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ON GENEARLIZED DERIVATIONS AND COMMUTATIVITY
OF PRIME Γ−RINGS

SHULIANG HUANG1 AND M. NAGY DAIF2∗

Abstract. Let M be a prime Γ−ring with center Z(M), I a nonzero ideal of
M and F be a generalized derivation with associated nonzero derivation d. In
the present paper, our purpose is to produce commutativity results for prime
Γ−rings M admitting a generalized derivation F satisfying any one of the prop-
erties: (i) F (xαy)±xαy ∈ Z(M), (ii) F (xαy)±yαx ∈ Z(M), (iii) F (x)αF (y)±
xαy ∈ Z(M), (iv) F (x)αF (y) ± yαx ∈ Z(M), (v) F ([x, y]α) = [F (x), y]α,
(vi) [F (x), y]α ± [x, F (y)]α = 0, (vii) F ([x, y]α) ± [d(x), d(y)]α = 0, for all
x, y ∈ I and α ∈ Γ. Also, some examples are given to show that the primeness
of the various results is not superfluous.

1. Introduction

In 1964, Nobusawa [18] introduced the notion of a Γ-ring, an object more general
than a ring. Barnes [7] slightly weakened the conditions in the definition of a
Γ-ring in the sense of Nobusawa. Since then, many researchers have done a lot
of work on Γ-rings and have obtained some generalizations of the corresponding
results in ring theory (see [15], [20] and [24] for partial references). If M and Γ
are additive abelian groups and there exists a mapping (., ., ., ) : M×Γ×M →M
which satisfies the following conditions:
(i) (a, β, b) ∈M ;
(ii)(a+ b)αc = aαc+ bαc, a(α + β)b = aαb+ aβb, aα(b+ c) = aαb+ aαc;
(iii) (aαb)βc = aα(bβc), for a, b, c ∈M and α, β ∈ Γ;
then M is called a Γ-ring.

Following [9], every associative ring R is a Γ-ring with Γ = U or Z, where Z is
the ring of integers and U is an ideal of R. But the converse is in general not true.
For example [8], Let V be a linear space with a basis e1, e2, . . . , en over a field F of
characteristic different from two. Define a multiplication · : V × V −→ V by the
rule vw = 0 for all v, w ∈ V with v 6= e1 , v 6= −e1 and e1w = w, (−e1)w = −w.
One can easily check that V is only a near-ring, not a ring. However, in [18],
we know that V is a Γ−ring with Γ = V . Recall that a Γ-ring M is prime if
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aΓMΓb = 0 implies that a = 0 or b = 0; and is semiprime if aΓMΓa = 0 implies
that a = 0. A Γ-ring M is said to be a commutative if xαy = yαx for all x, y ∈M
and α ∈ Γ. A Γ-ring M is said to be 2-torsion free if 2x = 0 implies x = 0 for
all x ∈ M. Moreover, the set Z(M) = {x ∈ M |xαy = yαx ∀ α ∈ Γ, y ∈ M}
is called the center of the Γ-ring M. We shall write [x, y]α = xαy − yαx for all
x, y ∈ M ;α ∈ Γ. An additive subgroup U of a Γ-ring M is called a left (resp.
right) ideal of M if MΓU ⊆ U (resp. UΓM ⊆ U). If U is both a left ideal and a
right ideal, then we say that U is an ideal of M . An additive mapping d : M →M
is called a derivation on M if d(xαy) = d(x)αy + xαd(y) for all x, y ∈ M and
α ∈ Γ. An additive mapping F : M −→ M is called a generalized derivation if
there exists a derivation d : M −→M such that F (xαy) = F (x)αy+xαd(y) holds
for all x, y ∈ M ;α ∈ Γ, and d is called the associated derivation of F . Hence,
the concept of generalized derivations covers both the concepts of a derivation
and of a left multiplier (i.e. an additive mapping satisfying F (xαy) = F (x)αy
for all x, y ∈ M ;α ∈ Γ). Since the sum of two generalized derivations is a gen-
eralized derivation, every map of the form F (x) = cαx+ d(x), where c is a fixed
element of M and d is a derivation of M , is a generalized derivation. Basic ex-
amples are derivations and generalized inner derivations, namely, mappings of
type x −→ aαx + xαb for some a, b ∈ M ;α ∈ Γ. We refer to call such mappings
generalized inner derivations for the reason they present a generalization of the
concept of inner derivations. Generalized derivations have been primarily stud-
ied on operator algebras. Therefore, any investigation from the algebraic point
of view might be interesting.

