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ABSTRACT. We investigate a fractional-order epidemic model with three com-
peting strains, incorporating memory effects through the Caputo derivative
of order alpha between zero and one. Strain one follows a saturated Holling
type-1II incidence, while strains two and three spread through bilinear mass-
action contact. We establish well-posedness by proving existence, uniqueness,
positivity, and boundedness of solutions within a compact invariant region.
The strain-specific basic reproduction numbers are computed via the next-
generation matrix method. Applying Matignon’s criterion, we prove local as-
ymptotic stability of the disease-free and monomorphic endemic equilibria.
Suitable Lyapunov functions then establish their global asymptotic stability.
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1. INTRODUCTION

Multi-strain epidemic models constitute a valuable analytical framework for
uncovering the mechanisms that drive the spread and evolution of infectious dis-
eases across their distinct mutational forms and circulating variants. A number of
pathogens do not propagate as a single homogeneous entity: tuberculosis [1], the
human immunodeficiency virus (HIV) [2], COVID-19 [3], hepatitis B (HBV) [4],
and hepatitis C (HCV) [5] are all known to sustain several co-circulating strains
that either persist together or compete for the same host population. When more
than one variant is present, the resulting interactions can reshape the qualitative
behavior of the epidemic in substantial ways. It is precisely to capture these
coupled dynamics that multi-strain compartmental formulations have been de-
veloped [0, 7, 8]. Among the many available compartmental structures, the SIR
model—partitioning the population into susceptible (.5), infected (I), and re-
covered (R) individuals—remains particularly well suited to directly transmitted
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infections for which the latent phase is either negligible or absorbed into other pa-
rameters. When several strains are taken into account, the infected class is split
according to variant type, so that the classical SIR structure naturally extends
into an SI;I5---I,R form. First introduced by Kermack and McKendrick in
1927 [9], the SIR paradigm continues to underpin the estimation of key epidemi-
ological quantities such as the basic reproduction number Ry, the epidemic peak,
and the herd-immunity threshold. Building on this foundation, a broad body of
subsequent work has enriched the original formulation with multiple strains, age
structure, vaccination programs, and optimal-control strategies [10, 11, 12, 13].
Vaccination, in particular, has repeatedly been shown to act as a decisive control
lever: for compartmental descriptions that separate a vaccinated class, disease
elimination becomes achievable once the immunization coverage exceeds a criti-
cal threshold, below which the infection persists in the population [14]. Interest in
multi-strain models has grown considerably, largely because they make it possible
to describe how competing pathogen variants coexist or exclude one another.

A central ingredient of any such model is the incidence function, which speci-
fies the rate at which susceptible hosts acquire infection. Although the standard
bilinear form ST is ubiquitous in the literature [15], it often proves inadequate
when transmission is nonlinear, when saturation arises at high infection levels,
or when host behavior shifts during an outbreak. Motivated by these short-
comings, several authors have proposed more flexible nonlinear incidence terms
that reflect realistic contagion processes more faithfully. In the present study, we
adopt a mixed transmission structure for a three-strain system: strain 1 follows a
saturated Holling type-II response that accounts for crowding and psychological
effects among infectives, whereas strains 2 and 3 spread through classical bilinear
mass-action contact. This choice lets the model span a meaningful range of trans-
mission behaviors within a single tractable framework. Most epidemic models are
cast in terms of ordinary integer-order differential equations. While such formu-
lations reproduce the average course of an outbreak reasonably well, they tend
to overlook the memory, hereditary characteristics, and delayed responses that
are commonly observed in biological systems. Employing the Caputo fractional
derivative addresses this gap by embedding memory directly into the governing
equations, thereby yielding a more faithful representation of transmission dynam-
ics [16, 17, 18, 19].

