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FIXED POINTS OF A NEW GERAGHTY CONTRACTION
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Abstract. In this paper, we introduce a new type of (α, β)−ψ-Geraghty ra-
tional contraction in b-metric space by generalizing alpha-psi-contraction with
(α, β)-admissible mapping. Further, we prove some new fixed point theorems
for this new (α, β) − ψ- Geraghty rational contraction. Some examples are
illustrated for the suitability of the result. Further, we apply our results in
solving integral equation.
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1. Introduction and preliminaries

Generalized forms of metric space are one of the important tools for the devel-
opment of the Banach fixed point theorem [4]. Within the framework of modern
nonlinear analysis, fixed point theory serves as a crucial tool for addressing prob-
lems in mathematical modeling, optimization, integral and differential equations.
The foundation of this concept lies in the renowned Banach contraction principle,
ensuring the existence and uniqueness of fixed points for contractive mappings
in complete metric spaces. Indeed, Banach [4] developed a simple and effective
approach to locate fixed points. This technique plays a crucial role in solving a va-
riety of problems in different research domains. This inspired several researchers
to extend and enhance the scope of metric fixed point theory.

In recent decades, researchers have focused on extending these theorems to vari-
ous type of generalized metric spaces. Also, researchers have numerous generaliza-
tions and extension of metric space. Chand et al. [6] investigated Paired-Kannan
contraction in metric space as a generalization of the Banach contraction princi-
ple. Czerwik [10] introduced a new version of metric space by generalizing the
triangle inequality and this concept was originally introduced as b-metric space by
Bakhtin [3]. He established the contraction mapping principle in b-metric spaces,
which extends the classical Banach contraction principle in metric spaces. There
are many results on various types of contraction mappings in b-metric space.
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As an important achievement, Samet et al. [18] introduced the concept of
α-ψ-contraction. The work of Samet et al. [18] is extended to a new direction
by Chandok [7] by introducing (α, β)-admissible mapping. Samet et al. [18]
results are further extended in S-metric spaces by Shanu and Rohen [19] and
Priyobarta et al. [16]. In depth study about α-admissible in S-metric space is
discussed in Priyobarta et al. [16]. Chandok’s work is also extended to S-metric
space by Deepchand and Rohen [5]. In another development Samet et al. [18]
result is further improved by Zoto et al. [21] and introduced the concept of αqsp-
admissible mappings. Melei and Rohen [20] introduced (αqsp , βqsp)-admissible
mapping in b-metric spaces, which extends the classical notions of α-admissible,
(α, β)-admissible, and αqsp-admissible mappings. Some other forms of the gener-
alizations of α-admissible mappings can be found in ([17],[13], [14]), and references
there in.

In 1973, M.A. Geraghty [11] introduced another new development of the Ba-
nach contraction principle which is known as Geraghty contraction. The concept
of Geraghty is also extended by different researchers. Some of them can be found
in ([1], [2], [12],[15]) and references there in.

Motivated by the above-mentioned works, as well as contribution of Samet et
al.[18] , Chandok [7] , Zoto et al.[21] , Melei and Rohen [20], Geraghty [11] etc., in
this paper we introduce the concept of (αqsp , βqsp)−ψ-Geraghty rational contrac-
tion which extends the classical Banach and Geraghty contractions. Further, we
examine the existence of fixed point in b-metric spaces. Furthermore, we apply
our results in solving integral equation.

We recall some basic definitions and results that will be used in proving our
main result.

Definition 1.1. [3] Let H be a non empty set. δ : H × H → [0,+∞) is called a
b-metric if

(i) δ(ϑ, ϕ, ) = 0 iff ϑ = ϕ
(ii) δ(ϑ, ϕ) = δ(ϕ, ϑ)
(iii) δ(ϑ, ϕ) ≤ s[δ(ϑ, z) + δ(z, ϕ)], ∀ ϑ, ϕ, z ∈ H and for some s ≥ 1.

(H, δ) is called a b-metric space with parameter s.

Note that Stephen Czerwik [10] made b-metric space popular among researchers
in fixed point theory.

Definition 1.2. ([18],[7],[21], [20])
Let H be a non empty set and α : H×H→ [0,+∞). T : H→ H is called

(i) α-admissible if α(ϑ, ϕ) ≥ 1 ⇒ α(Tϑ,Tϕ) ≥ 1 ∀ ϑ, ϕ ∈ H.
(ii) (α, β)-admissible if α(ϑ, ϕ) ≥ 1 and β(ϑ, ϕ) ≥ 1 ⇒ α(Tϑ,Tϕ) ≥ 1 and

β(Tϑ,Tϕ) ≥ 1 ∀ ϑ, ϕ ∈ H.
(iii) αqsp-admissible if α(ϑ, ϕ) ≥ qsp ⇒ α(Tϑ,Tϕ) ≥ qsp ∀ ϑ, ϕ ∈ H, q ≥ 1

and p ≥ 2.
(iv) (αqsp , βqsp)-admissible mapping if α(ϑ, ϕ) ≥ qsp and β(ϑ, ϕ) ≥ qsp ⇒

α(Tϑ,Tϕ) ≥ qsp and β(Tϑ,Tϕ) ≥ qsp ∀ ϑ, ϕ ∈ H, q ≥ 1 and p ≥ 2.

