions. For the mean-square regularity estimate, we impose the following
additional regularity assumptions.
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Assumption 4.1. The following conditions hold.

(B1) The free term ϕ is Hölder continuous in mean square; that is, there exist
constants Kϕ > 0 and γ ∈ (0, 1] such that

Ê
[
|ϕ(t)− ϕ(r)|2

]
≤ Kϕ|t− r|2γ, t, r ∈ [0, T ].

(B2) There exists a constant K > 0 such that, for every ` = b, h, σ,

|`(t, s, x)− `(t′, s′, x)|2 ≤ K(1 + |x|2)
(
|t− t′|2γ + |s− s′|2γ

)
,

for all (t, s), (t′, s′) ∈ ∆T and x ∈ R.

Lemma 4.2. Under Assumption 3.1, the solution X of (3.1) satisfies

sup
0≤t≤T

Ê
[
|X(t)|2

]
≤ C.

Proof. From (3.1), Cauchy’s inequality, the quasi-sure bound

d〈B〉s ≤ σ 2 ds,

the G-Itô estimate and the linear growth condition in Assumption 3.1(A4), we
obtain

Ê
[
|X(t)|2

]
≤ CÊ

[
|ϕ(t)|2

]
+ C

∫ t

0

(
1 + Ê

[
|X(s)|2

])
ds.

Using Assumption 3.1(A1), this gives

Ê
[
|X(t)|2

]
≤ C + C

∫ t

0

Ê
[
|X(s)|2

]
ds.

Gronwall’s inequality yields the desired estimate. �

Lemma 4.3. Let Assumptions 3.1 and 4.1 hold, and set

κ := min{2γ, 1}.
Then the solution X satisfies

Ê
[
|X(t)−X(r)|2

]
≤ C|t− r|κ, t, r ∈ [0, T ].

Proof. Assume without loss of generality that 0 ≤ r ≤ t ≤ T . We write

X(t)−X(r) = ϕ(t)− ϕ(r) + Ib + Ih + Iσ,

where

Ib =

∫ t

0

b(t, s,X(s)) ds−
∫ r

0

b(r, s,X(s)) ds,

Ih =

∫ t

0

h(t, s,X(s)) d〈B〉s −
∫ r

0

h(r, s,X(s)) d〈B〉s,

and

Iσ =

∫ t

0

σ(t, s,X(s)) dBs −
∫ r

0

σ(r, s,X(s)) dBs.

For the Lebesgue term, we have

Ib =

∫ r

0

(
b(t, s,X(s))− b(r, s,X(s))

)
ds+

∫ t

r

b(t, s,X(s)) ds.
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By Cauchy’s inequality, Assumption 4.1(B2), the linear growth condition 3.1(A4),
and Lemma 4.2, we obtain

Ê
[
|Ib|2

]
≤ C|t− r|2γ + C|t− r|.

For the quadratic variation term,

Ih =

∫ r

0

(
h(t, s,X(s))− h(r, s,X(s))

)
d〈B〉s +

∫ t

r

h(t, s,X(s)) d〈B〉s.

Using
d〈B〉s ≤ σ 2 ds

quasi-surely, together with Cauchy’s inequality, Assumption 4.1(B2), the linear
growth condition 3.1(A4), and Lemma 4.2, we get

Ê
[
|Ih|2

]
≤ C|t− r|2γ + C|t− r|.

Finally, for the stochastic integral term,

Iσ =

∫ r

0

(
σ(t, s,X(s))− σ(r, s,X(s))

)
dBs +

∫ t

r

σ(t, s,X(s)) dBs.

By the G-Itô estimate, Assumption 4.1(B2), the linear growth condition 3.1(A4),
and Lemma 4.2, we obtain

Ê
[
|Iσ|2

]
≤ 2σ 2Ê

∫ r

0

|σ(t, s,X(s))− σ(r, s,X(s))|2 ds

+ 2σ 2Ê
∫ t

r

|σ(t, s,X(s))|2 ds

≤ C|t− r|2γ + C|t− r|.
Combining these estimates with Assumption 4.1(B1), we conclude that

Ê
[
|X(t)−X(r)|2

]
≤ C

(
|t− r|2γ + |t− r|

)
.

Since κ = min{2γ, 1}, after changing the constant C, this gives

Ê
[
|X(t)−X(r)|2

]
≤ C|t− r|κ.