Guided by these considerations, this paper studies a fractional-order SI;l5I3R
model in which each of the three strains propagates through its own incidence
mechanism, with memory effects encoded via Caputo derivatives. We first es-
tablish the well-posedness of the system by proving the existence, uniqueness,
positivity, and boundedness of its solutions. The strain-specific basic reproduc-
tion numbers are then computed through the next-generation matrix method,
and the existence of both the disease-free and the endemic equilibria is analyzed.
Their global asymptotic stability is subsequently investigated by means of suit-
ably constructed Lyapunov functionals. Finally, numerical experiments illustrate
how the fractional order shapes the speed at which trajectories approach their
equilibria. To the best of our knowledge, comparatively little attention has been
devoted to the combined role of fractional order and heterogeneous incidence rates
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within three-strain epidemic settings. In line with the recent surge of interest in
fractional-order descriptions of infectious-disease dynamics through a variety of
analytical techniques |14, 20, 21, 22], the fractional differential system introduced
below formalizes the dynamics of the proposed model.

The remainder of this paper is organized as follows. Section 2 recalls the basic
notions of fractional calculus and the auxiliary results used throughout the anal-
ysis. Section 3 introduces the fractional-order multi-strain model and establishes
its well-posedness, namely the existence, uniqueness, positivity, and boundedness
of solutions. Section 4 determines the equilibria of the system and derives the
strain-specific basic reproduction numbers through the next-generation matrix
method. Section 5 is devoted to the local asymptotic stability of the disease-
free and endemic equilibria, whereas Section 6 addresses their global asymptotic
stability by means of suitable Lyapunov functions. Section 7 presents numeri-
cal simulations that illustrate the theoretical findings and assess the influence of
the fractional order on the dynamics. Finally, Section 8 summarizes the main
conclusions and outlines some directions for future work.

2. MATHEMATICAL PRELIMINARIES

Throughout the analysis we use the Caputo fractional derivative © D¢ of order
a € (0,1], together with the associated one- and two-parameter Mittag—Leffler
functions; we refer to [23] for their definitions and basic properties. Existence and
uniqueness of solutions will be obtained through the Banach fixed-point theorem
[24]. Our global stability arguments rely on the following Volterra-type fractional
comparison property: for any continuous and differentiable function z(t) € R
and any z* € RT,

‘DY |x(t) —2* — 2" In (@)] < (1 — x—) “Dox(t). (2.1)

x x(t)

3. MODEL FORMULATION AND WELL-POSEDNESS

Based on the transmission structure, we define the following non-linear frac-
tional system:

“DyS(t) = A — % — BoS(t)Io(t) — BsS(t)I5(t) — uS(t)
“DL(t) = % — (o1 + p) L1 (t)
DIy (t) = BoS(t)In(t) — (02 + p) I(t) (3.1)

CDYIs(t) = B3S(t)Is(t) — (05 + p)Is(t)

CDER(t) = o111 (t) + 0215(t) + o3l5(t) — pR(t)

\

Accordingly, we investigate the system under strictly positive initial conditions,
representing the realistic introduction of multiple competing pathogen strains
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into a entirely susceptible population:

S(O) = So > 0, Il(()) = Iig > 0, IQ(O) = Iy > O, [3(0) = I3 > 0, R(O) =Ry > 0.

(3.2)

3.1. Existence and uniqueness. To guarantee that the proposed fractional-
order multi-strain epidemic model is mathematically well-behaved, we must es-
tablish the existence and uniqueness of its global solution. We utilize the fixed-
point theorem approach combined with the properties of fractional calculus in a
suitable Banach space, following the framework established by Li et El-Shahed.
Let us rewrite the main fractional system in a more compact operator form.
For t € [0,7], where T" > 0 denotes a finite time horizon, we define the state
vector X (t) = (S(t), I,(t), I1(t), I3(t), R(t))" € R®. The system can be expressed

as:
“DEX(t) = G(X(t), X(0)= Xy = (So, L0, 20, I30, Ro)" (3.3)

where the vector-valued function G(X) = (G1(X), Go(X), G3(X), G4(X), G5(X))T
is defined by the components:

( _ B1ST
Gi(X)=A L+ al, B2SIy — 33513 — S
_ BiSh
Go(X) = 1+ al, (o1 4+ p) 1y
Gg(X) = 52512 — (0'2 =+ [L)Ig (34)

G4(X) = B3S13 — (03 + )13

\G5(X) = 0'1[1 + O'QIQ + 0'3[3 — /J/R

By applying the Riemann-Liouville fractional integral operator I* to both sides
of equation (3.3) and incorporating the initial state, we transform the fractional
differential system into an equivalent Volterra-type integral equation:

X(t) = X(0) + ﬁ /0 (t —7)'G(X(7))dr (3.5)

Let us consider the space of continuous functions C([0, 7], R) equipped with
the uniform norm:

X1 = Sup, (US@O[+ L O] + [T2(8)] + [13(8)] + [R(E)]) (3.6)

It is well established that (C'([0,T],R?), ||-||) constitutes a complete Banach space.