Definition 1.3. [20] Let (H, δ) be a b-metric space with s ≥ 1, and α, β : H ×
H → [0,+∞). A self Mapping T : H → H is (αqsp , βqsp)-regular if {ϑ%} ∈ H
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s.t. ϑ% → ϑ ∈ H, α(ϑ%, ϑ%+1) ≥ qsp, β(ϑ%, ϑ%+1) ≥ qsp ∀ %, ∃ {ϑ%k} of {ϑ%} s.t.
α(ϑ%k , ϑ%k+1) ≥ qsp, β(ϑ%k , ϑ%K+1) ≥ qsp ∀ k ∈ N and α(ϑ,Tϑ) ≥ qsp, β(ϑ,Tϑ) ≥
qsp where q ≥ 1 and p ≥ 2.

Theorem 1.4. [11] Let (H, δ) be a complete metric space and T : H → H be a
mapping. Suppose that there exists g ∈ G s. t.

δ(Tϑ,Tϕ) ≤ g(δ(ϑ, ϕ)) ∀ ϑ, ϕ ∈ H.

Then T has a unique fixed point in H.

Remark 1.5. In this paper, we use the following terms which are defined below.

(i) F (T): family of fixed points of T.
(ii) Ψ: family of functions and non-decreasing function ψ : [0,+∞)→ [0,+∞),

lim
%→∞

ψ% = 0 and ψ(t) < t ∀ t ∈ (0,+∞),
∞∑
i=1

is convergent for t ≥ 0.

(iii) G: family of functions g : [0,+∞) → [0, 1), g(t%) → 1 ⇒ t% → 0, {t%}
bounded sequence of positive reals.

2. Main results

Here, we define (αqsp , βqsp)-Geraghty rational contraction in b-metric space.
Using this new contraction, we prove some fixed point results in b-metric space.

Definition 2.1. Let (H, δ) be a b-metric space with parameter s ≥ 1 and
α, β : H × H → [0,+∞). We say that T : H → H is a (αqsp , βqsp)-Geraghty
rational contractive type-I mapping if T is an (αqsp , βqsp) -admissible mapping s.t.

α(ϑ,Tϑ)β(ϕ,Tϕ)ψ(δ(Tϑ,Tϕ)) ≤ g(ψ(M(ϑ, ϕ)))ψ(M(ϑ, ϕ)), ∀ ϑ, ϕ ∈ H (2.1)

where

M(ϑ, ϕ) =
1

s
max

{
δ(ϑ, ϕ), δ(ϑ,Tϑ), δ(ϕ,Tϕ),

δ(ϑ,Tϑ)δ(ϕ,Ty)

1 + δ(ϑ, ϕ)
,
δ(ϑ,Tϑ)δ(ϕ,Tϕ)

1 + δ(Tϑ,Tϕ)

}
and ψ ∈ Ψ, g ∈ G.

Theorem 2.2. Let (H, δ) be a complete b-metric space, α, β : H×H→ [0,+∞)
and T : H→ H be continuous or H is (αqsp , βqsp)-regular and (αqsp , βqsp)-admissible
mapping. Let T holds (2.1) and ∃ ϑ0 ∈ H s.t. α(ϑ0,Tϑ0) ≥ qsp and β(ϑ0,Tϑ0) ≥
qsp, then Tϑ = ϑ, ∀ ϑ ∈ H. If ∀ ϑ, ϕ ∈ F (T) s.t. α(ϑ,Tϑ) ≥ qsp, α(ϕ,Tϕ) ≥ qsp

and β(ϑ,Tϑ) ≥ qsp, β(ϕ,Tϕ) ≥ qsp then fixed point of T is unique.

Proof. Let ϑ0 ∈ H s.t. α(ϑ0,Tϑ0) ≥ qsp, β(ϑ0,Tϑ0) ≥ qsp. Construct {ϑ%} ∈ H
by ϑ% = T%ϑ0 = Tϑ%−1, for % ∈ N.

If ϑ%0 = ϑ%0+1, for some %0 ∈ N, then ϑ%0 is a fixed point of T. Consequently,
suppose ϑ% 6= ϑ%+1 ∀ % ∈ N.

Since T is (αqsp , βqsp)−admissible mapping, α(ϑ0,Tϑ0) = α(ϑ0, ϑ1) ≥ qsp, α(Tϑ0,Tϑ1) =
α(ϑ1, ϑ2) ≥ qsp, α(Tϑ1,Tϑ2) = α(ϑ2, ϑ3) ≥ qsp. Hence, by induction, α(ϑ%, ϑ%+1) ≥
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qsp ∀ % ≥ 0.

Similarly, β(ϑ%, ϑ%+1) ≥ qsp ∀ % ≥ 0.