As is well known, a classical problem in ring theory is to study and gener-
alize conditions under which a ring is commutative. One of the most effective
tools found for this purpose is the derivations on rings and also on their modules.
During the past few decades, there has been an ongoing interest concerning the
relationship between the commutativity of a ring and the existence of certain spe-
cial types of derivations. The first result in this topic is due to Posner [23] who
proved that if a prime ring R admits a derivation d such that [d(x), x] ∈ Z(R) for
all x ∈ R, then R is commutative or d = 0. This classical result indicates that the
global structure of a ring R is often tightly connected to the behavior of additive
mappings defined on R, and it is subsequently refined and extended by a lot of
algebraists. Recently, some authors have obtained commutativity of prime and
semiprime rings with derivations, automorphisms, generalized derivations et al.
satisfying certain polynomial constraints (cf.; [2, 6, 12, 14, 16, 17] and references
therein). In [10], Daif and Bell showed that if in a semiprime ring R there exists
a nonzero ideal I of R and a derivation d such that d([x, y]) ± [x, y] = 0 for all
x, y ∈ I, then I ⊆ Z(R). In particular, in the prime case, R must be commutative.
Later, Hogan [13] generalized the above result to the central case. Ashraf and
Rehman [3] explored the commutativity in prime and semiprime rings with deriva-
tions satisfying d(xy) ± xy ∈ Z(R); d(xy) ± yx ∈ Z(R); d(x)d(y) ± xy ∈ Z(R)
for all x, y ∈ R. In [4], Ashraf et al. extended these results in the setting of
generalized derivations. On the other hand, in [21] Quadri et al. proved that if
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R is a prime ring, I a nonzero ideal of R and F a generalized derivation asso-
ciated with a nonzero derivation d such that F ([x, y]) = ±[x, y] for all x, y ∈ I,
then R is commutative. Ali, Kumar and Miyan [1] obtained the commutativ-
ity of prime rings by studying the central identities: F ([x, y]) + [x, y] ∈ Z(R);
F ([x, y])− [x, y] ∈ Z(R), for all x, y in some nonzero right ideal. Recently, Ashraf
and Jamal [5] investigated the commutativity of prime Γ−rings satisfying certain
differential identities. Motivated by the above observation, we will continue this
line of investigation and prove some commutativity results for prime Γ−rings in-
volving a generalized derivation, which are of independent interest. In fact, our
results unify, extend and complement many related results previously obtained
in literature.

In order to prove our theorems, we recall some well known results which will
be helpful in the sequel.

Lemma 1.1. [22, Lemma 2] (i) Let M be a prime a Γ−ring, U a nonzero right
(left) ideal of M and a ∈ M . If UΓa = 0(aΓU = 0), then a = 0. (ii) Let U be a
nonzero ideal of M and a, b ∈M . If aΓUΓb = 0, then a = 0 or b = 0.

Lemma 1.2. [19, Lemma 3] Let M be a 2-torsion free semi-prime Γ−ring, I
a nonzero ideal of M and a, b ∈M . Then the following are equivalent:

(i) aαxβb = 0 for all x, y ∈ I and α, β ∈ Γ;

(ii) bαxβa = 0 for all x, y ∈ I and α, β ∈ Γ;

(iii) aαxβb+ bαxβa = 0 for all x, y ∈ I and α, β ∈ Γ.

Lemma 1.3. [11, Lemma 2.3] If a prime Γ−ring M contains a nonzero com-
mutative right ideal, then M is commutative.

Lemma 1.4. [5, Theorem 2.3] Let M be a prime Γ−ring and U a nonzero
ideal of M . If d is a nonzero derivation on M satisfying [d(x), x]γ = 0 for all
x ∈ U ; γ ∈ Γ, then M is commutative.