Lemma 3.1. The vector function G(X) defined in (3.4) satisfies the Lipschitz
condition with respect to X within the bounded region

0= {(5, L, I, I3, R) € R% : S(t) + Li(t) + L(t) + I3(t) + R(t) <

==

+ e, Ve > 0} .
(3.7)
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Proof. Let X, X € €. Since Q is compact, every state variable is bounded by
M = % + €. Using the triangle inequality, the boundedness of the states, and the
estimate
ST ST,
14+ aly 1 +al;

< M|S =S|+ M|I, — I| + aM?*S — S|
for the saturated term, each component G; satisfies a Lipschitz inequality. Sum-
ming these estimates, there exists a constant L > 0 such that

IG(X) - GX)Il < L|X - X, (3.8)
so (G is globally Lipschitz continuous on (2. O

Theorem 3.2. The fractional-order multi-strain model (3.1) possesses a unique
solution in C([0,T],R5) for any finite time T > 0, provided that:

LTe
['(a+1)
where L is the Lipschitz constant derived in Lemma 5.1.

Proof. Define ¥ : C([0,T],R®) — C([0,T],R®) from the integral form (3.5) by

<1 (3.9)

1 t
UIX(t)=X(0)+=— / (t —7)* 'G(X (7)) dr. (3.10)
['(a) Jo
Using the Lipschitz property (3.8) and f(f t —7)*ldr = £, we obtain

NWIX] = IX = X]I. (3.11)

VX)) <
F( )

Under condition (3.9), ¥ is a contraction, and the Banach fixed-point theorem

[23] yields a unique global solution on [0, 7. O

3.2. Positivity and boundedness. Before conducting the qualitative analysis
of the multi-strain dynamics, we recall some fundamental definitions and establish
essential lemmas regarding the positivity and comparison principles within the
framework of Caputo fractional calculus.

Lemma 3.3. Let a € (0,1]. Suppose that x(t) € C([a,b]) and its Caputo frac-
tional derivative satisfies ©D¢x(t) € C([a,b]). If z(a) > 0 and there exists a
continuous function g(x) such that the inequality © D¥x(t) > g(xz(t))x(t) holds for
all t € [a,b], then x(t) > 0 for all t € [a,b].

Lemma 3.4. Let a € (0, 1] and consider the linear fractional differential inequal-
ity given by € Dex(t) < A—pax(t) subject to the initial condition x(0) = xzo. Then,
the solution satisfies:

2(t) < 2(0)Eqq(—put®) + At*Eq 1 (—pt®) (3.12)

Furthermore, if the initial state satisfies x(0) < %, then x(t) < % holds for all
t>0.
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3.3. Positivity. In this subsection, we demonstrate the mathematical well-posedness
of the proposed fractional-order multi-strain epidemic model. To establish bi-
ological plausibility, the state variables must remain non-negative and globally
bounded at all times, thereby preserving the physical meaning of the populations.

Theorem 3.5. If the initial conditions satisfy (So, I10, 120, I30, Ro) € ]Ri, then all
solution trajectories (S(t), I1(t), Io(t), Is(t), R(t)) of the fractional-order system
remain confined within the non-negative orthant R5+ for allt > 0.

Proof. To establish the invariance of the non-negative domain, we evaluate the
behavior of the Caputo fractional derivative for each state variable along the
boundaries of the positive hyper-octant R? :

(CDes(t) L =A>0

DL () LT 0>0

1=0
CDXIy(t) L =020
CDaI3(t) o = 0>0
“DeR(t) = 0111 (t) + o9l5(t) + 0313(t) > 0 since I;(t), I(t), I3(t) > 0
\ =

Furthermore, the vector field defined by the right-hand side of our system
is locally Lipschitz continuous on R’. By invoking Lemma 3.3 the fractional
positivity principle established by Li and Zhang, no solution trajectory originating
inside the interior of Ri can cross any of the bounding coordinate hyperplanes.
Hence, the non-negative domain R? is completely invariant for all ¢ > 0. 0J

3.4. Boundedness.

Theorem 3.6. All solution trajectories of the multi-strain system initiating in
the positive region ]Ri are uniformly bounded within a compact invariant space.