Considering (2.1), we have

ψ(δ(ϑ%+1, ϑ%+2)) ≤ (qsp)2ψ(δ(Tϑ%,Tϑ%+1))

≤ α(ϑ%,Tϑ%)β(ϑ%+1,Tϑ%+1)ψ(δ(Tϑ%,Tϑ%+1))

≤ g(ψ(M(ϑ%, ϑ%+1)))ψ(M(ϑ%, ϑ%+1))

where

M(ϑ%, ϑ%+1) =
1

s
max

{
δ(ϑ%, ϑ%+1), δ(ϑ%,Tϑ%), δ(ϑ%+1,Tϑ%+1),

δ(ϑ%,Tϑ%)δ(ϑ%+1,Tϑ%+1)

1 + δ(ϑ%, ϑ%+1)
,

δ(ϑ%,Tϑ%)δ(ϑ%+1,Tϑ%+1)

1 + δ(Tϑ%,Tϑ%+1)

}
=

1

s
max

{
δ(ϑ%, ϑ%+1), δ(ϑ%, ϑ%+1), δ(ϑ%+1, ϑ%+2),

δ(ϑ%, ϑ%+1)δ(ϑ%+1, ϑ%+2)

1 + δ(ϑ%, ϑ%+1)
,

δ(ϑ%, ϑ%+1)δ(ϑ%+1, ϑ%+2)

1 + δ(ϑ%+1, ϑ%+2)

}
=

1

s
max{δ(ϑ%, ϑ%+1), δ(ϑ%+1, ϑ%+2)}. (2.2)

If M(ϑ%, ϑ%+1) = 1
s
δ(ϑ%+1, ϑ%+2), then

ψ(δ(ϑ%+1, ϑ%+2)) ≤ g(ψ(M(ϑ%, ϑ%+1)))ψ(M(ϑ%, ϑ%+1))

= g(ψ(M(ϑ%, ϑ%+1)))ψ

(
1

s
δ(ϑ%+1, ϑ%+2)

)
< ψ(δ(ϑ%+1, ϑ%+2))

a contradiction.
So, M(ϑ%, ϑ%+1) = 1

s
δ(ϑ%, ϑ%+1) and

ψ(δ(ϑ%+1, ϑ%+2)) ≤ g(ψ(M(ϑ%, ϑ%+1)))ψ(M(ϑ%, ϑ%+1))

≤ g(ψ(M(ϑ%, ϑ%+1))ψ

(
1

s
δ(ϑ%, ϑ%+1))

)
< ψ(δ(ϑ%, ϑ%+1)). (2.3)

By property of ψ,

δ(ϑ%+1, ϑ%+2) < δ(ϑ%, ϑ%+1) (2.4)

∀ % ∈ N. {δ(ϑ%, ϑ%+1)} is non-increasing and ∃ some r ≥ 0, s.t.

lim
%→∞

δ(ϑ%, ϑ%+1) = r. (2.5)

From (2.3),

ψ(δ(ϑ%+1, ϑ%+2))

ψ(M(ϑ%, ϑ%+1))
≤ g(ψ(M(ϑ%, ϑ%+1))) < 1. (2.6)
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By %→∞ in (2.6),

lim
%→∞

g(ψ(M(ϑ%, ϑ%+1))) = 1

and

g ∈ G, lim
%→∞

ψ(M(ϑ%, ϑ%+1)) = 0

which yields that

r = lim
%→∞

δ(ϑ%, ϑ%+1) = 0. (2.7)

By contradiction method, suppose {ϑ%} is not a Cauchy. Then, ∃ ε > 0 for which
we can find {ϑ%k} ,{ϑµk} ∈ {ϑ%} with %k > µk > k s.t.

δ(ϑµk , ϑ%k) ≥ ε. (2.8)

We can choose %k corresponding to µk in with smallest integer %k > µk and
satisfying (2.8),

δ(ϑµk , ϑ%k−1) < ε. (2.9)

Using triangle inequality and (2.9) we get

0 < ε ≤ δ(ϑµk , ϑ%k)

≤ sδ(ϑµk , ϑµk−1) + sδ(ϑµk−1, ϑ%k)

≤ sδ(ϑµk , ϑµk−1) + s2δ(ϑµk−1, ϑ%k−1) + s2δ(ϑ%k−1, ϑ%k). (2.10)

By k →∞ in(2.10) and using (2.7),

ε

s2
≤ lim

k→∞
sup δ(ϑµk−1, ϑ%k−1). (2.11)

By the triangle inequality,

δ(ϑµk−1, ϑ%k−1) ≤ sδ(ϑµk−1, ϑµk) + sδ(ϑµk , ϑ%k−1). (2.12)

By k →∞ in (2.12) and using (2.7) and (2.9)

ε

s2
≤ lim

k→∞
sup δ(ϑµk−1, ϑ%k−1) ≤ εs. (2.13)

Also,

0 < ε ≤ δ(ϑµk , ϑ%k) ≤ sδ(ϑµk , ϑ%k−1) + sδ(ϑ%k−1, ϑ%k)

≤ εs+ sδ(ϑ%k−1, ϑ%k).