�

5. Euler–Maruyama scheme

Let
π = {0 = t0 < t1 < · · · < tN = T}

be a partition of [0, T ]. Set

∆j = tj+1 − tj, |π| = max
0≤j≤N−1

∆j.

For s ∈ [tj, tj+1), define the left grid projection

τπ(s) = tj.

At the terminal point, we set τπ(T ) = tN−1. We also write

∆Bj = Btj+1
−Btj , ∆〈B〉j = 〈B〉tj+1

− 〈B〉tj .
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Definition 5.1. The Euler–Maruyama approximation of (3.1) is the grid process
(Xπ

i )Ni=0 defined by
Xπ

0 = ϕ(0),

and, for i = 1, . . . , N ,

Xπ
i = ϕ(ti) +

i−1∑
j=0

b(ti, tj, X
π
j )∆j +

i−1∑
j=0

h(ti, tj, X
π
j )∆〈B〉j

+
i−1∑
j=0

σ(ti, tj, X
π
j )∆Bj.

(5.1)

We introduce the piecewise constant interpolation

X
π
(s) = Xπ

j , s ∈ [tj, tj+1),

with X
π
(T ) = Xπ

N−1. The value assigned at T is immaterial for the integrals.
We also introduce the continuous-time Volterra interpolation

Xπ(t) = ϕ(t) +

∫ t

0

b(t, τπ(s), X
π
(s)) ds

+

∫ t

0

h(t, τπ(s), X
π
(s)) d〈B〉s +

∫ t

0

σ(t, τπ(s), X
π
(s)) dBs.

(5.2)

Then Xπ(ti) = Xπ
i for every grid point ti.

Lemma 5.2. Under Assumption 3.1, the grid values are well defined and satisfy

Xπ
i ∈ L2

G(Ωti), i = 0, 1, . . . , N.

Moreover, for each fixed t ∈ [0, T ], the processes

s 7−→ b(t, τπ(s), X
π
(s)), s 7−→ h(t, τπ(s), X

π
(s)),

and
s 7−→ σ(t, τπ(s), X

π
(s))

belong to the appropriate G-integrability spaces on [0, t]. Hence the interpolation
Xπ(t) in (5.2) is well defined for every t ∈ [0, T ].

Proof. We argue by induction. By Assumption 3.1(A1), we have

Xπ
0 = ϕ(0) ∈ L2

G(Ω0).

Assume that Xπ
j ∈ L2

G(Ωtj) for j = 0, . . . , i − 1. Since the coefficients are deter-
ministic and satisfy the linear growth condition, the random variables

b(ti, tj, X
π
j ), h(ti, tj, X

π
j ), σ(ti, tj, X

π
j )

belong to L2
G(Ωtj). Therefore the sums in (5.1) are well defined, and the stochastic

term is the G-Itô integral of an adapted step process. Hence

Xπ
i ∈ L2

G(Ωti).

The same argument shows that, for fixed t ∈ [0, T ], the integrands in (5.2) are
adapted step processes with the required integrability. Thus the interpolation
Xπ(t) is well defined. �
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Algorithm 1 Euler–Maruyama scheme for a G-SVIE

1: Choose a partition π = {0 = t0 < · · · < tN = T}.
2: Set Xπ

0 = ϕ(0).
3: for i = 1, . . . , N do
4: Compute Xπ

i from the recursion (5.1).
5: end for
6: Return (Xπ

i )Ni=0.

Proposition 5.3. Under Assumption 3.1, the Euler–Maruyama approximation
satisfies

max
0≤i≤N

Ê
[
|Xπ

i |2
]
≤ C.

Consequently,

sup
0≤t≤T

Ê
[
|Xπ(t)|2

]
≤ C.

Proof. For i = 0, the assertion follows from Xπ
0 = ϕ(0) and Assumption 3.1(A1).

Let i ≥ 1. The scheme (5.1) can be written as

Xπ
i = ϕ(ti) +

∫ ti

0

b(ti, τπ(s), X
π
(s)) ds

+

∫ ti

0

h(ti, τπ(s), X
π
(s)) d〈B〉s +

∫ ti

0

σ(ti, τπ(s), X
π
(s)) dBs.