Proof. Let us define a continuous function representing the total host population
over time:

o(t) = S(t) + Li(t) + L(t) + I3(t) + R(t) (3.13)
Applying the linear Caputo fractional differential operator © D® to ¢(t) yields the
sum of the system equations:

“Dep(t) = DAS(t) + DI, (t) + C DY L(t) + D Is(t) + “DOR(t)  (3.14)

Substituting the model definitions, all non-linear disease transmission terms (inci-
dence rates) and recovery pathways (o;1;) cancel out exactly by algebraic balance:

“Dio(t) = A — pS(t) — ph(t) — pla(t) — pls(t) — pR(t) (3.15)
Factoring out the natural mortality rate p, we obtain the following fractional

differential equation:

“DYO(t) + uo(t) = A (3.16)
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According to Lemma 3.4, the explicit analytic solution of equation (3.16) can be
evaluated using the one-parameter and two-parameter Mittag-Leffler functions:

¢(t) = ¢(O)Ea,l(_ﬂta) + AtaEa,aJrl(_,uta) (3'17)

where ¢(0) = So+ I1o + I20 + I30 + Ro represents the total initial population size.

By applying the asymptotic expansion properties of Mittag-Leffler functions

as t — 0o, we know that E,(—ut®*) — 0 and At®E, o1 (—ut®*) — % Thus, we
obtain the ultimate upper bound:

A

lim ¢(t) < —

t—o00

(3.18)

Consequently, all solutions entering the positive domain R are bounded inside
the biologically feasible and mathematically invariant region €2 which is defined
in (3.7). This concludes the proof that the region 2 is a positively invariant set
for the system. O

4. EQUILIBRIUM AND BASIC REPRODUCTION NUMBERS

4.1. Disease-free equilibrium. In the total absence of infections (I; = I, =
I3 = 0), the system collapses to the Disease-Free Equilibrium (DFE), denoted by:

Ey = (%,o, 0,0,0) (4.1)

4.2. Evaluation of Ry. Using the next-generation matrix framework, we isolate
the transmission matrix F' and the transition matrix V' computed at Ej for the
compartments (I, Iy, I3)7:

p1So 0 0 o1+ 1 0 0
F = 0 525’0 0 , V= 0 o2+ 0 (42)
0 0 /835(] 0 0 o3+ 1%
where Sy = % The next-generation matrix is £V 1
BiA
. u(ffiﬂt) BOA 0
-1 _ _BaA

FV— = 0 oot ) 0 (4.3)

0 0 —

w(oz+p)

The spectral radius yields the strain-specific basic reproduction numbers:

S _ BA Bs A

Ro 1= 0,2 — 0,3 —
(o3 + 1)

C (ot p) p(os + 1)’ (44)

The overall basic reproduction number is Ry = max{Ry 1, Ro 2, Ro 3}
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4.3. Endemic equilibrium. To determine the steady states where the disease
persists, we set all fractional derivatives in (3.1) to zero, yielding the following
algebraic system:

5iSh _
— 1 n afl — BQSIQ - 63513 — ,LLS =0 (45)

I (1 iljll — (o1 + u)) =0
I(B2S — (02 + 1)) =0

I3(B3S — (o3 +p)) = 0
0'1]1 + 0'2[2 -+ 03[3 — /LR =0

N
I

© o

)
)
-8)
9)

—~~ —~
RN

4.3.1. Monomorphic endemic equilibrium. We first consider the strain-1 monomor-
phic equilibrium Ef. Setting I = 0 and I3 = 0 with /; > 0, equation (4.6) gives

1@5;1* = 01 + p, so that S* = Ulﬁﬂ‘(l + alf). Substituting I, = 0, I3 = 0 and

S1L = (01 + I} into (4.5) yields A — (01 + p)If — w5 (1 + al) = 0. Mul-

tiplying by £; leads to /1A — p(oy + ) = (o1 + p) (B + a,u)]f, and dividing by
(o + p) gives Ryp — 1 = ’Bl#ﬁlf Hence