By k →∞ and using (2.7),

ε ≤ lim
k→∞

sup δ(ϑµk , ϑ%k) ≤ εs. (2.14)
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We have

M(ϑµk−1, ϑ%k−1) =
1

s
max {δ(ϑµk−1, ϑ%k−1), δ(ϑµk−1,Tϑµk−1), δ(ϑ%k−1,Tϑ%k−1),

δ(ϑµk−1,Tϑµk−1)δ(ϑ%k−1,Tϑ%k−1)
1 + δ(ϑµk−1, ϑ%k−1)

,
δ(ϑµk−1,Tϑµk−1)δ(ϑ%k−1,Tϑ%k−1)

1 + δ(Tϑµk−1,Tϑ%k−1)

}
=

1

s
max {δ(ϑµk−1, ϑ%k−1), δ(ϑµk−1, ϑµk), δ(ϑ%k−1, ϑ%k),

δ(ϑµk−1, ϑµk)δ(ϑ%k−1, ϑ%k)

1 + δ(ϑµk−1, ϑ%k−1)
,
δ(ϑµk−1, ϑµk)δ(ϑ%k−1, ϑ%k)

1 + δ(ϑµk , ϑ%k)

}
. (2.15)

By k →∞ in (2.15), using (2.7) and (2.13),

lim
k→∞

sup M(ϑµk−1, ϑ%k−1) = lim
k→∞

sup
1

s
max {δ(ϑµk−1, ϑ%k−1), δ(ϑµk−1, ϑµk), δ(ϑ%k−1, ϑ%k),

δ(ϑµk−1, ϑµk)δ(ϑ%k−1, ϑ%k)

1 + δ(ϑµk−1, ϑ%k−1)
,
δ(ϑµk−1, ϑµk)δ(ϑ%k−1, ϑ%k)

1 + δ(ϑµk , ϑ%k)

}
≤ 1

s
max {εs, 0, 0, 0, 0}

≤ ε. (2.16)

Using the (αqsp , βqsp)- Geraghty rational contractive type-I condition,

ψ(δ(ϑµk , ϑ%k)) ≤ (qsp)2ψ (δ(ϑµk , ϑ%k))

= (qsp)2ψ (δ(Tϑµk−1,Tϑ%k−1))
≤ α(ϑµk−1,Tϑµk−1)β(ϑ%k−1,Tϑ%k−1)ψ (δ(Tϑµk−1,Tϑ%k−1))
≤ g(ψ(M(ϑµk−1, ϑ%k−1)))ψ (M(ϑµk−1, ϑ%k−1)) . (2.17)

Taking the upper limit in (2.17), using (2.14) and (2.16), we get

ψ(ε) ≤ (qsp)2ψ(ε)

≤ (qsp)2ψ
(

lim
k→∞

sup δ(ϑµk , ϑ%k)
)

≤ lim
k→∞

sup g(ψ(M(ϑµk−1, ϑ%k−1)))ψ
(

lim
k→∞

sup M(ϑµk−1,Tϑ%k−1)
)

≤ lim
k→∞

sup g(ψ(M(ϑµk−1, ϑ%k−1)))ψ(ε)

< ψ(ε)

a contradiction, since ε > 0. Therefore, {ϑ%} is a Cauchy. ∃ η ∈ H s.t. ϑ% → η (H
complete). Therefore, η = lim

%→∞
ϑ%+1 = lim

%→∞
Tϑ% = T lim

%→∞
ϑ% = Tη (T continuous).

Suppose H is (αqsp , βqsp)−regular. ∃ {ϑ%k} ∈ {ϑ%} s.t. α(ϑ%k−1, ϑ%k) ≥ qsp,
β(ϑ%k−1, ϑ%k) ≥ qsp ∀ k ∈ N and α(η,Tη) ≥ qsp, β(η,Tη) ≥ qsp.
From (2.1) with (ϑ, ϕ) = (ϑ%k , η),

ψ(δ(ϑ%k+1,Tη)) = ψ(δ(Tϑ%k ,Tη))

≤ α(ϑ%k ,Tϑ%k)β(η,Tη)ψ(δ(Tϑ%k ,Tη))

≤ g(ψ(M(ϑ%k , η)))ψ(M(ϑ%k , η)) (2.18)
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where

M(ϑ%k , η) =
1

s
max

{
δ(ϑ%k , η), δ(ϑ%k ,Tϑ%k), δ(η,Tη),

δ(ϑ%k ,Tϑ%k)δ(η,Tη)

1 + δ(ϑ%k , η)
,

δ(ϑ%k ,Tϑ%k)δ(η,Tη)

1 + δ(Tϑ%k ,Tη)

}
=

1

s
max

{
δ(ϑ%k , η), δ(ϑ%k , ϑ%k+1), δ(η,Tη),

δ(ϑ%k , ϑ%k+1)δ(η,Tη)

1 + δ(ϑ%k , η)
,

δ(ϑ%k , ϑ%k+1)δ(η,Tη)

1 + δ(ϑ%k+1,Tη)

}
. (2.19)

Therefore,

ψ(δ(ϑ%k+1,Tη)) ≤ g(ψ(M(ϑ%k , η)))ψ(M(ϑ%k , η)). (2.20)

By k →∞ in (2.20),

ψ(δ(η,Tη)) ≤ lim
k→∞

g(ψ(M(ϑ%k , η)))ψ

(
1

s
δ(η,Tη)

)
≤ lim

k→∞
g(ψ(M(ϑ%k , η)))ψ(δ(η,Tη))

⇒ 1 ≤ lim
k→∞

g(ψ(M(ϑ%k , η)))

⇒ lim
k→∞

g(ψ(M(ϑ%k , η))) = 1.