Using Cauchy’s inequality, the quasi-sure estimate

d〈B〉s ≤ σ2 ds,

the G-Itô estimate, Assumption 3.1(A1) and the linear growth condition in As-
sumption 3.1(A4), we obtain

Ê
[
|Xπ

i |2
]
≤ C + C

∫ ti

0

(
1 + Ê

[
|Xπ

(s)|2
])

ds.

Since X
π
(s) = Xπ

j for s ∈ [tj, tj+1), this gives

Ê
[
|Xπ

i |2
]
≤ C + C

i−1∑
j=0

∆jÊ
[
|Xπ

j |2
]
.

By a discrete Gronwall inequality,

max
0≤i≤N

Ê
[
|Xπ

i |2
]
≤ C.

It remains to estimate the continuous-time interpolation. Repeating the same
argument in (5.2), with t in place of ti, yields

Ê
[
|Xπ(t)|2

]
≤ C + C

∫ t

0

(
1 + Ê

[
|Xπ

(s)|2
])

ds.

Using the already proved bound for the grid values, we obtain

Ê
[
|Xπ(t)|2

]
≤ C, 0 ≤ t ≤ T.

Taking the supremum over t ∈ [0, T ] gives the result. �
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6. Strong convergence analysis

We now prove the main convergence theorem. The proof is based on the mean-
square regularity estimate in Lemma 4.3, a local discretization estimate and a
discrete Gronwall argument.

Lemma 6.1. Under Assumptions 3.1 and 4.1, let

κ = min{2γ, 1}.

Then, for every ` = b, h, σ, every u ∈ [0, T ] and every s ∈ [0, u],

Ê
[
|`(u, s,X(s))− `(u, τπ(s), X

π
(s))|2

]
≤ C

(
|π|κ + Ê

[
|X(τπ(s))−Xπ

(s)|2
])
.

Proof. Let ` = b, h, σ. By Assumption 4.1(B2) and the Lipschitz condition in
Assumption 3.1(A3), we have

|`(u, s,X(s))− `(u, τπ(s), X
π
(s))|2

≤ C(1 + |X(s)|2)|s− τπ(s)|2γ + C|X(s)−Xπ
(s)|2.

Moreover,

|X(s)−Xπ
(s)|2 ≤ 2|X(s)−X(τπ(s))|2 + 2|X(τπ(s))−Xπ

(s)|2.

Taking Ê on both sides and using Lemmas 4.2 and 4.3 with |s−τπ(s)| ≤ |π| yields

Ê
[
|`(u, s,X(s))− `(u, τπ(s), X

π
(s))|2

]
≤ C|π|2γ + C|π|κ + CÊ

[
|X(τπ(s))−Xπ

(s)|2
]
.

Since κ = min{2γ, 1}, the estimate follows by enlarging C. �

Theorem 6.2. Let Assumptions 3.1 and 4.1 hold. Let X be the solution of (3.1),
and let (Xπ

i )Ni=0 be defined by (5.1). Then

max
0≤i≤N

Ê
[
|X(ti)−Xπ

i |2
]
≤ C|π|κ, κ = min{2γ, 1}.

Consequently,

max
0≤i≤N

(
Ê
[
|X(ti)−Xπ

i |2
])1/2

≤ C|π|κ/2.

Proof. For i = 0, we have

X(0) = ϕ(0) = Xπ
0 .

Let i ≥ 1 and set

ei = X(ti)−Xπ
i .

Using (5.1), we write

Xπ
i = ϕ(ti) +

∫ ti

0

b(ti, τπ(s), X
π
(s)) ds

+

∫ ti

0

h(ti, τπ(s), X
π
(s)) d〈B〉s +

∫ ti

0

σ(ti, τπ(s), X
π
(s)) dBs.
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Subtracting this identity from (3.1) at t = ti gives

ei =

∫ ti

0

[
b(ti, s,X(s))− b(ti, τπ(s), X

π
(s))

]
ds

+

∫ ti

0

[
h(ti, s,X(s))− h(ti, τπ(s), X

π
(s))

]
d〈B〉s

+

∫ ti

0

[
σ(ti, s,X(s))− σ(ti, τπ(s), X

π
(s))

]
dBs.

Using Cauchy’s inequality, the bound

d〈B〉s ≤ σ2 ds,

the G-Itô estimate, and Lemma 6.1 with u = ti, we obtain

Ê
[
|ei|2

]
≤ C|π|κ + C

∫ ti

0

Ê
[
|X(τπ(s))−Xπ

(s)|2
]
ds.

