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BI-UNIVALENT FUNCTIONS WITH BOUNDED BOUNDARY
ROTATION

AHMED AL-SHUJARY!? and RAFID BUTI?**

ABSTRACT. We introduce a new subclass of bi-univalent functions BZ’,;\ (n,0,¢)
associated with bounded boundary rotation by means of a linear operator
defined via the convolution with the confluent hypergeometric Mittag—Leffler
function. Sharp estimates are obtained for the initial coefficients |as| and |as|,
together with the Fekete-Szego functional |az — AaZ|. Several special cases are
also discussed, showing that the obtained results unify and extend a number
of known coefficient estimates for subclasses of bi-univalent functions.
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1. INTRODUCTION

Fractional calculus extends the concepts of classical calculus by allowing differen-
tiation and integration of arbitrary real or complex orders instead of restricting
them to integers. Although its origins date back more than four centuries, sig-
nificant progress has been achieved during the past century due to its rich math-
ematical structure and its wide range of practical applications [13, 20]. Today,
fractional calculus has become an effective tool for modeling phenomena with
memory and hereditary effects arising in control theory, viscoelasticity, diffusion,
signal processing, biology, and engineering.

The Riemann—Liouville fractional derivative is defined by

MDEf (@) = gy [ =07 R <0, (1.1)
while, for R(p) > 0,
1Def(r) = (DT (@), m= [R)) + 1 (12)
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Some useful formulas are

B D2 (z7) = %x (1.3)

BL De(e?) = 26, (1.4)
The classical Mittag—Leffler function is defined by
(o) Cn
E0=S —> R >0, 1.5
0=ty RO (1)
which generalizes the exponential function through the identity E;(¢) = e°. Sev-

eral important extensions have subsequently been introduced [25], including the
two-parameter function

_ Zoo "
EQ,%(Q) - — F(QTL _I_ %)7 0, > € C? %(9) > 07 (16)
the three-parameter generalization
—_ ()aC"
7 = E — 1.
E&%(C) o n'F(5n + %)7 7,7, 0 € C? %(6) > 07 ( 7)

and the extension involving the generalized Beta function

e}

R o Bp(V + n,c— 7) (C)n g
Bl = 0 I 0, () > R() >0,

i (1.8)

where

B,(z,y) = /01 " N1 — t)y_le_t(lp—t) dt, R(p) >0, R(x),R(y) > 0. (1.9)

A further multi-parameter extension is given by [17]

o0

['(sen 4+ XN
B Q) = 2; F(x)(r(m* " ,)y)n!@. (1.10)

Owing to their remarkable analytical properties, Mittag—Leffler-type functions
have found numerous applications in diffusion theory, optics, nanotechnology,
chaotic systems, biology, and epidemiology. They have also become useful tools
in geometric function theory for investigating coefficient estimates, Fekete—Szego
inequalities, and subclasses of starlike and convex functions [2, 11].

The confluent hypergeometric function F(\;v; () satisfies the differential equa-
tion [21]

d’F dF

and, whenever v ¢ Z, a second linearly independent solution is

WN 71 0) = CTFON =y 4+ 1;2 = %;0). (1.12)
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Its series representation is

> T'(V)T(n+ XN
F(n 7y ¢) = ZF(<))F7L—1——|—7)3L'C’ (1.13)

and it satisfies the identities
d A
—F(CN;7; ¢ N+ 1Lv+1:¢
ZFONm0) = 2K )
NEON+ Ly + 10 = N =NFONy + 16 +F (N 73 0).
A further extension, called the confluent hypergeometric Mittag—Leffler function,

is defined by

Fy(¢) =

", (0,7,,n € C; R(0) >0). (1.14)

Some representative special cases of IFZ’;\(C ) are listed in Table 1.

Function | Special Case
Fo- () e
T
Fy1(¢) T—¢
Fyn(=¢%) cos ¢
Fyi(0) E,(¢)

TABLE 1. Some special cases of F52(().