Consequently, we get lim
k→∞

M(ϑ%k , η) = 0. So, η = Tη.

Let η, ζ ∈ Fix(T) s.t. η 6= ζ and α(η,Tη) ≥ qsp, α(ζ,Tζ) ≥ qsp and β(η,Tη) ≥
qsp, β(ζ, T ζ) ≥ qsp.
From (2.1),

ψ(δ(η, ζ)) = ψ(δ(Tη,Tζ))

≤ α(η,Tη)β(ζ,Tζ)ψ(δ(Tη,Tζ))

≤ g(ψ(M(η, ζ)))ψ(M(η, ζ))

where,

M(η, ζ) =
1

s
max

{
δ(η, ζ), δ(η,Tη), δ(ζ,Tζ),

δ(η,Tη)δ(ζ,Tζ)

1 + δ(η, ζ)
,
δ(η,Tη)δ(ζ,Tζ)

1 + δ(Tη,Tζ)

}
.

Hence,

ψ(δ(η, ζ)) ≤ g(ψ(M(η, ζ)))ψ

(
1

s
δ(η, ζ)

)
< ψ(δ(η, ζ)),

a contradiction. Hence, T has a unique fixed point. �

We now present a supporting example of Theorem 2.2.

Example 2.3. Let H = [0,+∞), δ(x, y) = (x − y)2 ∀ x, y ∈ H and T : H → H
define as

Tϑ =

{
1−ϑ2
32

, ϑ ∈ [0, 1]

9ϑ, otherwise.
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Also define α, β : H × H → [0,+∞) , ψ : [0,+∞) → [0,+∞) and g : [0,+∞) →
[0, 1) as

α(ϑ, ϕ) =

{
4, (ϑ, ϕ) ∈ [0, 1]

0, otherwise

β(ϑ, ϕ) =

{
4, (ϑ, ϕ) ∈ [0, 1]

0, otherwise

g(t) = 1
4

and ψ(t) = t. Here q = 1, s = 2, p = 2.

Let ϑ, ϕ ∈ H, if α(ϑ, ϕ) ≥ 4 and β(ϑ, ϕ) ≥ 4, then ϑ, ϕ ∈ [0, 1]. Tϑ ≤ 1,
∀ ϑ ∈ [0, 1]. Therefore, α(Tϑ,Tϕ) ≥ 4 and β(Tϑ,Tϕ) ≥ 4 and α(0,T0) ≥ 4 and
β(0,T0) ≥ 4. Hence, T is (αqsp , βqsp)-admissible.

If {ϑ%} ∈ H s.t. α(ϑ%, ϑ%+1) ≥ 4, β(ϑ%, ϑ%+1) ≥ 4 and ϑ% → ϑ ∈ H, ∀ % ∈
N ∪ {0}, then ϑ% ⊆ [0, 1] and hence ϑ ∈ [0, 1] ⇒ α(ϑ,Tϑ) ≥ 4, β(ϑ,Tϑ) ≥ 4.
Let ϑ, ϕ ∈ [0, 1].

α(ϑ,Tϑ)β(ϑ,Tϑ)ψ(δ(Tϑ,Tϕ)) = 4× 4δ(Tϑ,Tϕ)

= 16(Tϑ− Tϕ)2

= 16× 1

322
(ϑ− ϕ)2(ϑ+ ϕ)2

≤ 1

4
× 1

2
(ϑ− ϕ)2

≤ g(ψ(M(ϑ, ϕ)))ψ(M(ϑ, ϕ)).

Hence,the given inequality is satisfied. Otherwise, if α(ϑ,Tϑ)β(ϕ,Tϕ) = 0. Then,
α(ϑ,Tϑ)β(ϕ,Tϕ)ψ(δ(Tϑ,Tϕ)) = 0 ≤ g(ψ(M(ϑ, ϕ)))ψ(M(ϑ, ϕ)). Therefore, all
the conditions of Theorem 2.2 are satisfied and the fixed point of T is

√
257− 16.

Definition 2.4. Let (H, δ) be a b-metric space with s ≥ 1 and α, β : H × H →
[0,+∞). T : H → H is called (αqsp , βqsp)-Geraghty rational contractive type-II
mapping if T is an (αqsp , βqsp)-admissible mapping s.t.

[ψ(δ(Tϑ,Tϕ))+l]α(ϑ,Tϑ)β(ϕ,Tϕ) ≤ g (ψ(M(ϑ, ϕ)))ψ(M(ϑ, ϕ))+l ∀ ϑ, ϕ ∈ H (2.21)

where

M(ϑ, ϕ) =
1

s
max

{
δ(ϑ, ϕ), δ(ϑ,Tϑ), δ(ϕ,Tϕ),

δ(ϑ,Tϑ)δ(ϕ,Tϕ)

1 + δ(ϑ, ϕ)
,
δ(ϑ,Tϑ)δ(ϕ,Tϕ)

1 + δ(Tϑ, Tϕ)

}
and ψ ∈ Ψ, g ∈ G l ≥ 1.