Throughout the paper, we shall assume that xαyβz = xβyαz for all x, y, z ∈
M ;α, β ∈ Γ and in this case we have some basic identities: [xβy, z]α = [x, z]αβy+
xβ[y, z]α; [x, yβz]α = [x, y]αβz + yβ[x, z]α for all x, y, z ∈M and α, β ∈ Γ.

2. Results

Theorem 2.1. Let M be a prime Γ−ring and I a nonzero ideal of M . If M
admits a generalized derivation F with associated nonzero derivation d such that
F (xαy)− xαy ∈ Z(M) for all x, y ∈ I and α ∈ Γ, then M is commutative.
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Proof. If F = 0, then xαy ∈ Z(M) for all x, y ∈ I and α ∈ Γ. Using the same
techniques in the beginning of proof of [5, Theorem 2.9], we get the required
result. Hence, in the sequel we assume that F 6= 0. By the given hypothesis we
have F (xαy)− xαy ∈ Z(M), which can be rewritten as

F (x)αy + xαd(y)− xαy ∈ Z(M) for all x, y ∈ I;α ∈ Γ. (2.1)

Replacing y by yβz in (2.1), we get F (x)αyβz+xαd(y)βz+xαyβd(z)−xαyβz ∈
Z(M) for all x, y, z ∈ I and α, β ∈ Γ. Thus, [(F (x)αy + xαd(y) − xαy)βz +
xαyβd(z), z]γ = 0. This can reduces to [xαyβd(z), z]γ = 0 for all x, y, z ∈ I and
α, β, γ ∈ Γ. Expanding the last equation, we get

xαyβ[d(z), z]γ+xα[y, z]γ+[x, z]γαyβd(z) = 0 for all x, y, z ∈ I;α, β, γ ∈ Γ. (2.2)

Replacing x by wδx in (2.2), we obtain

wδxαyβ[d(z), z]γ +wδxα[y, z]γβd(z) +wδ[x, z]γαyβd(z) + [w, z]γδxαyβd(z) = 0.
(2.3)

Combining (2.2) and (2.3), we find that

[w, z]γδxαyβd(z) = 0 for all x, y, z, w ∈ I;α, β, γ ∈ Γ. (2.4)

In view of Lemma 1.1, for each z ∈ I, either [w, z]γδx = 0 or d(z) = 0. Let
I1 = {z ∈ I | [w, z]γδx = 0} and I2 = {z ∈ I | d(z) = 0}. Then, I1 and
I2 are both additive subgroups of I such that I = I1 ∪ I2. Since a group can’t
be a union of its two proper subgroups, we have either I = I1 or I = I2. If
I = I1, then [I, I]γΓI = 0. The primeness of I forces that [I, I]γ = 0, that is,
I is commutative and so M by Lemma 1.3. If I = I2, then d(I) = 0 and hence
0 = d(IΓM) = d(I)ΓM + IΓd(M) = IΓd(M). The primeness of I yields that
d = 0, a contradiction.

Theorem 2.2. Let M be a prime Γ−ring and I a nonzero ideal of M . If M
admits a generalized derivation F with associated nonzero derivation d such that
F (xαy) + xαy ∈ Z(M) for all x, y ∈ I and α ∈ Γ, then M is commutative.

Proof. If F is a generalized derivation such that F (xαy) + xαy ∈ Z(M) for
all x, y ∈ I and α ∈ Γ, then −F is also a generalized derivation and satisfies
(−F )(xαy)−xαy ∈ Z(M). It follows from Theorem 2.1 that M is commutative.

Theorem 2.3. Let M be a prime Γ−ring and I a nonzero ideal of M . If M
admits a generalized derivation F with associated nonzero derivation d such that
F (xαy)− yαx ∈ Z(M) for all x, y ∈ I and α ∈ Γ, then M is commutative.