For s ∈ [tj, tj+1), we have

X(τπ(s))−Xπ
(s) = X(tj)−Xπ

j = ej.

Therefore,

Ê
[
|ei|2

]
≤ C|π|κ + C

i−1∑
j=0

∆jÊ
[
|ej|2

]
.

By the discrete Gronwall lemma,

max
0≤i≤N

Ê
[
|ei|2

]
≤ C|π|κ.

The root-mean-square estimate follows immediately. �

Corollary 6.3. Under the assumptions of Theorem 6.2, the interpolation Xπ

defined by (5.2) satisfies

sup
0≤t≤T

Ê
[
|X(t)−Xπ(t)|2

]
≤ C|π|κ.

Consequently,

Ê
[∫ T

0

|X(t)−Xπ(t)|2 dt
]
≤ C|π|κ.

Proof. Let t ∈ [0, T ]. Subtracting (5.2) from (3.1), we get

X(t)−Xπ(t) =

∫ t

0

[
b(t, s,X(s))− b(t, τπ(s), X

π
(s))

]
ds

+

∫ t

0

[
h(t, s,X(s))− h(t, τπ(s), X

π
(s))

]
d〈B〉s

+

∫ t

0

[
σ(t, s,X(s))− σ(t, τπ(s), X

π
(s))

]
dBs.
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Repeating the estimates used in the proof of Theorem 6.2, now using Lemma 6.1
with u = t, yields

Ê
[
|X(t)−Xπ(t)|2

]
≤ C|π|κ + C

∫ t

0

Ê
[
|X(τπ(s))−Xπ

(s)|2
]
ds.

For s ∈ [tj, tj+1), we have

X(τπ(s))−Xπ
(s) = X(tj)−Xπ

j .

Therefore, by Theorem 6.2,∫ t

0

Ê
[
|X(τπ(s))−Xπ

(s)|2
]
ds ≤ T max

0≤j≤N
Ê
[
|X(tj)−Xπ

j |2
]

≤ C|π|κ.
Hence

Ê
[
|X(t)−Xπ(t)|2

]
≤ C|π|κ, 0 ≤ t ≤ T.

Taking the supremum over t ∈ [0, T ] gives the first assertion. Finally,

Ê
[∫ T

0

|X(t)−Xπ(t)|2 dt
]
≤
∫ T

0

Ê
[
|X(t)−Xπ(t)|2

]
dt

≤ C|π|κ.
�

7. Numerical implementation under volatility uncertainty

This section gives a numerical illustration of Theorem 6.2 under volatility un-
certainty. In the G-framework, the quadratic variation is uncertain; for simula-
tion, we replace the volatility interval by a finite grid

σ = σ1 < σ2 < · · · < σI = σ.

For each fixed volatility level σr, we simulate

∆B
(r)
j = σr

√
∆j Zj, ∆〈B〉(r)j = σ2

r∆j, Zj ∼ N(0, 1),

and approximate the upper expectation by taking the maximum over the simu-
lated volatility levels.

We consider the linear Volterra-memory equation

X(t) = 1 +

∫ t

0

0.2(t− s)X(s) ds

+

∫ t

0

0.1(1 + t− s)X(s) d〈B〉s +

∫ t

0

0.3e−(t−s)X(s) dBs, 0 ≤ t ≤ T.

(7.1)
The coefficients are Lipschitz continuous in the state variable, have linear growth,
and are Lipschitz continuous in the Volterra variables. Hence Assumptions 3.1
and 4.1 hold with γ = 1. Therefore κ = 1, and Theorem 6.2 predicts the root-
mean-square order 1/2.

Since no closed-form solution is available, the error is computed against a
reference approximation with Nref = 6400. We take T = 1, σ = 0.5, σ = 1,
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M = 10000 Monte Carlo paths, I = 5 equally spaced volatility levels, and coarse
grids N = 50, 100, 200, 400, 800. Consistently with Theorem 6.2, define

Err(N) = max
0≤k≤N

(
max
1≤r≤I

1

M

M∑
m=1

|Xπ,σr,m
k −Xπref ,σr,m(tk)|2

)1/2

.

Table 1. Strong error for the Volterra-memory G-SVIE test equation.