/J(R(]l—l) 0'1+,LL Ulfik
=0 T e o 14+ al?), R*= , 4.10
B an 5 (el o G

so that B} = (‘71+“(1 +alp), it g o 2 ) exists uniquely if and only if

Bitap
R071 > 1.
For the strain-2 monomorphic equilibrium Ej, setting I; = 0 and I3 = 0 with

I, > 0, equation (4.7) gives S* = %& = %. Substituting into (4.5) and dividing

by (o> + 1) yields I = £ (Rop — 1). Thus B3 = (£, 0, £(Roz 1), 0, 25)
exists if Ryo > 1.

By a symmetric derivation with Iy = 0, [y = 0 and I3 > 0, the strain-3
monomorphic equilibrium is Ej = < , 0,0, £-(Ros — 1), U‘LI;), where S* =

”36% = % and [} = 5“—3(3073 —1); it ex1sts unlquely if and only if Ry 3 > 1.

4.3.2. Analysis of the coexistence equilibrium (E7,3). For a total coexistence state,
we assume [; > 0, Iy > 0, and I3 > 0 simultaneously. From equations (4.7) and
(4.8), the conditions S* = ”2’#’;“ and S* = %ﬁ must hold at the same time. This
implies that total coexistence is mathematically impossible unless the biological
parameters satisfy the strict identity

o2+ 03 + u
B2 By
In any real epidemiological scenario where Ryo # Ry3, competitive exclusion

occurs and the strain with the lower fitness is driven to extinction; when Ry =
Ry 3, a coexistence continuum can be derived as follows.

i.e. RQQ = R073. (411)
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Since I; > 0, equation (4.6) must also hold. Substituting S* = 22 into (4.6)

B2
gives 1 +alf = Buloatp) RO L. so that

Ba(or+p)
Ry, )
) (S 412
: (RM (4.12)

which is positive if and only if Ry > Rp 2.

Substituting S* and I into the balance equation (4.5), and using (35 =
o3 + u from the coexistence conditions, we obtain after dividing by (o2 + ) the
coexistence line

N U3+H> X o1+ [ (Ro,l )
L+ |—— |1 = R —-1]. 4.13
2 <02+H s ﬁz( 02— 1) = a(og + 1) \ Ro2 ( )

Hence, if Ry2 = Ry 3 and the right-hand side is strictly positive, there exists an in-
finite number of coexistence states lying on a line segment; otherwise, competitive
exclusion prevails.

5. LOCAL STABILITY ANALYSIS

Theorem 5.1. The disease-free equilibrium Eqy of the fractional-order system is
locally asymptotically stable if Ry = max{Ry1, Ro2, Rosz} < 1, and unstable if
Ry > 1.

Proof. Evaluating the Jacobian matrix of the system at the disease-free equilib-
rium Ey = <%, 0,0,0, 0) yields the following upper block-triangular matrix:

BiA B2 A B3
— 1 o = e 0
aa " u I
0 17 — (o1 + p) 0 0 0
JE) =1 0 527 (o3 4 ) 0 o | G-
0 0 0 637 —(o3+p) O
0 o1 09 03 — I

The eigenvalues of J(Ey) are determined by its diagonal entries, which are given
by:
AL = —p,
)\2 =~/
(014 p)(Ro1 — 1),
= (02 + p)(Roz — 1),
(03 + p)(Roz — 1)

If Ry = max{Ro1, Rop2, Rog,} < 1, then all the eigenvalues \; (i = 1,...,5) are
strictly negative real numbers. Consequently, their arguments in the complex
plane satisfy:

larg(\)| = 7 > % Vi€ {1,2,3,4,5) (5.2)
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According to Matignon’s stability criterion for fractional-order systems [25], the
DFE Ej is locally asymptotically stable. Conversely, if Ry > 1, there exists at
least one eigenvalue (for instance, )\3 > 0 if Roy > 1) which is a positive real
number, meaning | arg(\;)| = 0 < ¢, Thus, the DFE E; becomes unstable. [

Theorem 5.2. The Strain 1 monomorphz’c endemz’c equilibrium Ef = (S*,1I7,0,0, R*)