Proof. If F = 0, then yαx ∈ Z(M) for all x, y ∈ I and α ∈ Γ. So we are done in
this case. If F 6= 0, we are given that

F (x)αy + xαd(y)− yαx ∈ Z(M) for all x, y ∈ I;α ∈ Γ. (2.5)
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Thus, [F (x)αy+xαd(y)− yαx, z]β = 0 for all x, y ∈ I and α, β ∈ Γ. Expand this
equation to get

[F (x), z]βαy + F (x)α[y, z]β + [x, z]βαd(y) + xα[d(y), z]β = [y, z]βαx+ yα[x, z]β.
(2.6)

Replacing y by yδz in (2.6) and using (2.6), we obtain

[y, z]βα[z, x]δ + yα[z, [x, z]β]δ = [x, z]βαyδd(z) + xαyδ[d(z), z]β + xα[y, z]βδd(z).
(2.7)

Replace y by xγy in (2.7) and use (2.7) to get

[x, z]βγyα[z, x]β = [x, z]βαxγyδd(z) for all x, y, z ∈ I;α, β, γ, δ ∈ Γ. (2.8)

Substituting z + x for x in (2.8) and using (2.8), we have

[x, z]βαxγyδd(x) = 0 for all x, y, z ∈ I;α, β, γ, δ ∈ Γ. (2.9)

Now the primeness of I, for each x ∈ I, gives either [x, z]βαx = 0 or d(x) = 0.
Suppose that [x, z]βαx = 0. Replacing z by zγw, we have 0 = [x, zγw]βαx =
[x, z]βγwαx+zγ[x,w]βαx = [x, z]βγwαx. By the primeness of I, either [x, z]β = 0
or x = 0. But x = 0 also implies that [x, z]β = 0. Thus, it remains only to dispose
of the case when for each x ∈ I, either [x, z]β = 0 or d(x) = 0. Repeating the
same arguments as in equation (2.4), we complete the proof.

Similarly, we can prove the following:

Theorem 2.4. Let M be a prime Γ−ring and I a nonzero ideal of M . If M
admits a generalized derivation F with associated nonzero derivation d such that
F (xαy) + yαx ∈ Z(M) for all x, y ∈ I and α ∈ Γ, then M is commutative.

Theorem 2.5. Let M be a prime Γ−ring and I a nonzero ideal of M . If M
admits a generalized derivation F with associated nonzero derivation d such that
F (x)αF (y)− xαy ∈ Z(M) for all x, y ∈ I and α ∈ Γ, then M is commutative.

Proof. Assume that F = 0, then xαy ∈ Z(M) and we are done. Hence, onward
we assume that F 6= 0. By hypothesis, we have

F (x)αF (y)− xαy ∈ Z(M) for all x, y ∈ I;α ∈ Γ. (2.10)

Replacing y by yβs in (2.10), we get (F (x)αF (y)−xαy)βs+F (x)αyβd(s) ∈ Z(M)
for all x, y ∈ I, s ∈ M and α, β ∈ Γ. This implies that [F (x)αyβd(s), s]γ = 0,
which can be rewritten as

F (x)α[yβd(s), s]γ + [F (x), s]γαyβd(s) = 0 for all x, y ∈ I; s ∈M ;α, β, γ ∈ Γ.
(2.11)

Replacing y by F (x)δy in (2.11) and using (2.11), we arrive at

[F (x), s]γαF (x)δyβd(s) = 0 for all x, y ∈ I; s ∈M ;α, β, γ, δ ∈ Γ. (2.12)

The primeness of I gives that for each s ∈ M , either [F (x), s]γαF (x) = 0 or
d(s) = 0. The set of s ∈ M for which these two properties hold, are ad-
ditive subgroups of M whose union is M . Then, either [F (x), s]γαF (x) = 0
or d(s) = 0 for all x ∈ I; s ∈ M . In the case of d(s) = 0 for all s ∈ M ,