N |π| Err(N) Observed rate
50 1/50 8.9139× 10−3 –
100 1/100 5.8923× 10−3 0.597
200 1/200 3.9423× 10−3 0.580
400 1/400 2.6623× 10−3 0.566
800 1/800 1.8174× 10−3 0.551

The error decreases as the mesh is refined, and the observed rates are close to
the theoretical root-mean-square order 1/2.

Remark 7.1. The finite maximum over volatility levels is only a practical ap-
proximation of the upper expectation. Thus the table illustrates the convergence
behavior of the scheme, not an exact computation of the sublinear expectation.
The rigorous convergence statement is Theorem 6.2.

8. Conclusion

In this paper, we studied Euler–Maruyama approximations for stochastic Volterra
integral equations driven by aG-Brownian motion. The proposed explicit Volterra
scheme discretizes the Lebesgue integral, the quadratic variation integral and the
G-Itô integral. Under Lipschitz continuity, linear growth and Hölder-type regu-
larity assumptions, we established uniform moment estimates and strong mean-
square convergence under sublinear expectation.

More precisely, we proved convergence at the grid points with rate |π|κ, where
κ = min{2γ, 1}, and obtained the corresponding uniform-in-time estimate for
the continuous Volterra interpolation. In the time-Lipschitz case, this gives the
classical root-mean-square order 1/2.

A numerical experiment under volatility uncertainty illustrated the predicted
convergence behavior. The finite volatility approximation used in the simulation
is only a practical approximation of the upper expectation, while the rigorous
convergence result remains the one proved under the G-expectation framework.

References

1. Agram, N., Øksendal, B., & Yakhlef, S. (2019). New approach to optimal control of stochas-
tic Volterra integral equations. Stochastics, 91 (6), 873–894. https://doi.org/10.1080/
17442508.2018.1557186

2. Deng, S., Fei, C., Fei, W., & Mao, X. (2019). Stability equivalence between the stochas-
tic differential delay equations driven by G-Brownian motion and the Euler–Maruyama
method. Applied Mathematics Letters, 96, 138–146. https://doi.org/10.1016/j.aml.

2019.04.022

https://doi.org/10.1080/17442508.2018.1557186
https://doi.org/10.1080/17442508.2018.1557186
https://doi.org/10.1016/j.aml.2019.04.022
https://doi.org/10.1016/j.aml.2019.04.022


EULER–MARUYAMA SCHEMES FOR G-STOCHASTIC VOLTERRA EQUATIONS 15

3. Denis, L., Hu, M., & Peng, S. (2011). Function spaces and capacity related to a sublinear
expectation: Application to G-Brownian motion paths. Potential Analysis, 34 (2), 139–161.
https://doi.org/10.1007/s11118-010-9185-x

4. Djaber, I., Hafiane, N., & Yakhlef, S. (2026). Infinite horizon optimal control of forward-
backward stochastic Volterra equations with delay. Gulf Journal of Mathematics, 23 (1),
1–13. https://doi.org/10.56947/4yhmah32

5. Hu, M., & Peng, S. (2009). On representation theorem of G-expectations and paths of G-
Brownian motion. Acta Mathematicae Applicatae Sinica, English Series, 25 (3), 539–546.
https://doi.org/10.1007/s10255-008-8831-1

6. Ito, I. (1979). On the existence and uniqueness of solutions of stochastic integral equations
of the Volterra type. Kodai Mathematical Journal, 2 (2), 158–170. https://doi.org/10.
2996/kmj/1138036013

7. Li, W., Wang, H., & Yong, J. (2026). Solvability of coupled forward–backward Volterra
integral equations. Applied Mathematics and Optimization, 93, Article 77. https://doi.
org/10.1007/s00245-026-10433-z

8. Øksendal, B., & Zhang, T.-S. (1993). The stochastic Volterra equation. In D. Nualart &
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https://doi.org/10.1007/978-3-0348-8555-3_10

9. Paikaray, P. P., Beuria, S., & Parida, N. C. (2025). A numerical technique to solve linear
stochastic Volterra integral equation. Gulf Journal of Mathematics, 20 (2), 39–56. https:
//doi.org/10.56947/gjom.v20i2.3046

10. Pardoux, E., & Protter, P. (1990). Stochastic Volterra equations with anticipating coef-
ficients. The Annals of Probability, 18 (4), 1635–1655. https://doi.org/10.1214/aop/

1176990638

11. Peng, S. (2007). G-expectation, G-Brownian motion and related stochastic calculus of Itô’s
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