The Laplace transform of the confluent hypergeometric Mittag-Leffler function
is given by [20]

L{TTFE ()} = p (L= pp~9) ™, R(p) > 0, R(y) > 0. (1.15)
It is closely connected with convolution-type integral equations arising in frac-
tional integration [5, 8, 10, 14], including

/Ox(x — )"0 () Fi(a; by e(z — t) f(t) dt = g(z), R(b) >0, (1.16)
and
/ (t— 2y T (ult — ) f () dt = g(x), (1) >0,a>0.  (117)

Furthermore, several relations between IF; ;\ and the Riemann-Liouville fractional
derivative were established in [12]:

Fo (Q) = DTN D" O By (6]

Fy(Q) = DT (N "D T B (C7)]
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[ J
osin(mx)B(1 — X, n —nsx)
7l'(n — ns)l(on + v — nax)

B (r¢) =

Y

¢
/ Wo (75 Q) Ey o (T2%) dz,
0

where

¢
w97%>\(1’; C) — / (CQ _ ug)fnx+nf>\u9(nz+>\fn)f'y(u o x)gnerfn%fl du.
T

Let A denote the class of analytic functions of the form
FO=¢+) anl", CeD, (1.18)
n=2
and let S C A be the class of normalized univalent functions.
Each f € S possesses an inverse f~! in || < ro(f) > 1/4 with expansion
g(w) = @ — ayw? + (243 — a3)w® — (5a5 — Sagas + ag)w* + - . (1.19)

A function is called bi-univalent if both f and f~! are univalent in D; the
corresponding class is denoted by . Some examples are listed in Table 2.

Function | Expression | Inverse
w
= =
1—¢ 1+ w
f 1 | 14+ ¢ e’ — 1
—lo
2 2 B\1-¢) | e= 1
e” —1
f3 —log(1 —¢) o

TABLE 2. Examples of bi-univalent functions and their inverses.

The subordination relation f < g means that f(¢) = g(w({)) for some Schwarz
function w satisfying w(0) = 0 and |w(¢)| < 1. If g is univalent, this is equivalent

to f(0) = ¢(0) and f(D) C g(DD).

Lewin [10] initiated the study of ¥ by proving |as| < 1.51. Later, Brannan and
Clunie [0, 7], Netanyahu [23], and many subsequent authors [9, 18] investigated
several subclasses of 3 and obtained coefficient estimates for |as| and |as|, whereas
the general coefficient problem remains open.

The classes of starlike and convex functions of order u are characterized by

Cr(Q) | 1+ (1—2u)¢

G —¢ (1:20)

and

CQ) 1+ (1=2)¢

70 —¢ (1.21)

1+

respectively.
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Ma and Minda [19] unified these subclasses by introducing an analytic function
® satistying R(P(¢)) > 0, ¢(0) = 1, and ¥'(0) > 0. They defined
¢f'(<) } { ¢f"(¢)
S (P)=<qfeA: <®(()p, C(P)=<feA: 1+ <o),
@ ={rea: 5 <o) e o 0
(1.22)
and some representative choices of ® are listed in Table 3.
Function Subclass
CH++/1+¢ SF  (Raina & Sokol, 2015 [27])
4 2
1+ §C + §C2 S (Sharma et al., 2016 [29])

1 1
1+¢— §g2 + §§3 S;; (Tayyah and Atshan, 2025 [31])
eS S*  (Mendiratta et al., 2015 [22])
cosh(() S (Alotaibi et al., 2020 [3])

cosh

TABLE 3. Examples of subclasses defined through Ma—Minda func-
tions P.

For
FO=C+>anC",  h(Q)=C+ > bl
n=2 n=2

their Hadamard product is

(f * h)(C) =(¢+ Z anbn ("

Using this product, we define
T F(Q) = (R (€) * f(Q),

or equivalently,
Te F(Q) = ¢+ 2 L7 xy)and”,
n=2

where

C(y)T(se(n — 1)+ X)

N (o(n — 1) +~)n!”

Padmanabhan and Parvatham [1] introduced in 1975 the class Ty(§) of analytic

functions associated with bounded boundary rotation. A function p, analytic in
D, belongs to Ty(&) if

L7(n,XN,7) =

RO - Tl <om c=reteD
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Equivalently, p € Tp(§) if and only if there exists a non-decreasing function ¢
on [0, 27] satisfying

27 2
/ do(t) =2, / do(t)] <6, 0>2,
0 0

p(C) = /0 i (11__425_)56_” do(t). (1.23)

Related classes of functions with bounded boundary and radius rotation, namely
Vy and Ry, were later investigated by Pinchuk [24]. The notion of order for
these classes was introduced by Robertson [28] and subsequently generalized by

Padmanabhan and Parvatham [1]; further developments can be found in Li et
al. [17].

If t € T5(€) with £(0) = 1, then
27
/ degew, 6>2 0<¢<1.
0 1-¢
Lemma 1.1. [I7]] Let
HE) =1+t + 1P+ € To().

such that

Then
ta] <0(1—¢), n>1,

and the estimate is sharp.