6 SHULIANG HUANG, M. NAGY DAIF

then d = 0, a contradiction. Suppose that [F (x), s]γαF (x) = 0. Replace s by
sβt to get [F (x), sβt]γαF (x) = 0. This implies that 0 = sβ[F (x), t]γαF (x) +
[F (x), s]γβtαF (x) = [F (x), s]γβtαF (x). The primeness of M implies that either
[F (x), s]γ = 0 or F (x) = 0. But F (x) = 0 also give that [F (x), s]γ = 0. Thus
in each case we have [F (x), s]γ = 0, which implies that F (x) ∈ Z(M). In this
case, the hypothesis yields that xαy ∈ Z(M) since F (x)αF (y) ∈ Z(M) and we
are done.
Arguing as above we can prove the following:

Theorem 2.6. Let M be a prime Γ−ring and I a nonzero ideal of M . If M
admits a generalized derivation F with associated nonzero derivation d such that
F (x)αF (y) + xαy ∈ Z(M) for all x, y ∈ I and α ∈ Γ, then M is commutative.
Using the same techniques with necessary variations we get the following:

Theorem 2.7. Let M be a prime Γ−ring and I a nonzero ideal of M . If M
admits a generalized derivation F with associated nonzero derivation d such that
F (x)αF (y)± yαx ∈ Z(M) for all x, y ∈ I and α ∈ Γ, then M is commutative.

Theorem 2.8. Let M be a prime Γ−ring and I a nonzero ideal of M . If M
admits a generalized derivation F with associated nonzero derivation d such that
F ([x, y]α) = [F (x), y]α for all x, y ∈ I and α ∈ Γ, then M is commutative.
Proof. We are given that

F ([x, y]α) = [F (x), y]α for all x, y ∈ I;α ∈ Γ. (2.13)

Replacing x by zβx in (2.13), we get

zβd([x, y]α)+F ([x, y]α)βx = zβ[d(x), y]α+[F (x), y]αβx for all x, y, z ∈ I;α, β ∈ Γ.
(2.14)

Comparing (2.13) and (2.14), we can find that zβ(d([x, y]α)− [d(x), y]α) = 0, that
is, IΓ(d([x, y]α)− [d(x), y]α) = 0. Making use of Lemma 1.1 gives

d([x, y]α)− [d(x), y]α = 0 for all x, y ∈ I;α,∈ Γ. (2.15)

Replacing y by yβz in (2.15) and using (2.15), we obtain [d(x), y]αβz = 0 for
all x, y, z ∈ I;α, β ∈ Γ. Again using Lemma 1.1, [d(x), y]α = 0 in particular
[d(x), x]α = 0 for all x,∈ I;α ∈ Γ. In light of Lemma 1.4, M is commutative.

Theorem 2.9. Let M be a prime Γ−ring and I a nonzero ideal of M . If M
admits a generalized derivation F with associated nonzero derivation d such that
[F (x), y]α = [x, F (y)]α for all x, y ∈ I and α ∈ Γ, then M is commutative.
Proof. By assumption, we have

[F (x), y]α = [x, F (y)]α for all x, y ∈ I;α ∈ Γ. (2.16)

Replacing y by yβx in the above expression and using (2.16) we obtain

yβ[F (x), x]α = yβ[x, d(x)]α + [x, y]αβd(x) for all x, y ∈ I;α, β ∈ Γ. (2.17)
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Substituting zδy for y in (2.17) and using (2.17), we find that [x, z]αδyβd(x) = 0
for all x, y, z ∈ I and α, β, δ ∈ Γ. Thus using similar approach as used for equa-
tion (2.4), we get the required result.

Application of similar arguments yields the following:

Theorem 2.10. Let M be a prime Γ−ring and I a nonzero ideal of M . If
M admits a generalized derivation F with associated nonzero derivation d such
that [F (x), y]α+[x, F (y)]α = 0 for all x, y ∈ I and α ∈ Γ, then M is commutative.