Theorem 2.5. Let (H, δ) be a complete b-metric space with s ≥ 1 and α, β : H×
H → [0,+∞). Suppose T : H → H is continuous or H is (αqsp , βqsp)−regular
and (αqsp , βqsp)−admissible mapping. Let T holds (2.21) and ∃ ϑ0 ∈ H s.t.
α(ϑ0,Tϑ0) ≥ qsp and β(ϑ0,Tϑ0) ≥ qsp, then Tϑ = ϑ, ∀ ϑ ∈ H. If ∀ ϑ, ϕ ∈ F (T)
s.t. α(ϑ,Tϑ) ≥ qsp, α(ϕ,Tϕ) ≥ qsp and β(ϑ,Tϑ) ≥ qsp, β(ϕ,Tϕ) ≥ qsp, then
fixed point of T is unique.
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Proof. Let ϑ0 ∈ H s.t. α(ϑ0,Tϑ0) ≥ qsp and β(ϑ0,Tϑ0) ≥ qsp. Construct {ϑ%} ∈
H by ϑ% = T%ϑ0 = Tϑ%−1, ∀ % ∈ N.

If ϑ%0 = ϑ%0+1, for some %0 ∈ N, then ϑ%0 is a fixed point of T. Let ϑ% 6= ϑ%+1

∀ % ∈ N.

Since T is (αqsp , βqsp)−admissible mapping, α(ϑ0,Tϑ0) = α(ϑ0, ϑ1) ≥ qsp, α(Tϑ0,Tϑ1) =
α(ϑ1, ϑ2) ≥ qsp, α(Tϑ1,Tϑ2) = α(ϑ2, ϑ3) ≥ qsp. Hence, by induction, α(ϑ%, ϑ%+1) ≥
qsp ∀ n ≥ 0.
Similarly, β(ϑ%, ϑ%+1) ≥ qsp ∀ % ≥ 0.
Considering (2.21), we have

ψ(δ(ϑ%+1, ϑ%+2)) + l = ψ(δ(Tϑ%,Tϑ%+1)) + l

≤ [ψ(δ(Tϑ%,Tϑ%+1)) + l](qs
p)2

≤ [ψ(δ(Tϑ%,Tϑ%+1))]
α(ϑ%,Tϑ%)β(ϑ%+1,Tϑ%+1)

≤ g(ψ(M(ϑ%, ϑ%+1)))ψ(M(ϑ%, ϑ%+1)) + l

⇒ ψ(δ(ϑ%+1, ϑ%+2)) ≤ g(ψ(M(ϑ%, ϑ%+1)))ψ(M(ϑ%, ϑ%+1)).

Following the same lines as in Theorem 2.2, we obtain

lim
k→∞

sup M(ϑµk−1, ϑ%k−1) ≤ ε (2.22)

Using the (αqsp , βqsp)-Geraghty rational contractive type-II condition, we have

ψ(δ(ϑµk , ϑ%k)) + l = ψ(δ(Tϑµk−1,Tϑ%k−1)) + l

≤ [ψ(δ(Tϑµk−1,Tϑ%k−1)) + l](qs
p)2

≤ [ψ (δ(Tϑµk−1,Tϑ%k−1)) + l]α(ϑµk−1,Tϑµk−1)β(ϑ%k−1,Tϑ%k−1)

≤ g(ψ(M(ϑµk−1, ϑ%k−1)))ψ (M(ϑµk−1, ϑ%k−1)) + l. (2.23)

Taking the upper limit in (2.23), using (2.14) and (2.22), we get

ψ(ε) + l ≤ (ψ(ε) + l)(qs
p)2

≤
[
ψ
(

lim
k→∞

sup δ(ϑµk , ϑ%k)
)

+ l
](qsp)2

≤ lim
k→∞

sup g(ψ(M(ϑµk−1, ϑ%k−1)))ψ
(

lim
k→∞

sup M(ϑµk−1, ϑ%k−1)
)

+ l

≤ lim
k→∞

sup g(ψ(M(ϑµk−1, ϑ%k−1)))ψ(εs) + l

< ψ(ε) + l.

a contradiction. Hence, {x%} is a Cauchy . Since H is complete, ∃ η ∈ H s.t.
ϑ% → η. Since T is continuous, η = lim

%→∞
ϑ%+1 = lim

%→∞
Tϑ% = T lim

%→∞
ϑ% = Tη.