Classes associated with bounded boundary rotation have become an important
topic in geometric function theory due to their applications in studying boundary
behavior, rotation, and distortion properties of analytic and bi-univalent func-
tions. They also provide a natural framework for constructing and investigating
new operator-defined subclasses. For further developments in this direction, we
refer the reader to [32, 33].

2. COEFFICIENT ESTIMATES AND THE FEKETE-SZEGO PROBLEM WITH
BOUNDED BOUNDARY ROTATION

Coefficient estimates play a central role in geometric function theory since they
describe the growth, distortion, and geometric behavior of analytic and univa-
lent functions. In recent years, subclasses of bi-univalent functions with bounded
boundary rotation have received considerable attention because of their close
connections with starlike and Bazilevi¢ functions, as well as their relevance in
complex and fractional analysis. In this work, we investigate sharp bounds for
the initial coefficients |as|, |as|, and for the Fekete-Szego functional |az — Aa3|.

The class B, (1) of n-pseudo-starlike functions of order p (0 < p < 1), introduced
by Babalola [1], consists of functions f € A that satisfy

Q)" 1+ (1= 2
7 1=
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Functions belonging to this class are univalent and belong to the family of Bazilevic
functions of type (1 — 1/n) and order o/n.

Definition 2.1. Let f € A be as in (1.18). We say f is in B2 (n,0,£) if
(T Q) =T 9@)
(T2 F(Q)] (T2 g(@)]
where ,7, s, X € C with R(p) > 0, 7 > 0, and g(w) is as in (1.19).

€ To(§) and

Remark 2.2. Setting 1) = 1 in Definition 2.1 gives B2(1,0,&) = N2 (6, €). That
is, f as in (1.18) belongs to N3 (6, €) if

(T30 F(Q) € To(€) and  (T;3g(@))" € Tal©),
with parameters g, vy, 2¢,x € C, R(p) > 0, and g(w) as in (1.19).

Remark 2.3. Taking n = 0 in Definition 2.1 gives B;2(0,6,£) = MZ(6,€). So
f € X asin (1.18) belongs to M7(6,€) if

KN / DN !

SISO _ ) a T2 0()

j@}ff\f@) Jor 9(@)
with o,7, s, N € C, R(p) > 0, and g(w) as in (1.19).

Theorem 2.4. Let f € B (n,0,€) be of the form (1.18) with > 0. Then, we
have the following bounds on the initial coefficients:

€ To(&),

20(1—¢)
o] = \/ LR+ -2 + 2B +2) 1)
|as| < 2601 — &) (2.2)

[Lo0 PO +n —2) + 2L (3)(n +2)°
For any A € R, we get

( 201 -¢(1—A) ,
[53,91(32 FGF 12+ 250 2 FA<h
29(1 —)(1—A) | B
CT@PE -2 L@y o7 -
2.3
where
2B +2)
AR -2 (24)
We assume
29<0<4, 0<E<,
and
ey pon C(y)T(e+XN) o L(y) T (23 +XN)
STV P M R PN T T M
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Proof. Since f belongs to B (77,9 €), it follows that
(T Q) = (J759(=)

!/

P =u(¢) and ~ = v(w) (2.6)
(T3 F (O (T2 g(w)]
where u and v are analytic in Ty(&), with series
w() =14+ uC+u+--, vw)=1+vw+ve?+---. (2.7)

The series expansions give

(T Q)
(T2 F(Q)]

=14 L;7(2)(1 +n)axC

+ %([52’1(2)12(772 1 — 2)a2 4+ 2L77 (3)(n + 2)a3>g2 n
(2.8)

and for the inverse,

= (T 9(=))

!/

=1-L77(2)(1 4 n)asw

(T2 g ()] ;
1 x .
+ 5 (IE20@E0 +n = 2)ad +2L57(3)(n +2) 263 — ao) ) =
(2.9)
Comparing coefficients with (2.6) and (2.7), we get
L77(2)(1+n)az = ui, (2.10)
1 x
L @P 0 +77—2)@2+ﬁ 1B3)(n+2)as = uy, (2.11)
DO =, (212)
]' . x
LD @PO 0 - 2ad 4 LB+ D —a) =va (219)
Adding (2.10) and (2.12), we have
(Eo2 PO +n = 2) +2L50(3) (1 + 2)] a3 = uz + v, (2.14)
or
a2 = Uz T U2 (2.15)

L2020 +n—2) +2L,0(3)(n+2)°
Now, by applying Lemma 1.1 to equation (2.15), we obtain the following upper
bound for |as|:

20(1 - &)
(L2212 +n—2) + 2L (3)(n +2)
We now proceed to estimate the upper bound of |az|. By subtracting the two
equations (2.10) and (2.12), we obtain

Ug — Vg + Ug + VU2
2£70(3)(n+2)  [Lo2)A(n* +n = 2) + 2L (3)(n +2)

(2.16)

las|* <

as =

(2.17)
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By performing some simplifications, we obtain
uy ([L53(2)P (0% + 1 —2) + 4L (3)(n + 2)) — va ([L;0 ()PP (0° + 1 — 2))
2L70(3)(n +2) [[L3 (22 (0% +n = 2) +2L57(3)(n + 2)]

as =

(2.18)
Next, applying Lemma 1.1 to equation (2.18), we derive the following upper
bound for |ag|:

20(1 - ¢)
Ll@P0P+n—=2)+2L,703)(n+2)
Let A € R be fixed. Combining equations (2.15) and (2.18), we deduce that

|as| < [ (2.19)

2L77(3)(n + 2)
(1 — A)(ug + vg)
(L0 (2P +n—2) +2L70(3)(n +2)

This expression can be rewritten with a common denominator as
(w2 = 02) (I£30)P 0P +1—2) +2£57(3)(n +2))

2£203)n+2) (1L 02 + 51— 2) +2£203) (0 +2))

az — Aaj =
(2.20)
_|_

as — Aas =

2L,0(3)(n +2)(1 — A)(uz + v2) |
2L50(3)(n +2) ([c;‘;;@)]?(n? +n—2)+2L57(3)(n + 2))
(2.21)

+

Finally, by applying Lemma 1.1 to inequality (2.21), we obtain the following
estimate:

01 - ) (1L P02 +n - 2) + 2£57(3)(n +2)(2 + A))

2L,3(3)(n +2) ([53’1(2)]2(772 +n—2)+2L57(3)(n + 2))

laz — Aag\ <

001 - ) (20L57(3)(n +2) — L7 P+ —2)

2L,7(3)(n +2) ([52’1(2)]2(772 = 2) +2L70(3)(n + 2)) '
(2.22)

+

which corresponds to equation (2.3). [

3. COROLLARIES AND SPECIAL CASES

Corollary 3.1 (Case n = 0). Under the assumptions of Theorem 2./, forn =0,
the following bounds hold:

20(1 — &) 20(1 =€)
"“‘"S\/ e —acgep S e rger
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and for any A € R,
(201 —-¢&)(1—A)

f A < A
1L70@3) o p AT
6(1 — .
|a3—Aa§|§ Z(E%—Vé)) if Ag < A <2— Ay,
BN
201 -6 (1 —A) )
A>2—A
i) - argep 1o
where e
0]
R

Corollary 3.2 (Case n = 1). Under the assumptions of Theorem 2./, forn =1,
the following bounds hold:

|as| < % and |as] < %
and for any A € R,
lag — Aaj| < % ifO<A<2
\ . ??L?&?S 2 gase

Corollary 3.3 (Case 6§ = 2,£ = 0). Under the assumptions of the previous
corollary, for 0 =2 and & = 0, the following bounds hold:

lag| < M: 2 and |a3]<2(1_0): 2
- 3[::1(3) 35;’1(3) - 3£Z’1(3) 3,62’1(3)

and for any A € R,

(21— A)
_ A <O
3L77(3) A <0,
_ 2 — —  O<A<K2
las — Aaz| < 3531(2)) if 0 <A <2,
2(1 —
o) A2
\ 3‘69:1(3)

4. CONCLUSIONS

In this paper, we introduced a new subclass of bi-univalent functions using the
confluent hypergeometric Mittag—Leffler function. By defining an appropriate
linear operator via convolution, we established sharp bounds on the initial coef-
ficients ay and as for functions in this class.
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Our results include the Fekete—Szego inequalities, providing estimates for the
functional |az — Aa3| for any real parameter A. These estimates generalize many
known results in the literature and unify several coefficient bounds under a single
framework.

We also examined special cases for particular values of , showing how the bounds
simplify and become more explicit. These cases highlight the flexibility of the
introduced class and its connection to well-known subclasses of bi-univalent func-
tions.

Overall, the obtained results demonstrate that the confluent hypergeometric
Mittag—Leffler function is a versatile tool for generating new function classes
with controlled growth and rotation. The results open up possibilities for further
research in geometric function theory and applications of fractional and special
function operators in complex analysis.

Acknowledgement. Acknowledgements could be placed at the end of the text
but precede the references.
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