Theorem 2.11. Let M be a 2-torsion free prime Γ−ring and I a nonzero ideal
of M . If M admits a generalized derivation F with associated nonzero derivation
d such that F ([x, y]α) = [d(x), d(y)]α for all x, y ∈ I and α ∈ Γ, then M is
commutative.
Proof. By assumption, we have

F ([x, y]α) = [d(x), d(y)]α for all x, y ∈ I;α ∈ Γ. (2.18)

Replacing y by yβx in (2.18) we obtain

F ([x, y]α)βx+ [x, y]αβd(x) = [d(x), d(y)]αβx+ d(y)β[d(x), x]α + [d(x), y]αβd(x).
(2.19)

Using (2.18) and (2.19), we find that

[x, y]αβd(x) = d(y)β[d(x), x]α + [d(x), y]αβd(x) for all x, y ∈ I;α, β ∈ Γ. (2.20)

Substituting xδy for y in (2.20) and using (2.20), we get

d(x)δyβ[d(x), x]α + [d(x), x]αδyβd(x) = 0 for all x, y ∈ I;α, β, δ ∈ Γ. (2.21)

Applying Lemma 1.2, d(x)δyβ[d(x), x]α = 0. Again primeness of I gives that
d(x) = 0 or [d(x), x]α = 0. In the former case, we also have [d(x), x]α = 0. Con-
sequently, we must have [d(x), x]α = 0 for all x ∈ I and α ∈ Γ. Hence application
of Lemma 1.4 completes the proof of the theorem.

Repeating the same arguments as above, we can prove the following:

Theorem 2.12. Let M be a 2-torsion free prime Γ−ring and I a nonzero ideal
of M . If M admits a generalized derivation F with associated nonzero derivation
d such that F ([x, y]α) + [d(x), d(y)]α = 0 for all x, y ∈ I and α ∈ Γ, then M is
commutative.

We provide an example to demonstrate that the primeness in the hypothesis
of Theorem 2.1 and Theorem 2.5 is essential.

Example 2.13. Let Z, R and C be the set of all integers, real numbers and
complex numbers, respectively. Let H be the ring of real quaternions, that is,
H = {h = a + bi + cj + dk | a, b, c, d ∈ R}. We define a map f : H → H by
f(h) = h + [i, h]α for some fixed α ∈ Γ, then f is a generalized derivation with
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associated nonzero derivation d of H, where d(h) = [i, h]α for all h ∈ H. Let

M = M1,2(H), I = M1,2(C) and Γ =

{(
n
0

)
| n ∈ Z

}
. Then it is easy to see

that M is a Γ−ring and I is a nonzero ideal of M . It follows from 0 6= (0, 1)
and (0, 1)ΓMΓ(0, 1) = (0, 0) that M is not a prime Γ−ring. Define the map
F : M → M by F (x, y) = (f(x), f(y)), then F is a generalized derivation of
M associated with a nonzero derivation D, where D(x, y) = (d(x), d(y)) for all
x, y ∈M . Moreover, it can be easily seen that both F (xαy)− xαy ∈ Z(M), and
F (x)αF (y)−xαy ∈ Z(M),for all x, y ∈ I and α ∈ Γ, but M is not commutative.

Also, the following example illustrates that M to be prime is essential in
other theorems.

Example 2.14. Let D be a division ring and M =

{(
a b
0 0

)
| a, b ∈ D

}
. Ac-

cording to [18], M is a Γ−ring (Γ = M). It is obvious that I =

{(
0 a
0 0

)
| a ∈ D

}
is a nonzero ideal ofM . The fact that

(
0 1
0 0

)
6= 0 and

(
0 1
0 0

)
ΓMΓ

(
0 1
0 0

)
=(

0 0
0 0

)
implyingM is not prime. We define a map F : M →M by F

(
a b
0 0

)
=(

a 2b
0 0

)
. Then F is a generalized derivation associated with nonzero deriva-

tion d defined by d

(
a b
0 0

)
=

(
a −b
0 0

)
. It is straightforward to check that

(i) F (xαy) +xαy ∈ Z(M), (ii) F (xαy)± yαx ∈ Z(M), (iii) F (x)αF (y) +xαy ∈
Z(M), (iv) F (x)αF (y)±yαx ∈ Z(M), (v) F ([x, y]α) = [F (x), y]α,(vi) [F (x), y]α±
[x, F (y)]α = 0, (vii) F ([x, y]α) ± [d(x), d(y)]α = 0, for all x, y ∈ I and α ∈ Γ.
However, M is not commutative.
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