As H is (αqsp , βqsp)−regular, ∃ {ϑ%k} of {ϑ%} s.t. α(ϑ%k−1, ϑ%k) ≥ qsp and
β(ϑ%k−1, ϑ%k) ≥ qsp ∀ k ∈ N and α(η,Tη) ≥ qsp and β(η,Tη) ≥ qsp. From
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(2.21) with ϑ = ϑ%k and y = η, we get

ψ(δ(ϑ%k+1,Tη)) + l = ψ(δ(Tϑ%k ,Tη)) + l

≤ [ψ(δ(Tϑ%k ,Tη)) + l]α(ϑ%k ,Tϑ%k )β(η,Tη)

≤ g(ψ(M(ϑ%k , η)))ψ(M(ϑ%k , η)) + l, (2.24)

where

M(ϑ%k , η) =
1

s
max

{
δ(ϑ%k , η), δ(ϑ%k ,Tϑ%k), δ(η,Tη),

δ(ϑ%k ,Tϑ%k)δ(η,Tη)

1 + δ(ϑ%k , η)
,

δ(ϑ%k ,Tϑ%k)δ(η,Tη)

1 + δ(Tϑ%k ,Tη)

}
=

1

s
max

{
δ(ϑ%k , η), δ(ϑ%k , ϑ%k+1), δ(η,Tη),

δ(ϑ%k , ϑ%k+1)δ(η,Tη)

1 + δ(ϑ%k , η)
,

δ(ϑ%k , ϑ%k+1)δ(η,Tη)

1 + δ(ϑ%k+1,Tη)

}
. (2.25)

Therefore,

ψ(δ(ϑ%k+1,Tη)) ≤ g(ψ(M(ϑ%k , η)))ψ(M(ϑ%k , η)). (2.26)

On taking limit k →∞ in (2.26), we have

ψ(δ(η,Tη)) ≤ lim
k→∞

g(ψ(M(ϑ%k , η)))ψ(
1

s
δ(η,Tη))

⇒ ψ(δ(η,Tη)) ≤ lim
k→∞

g(ψ(M(ϑ%k , η)))ψ(δ(η,Tη))

⇒ 1 ≤ lim
k→∞

g(ψ(M(ϑ%k , η)))

⇒ lim
k→∞

g(ψ(M(ϑ%k , η))) = 1.

Consequently, we obtain lim
k→∞

M(ϑ%k , η) = 0 and hence δ(η,Tη) = 0 i.e. η = Tη.

Suppose η, ζ ∈ Fix(T) s.t. η 6= ζ and α(η,Tη) ≥ qsp, α(ζ,Tζ) ≥ qsp and
β(η,Tη) ≥ qsp, β(ζ,Tζ) ≥ qsp. Now, applying (2.24), we have

ψ(δ(η, ζ)) + l = ψ(δ(Tη,Tζ)) + l

≤ [ψ(δ(Tη,Tζ)) + l]α(η,Tη)β(ζ,Tζ)

≤ g(ψ(M(η, ζ)))ψ(M(η, ζ)) + l

where,

M(η, ζ) =
1

s
max

{
δ(η, ζ), δ(η,Tη), δ(ζ,Tζ),

δ(η,Tη)δ(ζ,Tζ)

1 + δ(η, ζ)
,
δ(η,Tη)δ(ζ,Tζ)

1 + δ(Tη,Tζ)

}
.

Hence,

ψ(δ(η, ζ)) ≤ g(ψ(M(η, ζ)))ψ

(
1

s
δ(η, ζ)

)
< ψ(δ(η, ζ)),

a contradiction unless δ(η, ζ) = 0 i.e. η = ζ . Hence, T has a unique fixed
point. �
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Corollary 2.6. Let (H, δ) be a complete b-metric space with s ≥ 1 and T : H→ H
s.t.

δ(Tϑ,Tϕ) ≤ g(δ(ϑ, ϕ))δ(ϑ, ϕ), ∀ ϑ, ϕ ∈ H and g ∈ G

Then T has unique fixed point.

Remark 2.7. Taking s = 1 and q = 1 in our Theorems 2.1 and 2.2, we find
Chandok’s [7] Theorems 2.1 and 2.2. Also if we take α(ϑ, ϕ) = 1 , β(ϑ, ϕ) = 1
and ψ(t) = t in our result, we find Geraghty’s [11] result. So, our results generalize
various results in the literature.

3. Application

Finding the solution of differential and integral equations can be difficult. How-
ever, by utilizing fixed point results, it becomes easier to find their solutions.
Within this frame work, we utilize Corollary 2.6 to determine whether the fol-
lowing integral equation has a solution.

ϑ(`) = f(`) +

∫ 1

0

K(`, ~)γ(`, ϑ(~))d~, ` ∈ [0, 1] = J (3.1)

where γ : J × R → R and f : J → R are continuous, K : J × J → [0,+∞) is a
function, and K(s, .) ∈ L1(J) ∀ ` ∈ J (see, [8], [9]).
Let H = C(J,R) = {ϑ : J → R, be continuous} and δ : H × H → [0,+∞) be
b-metric given by

δ(ϑ, ϕ) =

(
sup
`∈J
|ϑ(`)− ϕ(`)|

)r
, ∀ ϑ, ϕ ∈ H. (3.2)

Then, (H, δ) is a b-metric space with parameter s = r ≥ 1.
Let T : H→ H given by

T(ϑ(`)) = f(`) +

∫ 1

0

K(`, ~)γ(`, ϑ(~))d~, ` ∈ J. (3.3)

Now, we present a result for existence of a solution of (3.1).

Theorem 3.1. Suppose that
(i) ∃ µ : H×H→ [0,+∞) ∀ ` ∈ J

0 ≤ |γ(`, ϑ(~))− γ(`, ϕ(~))|
≤ µ(ϑ, ϕ) |ϑ(~)− ϕ(~)| , ∀ ϑ, ϕ ∈ H

(ii) ∃ g : [0,+∞)→ [0, 1) with

sup
`∈J

∫ 1

0

K(`, ~)µ(ϑ, ϕ)d~ ≤ r

√
g

((
sup
`∈J
|ϑ(`)− ϕ(`)|

)r)
≤ 1

Then, the integral equation given in (3.1) has a unique solution.
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Proof. By (i) and (ii), we have

δ(T(ϑ(`)),T(ϕ(`))) =

(
sup
`∈J
|T(ϑ(`))− T(ϕ(`))|

)r
=

(
sup
`∈J

∣∣∣∣∫ 1

0

K(`, ~)γ(`, ϑ(~))d~−
∫ 1

0

K(`, ~)γ(`, ϕ(~))d~
∣∣∣∣)r

=

(
sup
`∈J

∣∣∣∣∫ 1

0

K(`, ~) [γ(`, ϑ(~))− γ(`, ϕ(~))] d~
∣∣∣∣)r

≤
(

sup
`∈J

∫ 1

0

K(`, ~) |γ(`, ϑ(~))− γ(`, ϕ(~))| d~
)r

≤
(

sup
`∈J

∫ 1

0

K(`, ~)µ(ϑ, ϕ) |ϑ(~)− ϕ(~)| d~
)r

≤ δ(ϑ, ϕ)g(δ(ϑ, ϕ))

Thus, δ(Tϑ,Tϕ) ≤ g(δ(ϑ, ϕ))δ(ϑ, ϕ), ∀ ϑ, ϕ ∈ H. This shows that T satisfied
Corollary 2.6. Therefore, T has unique fixed point i.e. the integral (3.1) has a
unique solution. �

We now present a supporting example of Theorem 3.1.

Example 3.2. Consider the following integral equation

ϑ(`) =
`2

3 + `5
+

1

8

∫ 1

0

~cos3~
5(3 + `)

|`|
1 + |`|

d~ (3.4)

This equation is obtained from (3.1) by choosing

f(`) =
`2

3 + `5
, K(`, ~) =

~
(3 + `)

, and γ(`, ϑ(~)) =
|`| cos3`
5(1 + |`|)

.

Let T : H→ H given by

T(ϑ(`)) = f(`) +

∫ 1

0

K(`, ~)γ(`, ϑ(~))d~, ` ∈ J. (3.5)

Suppose µ(ϑ, ϕ) = 1
5
, we get

|γ(`, ϑ(~)− γ(`, ϕ(~)| =

∣∣∣∣ |ϑ| cos3~5(1 + |ϑ|)
− |ϕ| cos3~

5(1 + |ϕ|)

∣∣∣∣
≤

∣∣∣∣cos3~5

∣∣∣∣ ∣∣∣∣ |ϑ|1 + |ϑ|
− |ϕ|

1 + |ϕ|

∣∣∣∣
≤ 1

5

∣∣∣∣ |ϑ|+ |ϑ| |ϕ| − |ϕ| − |ϑ| |ϕ|(1 + |ϑ|)(1 + |ϕ|)

∣∣∣∣
≤ 1

5

∣∣∣∣ |ϑ| − |ϕ|
(1 + |ϑ|)(1 + |ϕ|)

∣∣∣∣
≤ 1

5
|ϑ− ϕ|

= µ(ϑ, ϕ) |ϑ(~)− ϕ(~)| .
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And,

sup
`∈I

∫ 1

0

K(`, ~)µ(ϑ, ϕ)d~ = sup
`∈J

∫ 1

0

~
3 + `

× 1

5
d~

= sup
`∈I

(
1

10(3 + `)

)
=

1

30
< 1.

Hence, all the conditions of Theorem 3.1 are satisfied. Therefore, the integral
equation (3.4) has exactly one solution in C(J,R).

4. Conclusions

In this paper, we introduced a new contraction, which is called the (αqsp , βqsp)−
ψ-Geraghty rational contraction in b-metric space which extends the classical Ba-
nach and Geraghty contractions . Utilizing this (αqsp , βqsp)−ψ-Geraghty rational
contraction, we investigated the existence of unique fixed point in b-metric spaces.
An example is provided to illustrate the validity of our findings. Further, we ap-
plied the fixed point results to prove the existence and uniqueness of solutions
for a certain class of Fredholm integral equations. Our works extended and gen-
eralized numerous results already present in the literature. Also, we believe our
results have built a strong analytical relation among fixed point theory and non-
linear analysis. In future work, our newly obtained contraction may be used to
examine the existence of fixed points in various spaces.

Acknowledgement. The first author sincerely thanks Manipur University,
Canchipur, for its research facilities and support.
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