15 locally asymptotically stable if Ro; > 1, Rpa < S* , and Ry 3 < %

Proof. Linearizing at EY, the Jacobian is block-triangular. Two eigenvalues de-
couple directly,

S* S*
)\3 = (0'2 + /L) (S_RO’Z — 1) y )\4 = (0'3 + IU) (S_RO’S — 1) s (53)
0

which are strictly negative when Ryo < gEZ and Ry3 < together with A5 =

&,
—p < 0. The remaining (S, I;) block reads
(A —-wu —B
where A = 24 and B = 215" Since 257 = 4, + i, we have B < o1 + p,

14alf (1+aly)? 1+alf
hence Tr(J;) = —A—u+B— (aﬁ—u) < 0and Det(J;) = A(o1+p)+p(or+p—B) >
0. By the Routh— Hurwitz criterion, both eigenvalues have negative real parts, so
all arguments exceed SF and E7 is locally asymptotically stable. Il

Theorem 5.3. The strain-2 endemic equilibrium E3 is locally asymptotically
stable Zf RO,Q > 1, R(),l < R()’Q, and R073 < R072.

Proof. Linearizing at 3 and using (5255 = 02+ 1, two eigenvalues decouple from
the I; and I3 directions,

M = (01+,u)(R01—1), Ny = (03+u)<R°3—1), (5.5)

ROQ ROQ
which are strictly negative under Ry; < Rp2 and Ryps < Ry, together with
A3 = —p < 0. The remaining (5, I3) block gives the characteristic equation
A2 4+ a1\ + ay = 0 with
a; = 52[5 +u > 0, ay = 538;[; > 0. (56)

By the Routh-Hurwitz criterion the two remaining roots have negative real parts,

so all five eigenvalues satisfy |arg(\;)| > % and L5 is locally asymptotically

stable. 0

And, by symmetry of the system dynamics, the strain-3 monomorphic equilib-
rium £ is locally asymptotically stable if Ry3 > 1, Ry < Rp3, and Ryp2 < Ry 3.

The total coexistence state represents a polymorphic scenario Ef,; where all
three pathogen strains persist simultaneously inside the host population. At this
point, the state variables satisfy the simultaneous constraints:

pS*
1+aly

=o1+pu, S =0s+pu, (ST =o03+u (5.7)
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Theorem 5.4. Local stability of the coezistence equilibrium Let Ro; > 1, Ryo >
1, and Ry 3 > 1 hold, ensuring the existence and biological feasibility of the multi-
strain coeristence equilibrium Efy; € int(Q2). Then, Efys is locally asymptoti-
cally stable if the coefficients of its characteristic polynomial satisfy the fractional
Routh- Hurwitz conditions:

c1>0, ¢c;>0, and cicacs > 5+ ciey (5.8)

Proof. Linearizing the full fractional system at the polymorphic coexistence equi-
librium EY,, yields the following 5 x 5 Jacobian matrix:

* /815* * *

B*—p A+ al)? B2S5*  —f3S* 0

Ll ali(o1+p) 0 0

J(Ely) = | 1+al; 1+ al; (5.9)

Bl 0 0 0 0

BsI; 0 0 0 0
0 o1 o) 03 —

]*
where B* = 1%@% + Bol + Bl

One eigenvalue is immediately decoupled via the recovery equation, yielding:
(5.10)

The remaining four eigenvalues are determined by the roots of the characteristic
equation det(A] — J) = 0 associated with the remaining 4 x 4 submatrix J
governing the (S, Iy, I, I3) dynamics:

Q) =M 4+ e+ N +esh+es=0

)\1:—/L<0

(5.11)

By computing the algebraic trace and the sums of principal minors of J, the
coefficients are explicitly derived as:

ali(oy + )

o =B"+pu+ [l >0 (5.12)
¢, = A1 ;;“C)L([?* ey (fisgg)g +RSI + B >0 (5.13)
o %1&2“) (835713 + B3S*13) >0 (5.14)
4= 0 %ﬁgfaig@ g %ﬁgfai;*’) + 3565 (S*) L5 15 > 0 (5.15)

According to the fractional extension of the Routh-Hurwitz stability criterion
[26], if the conditions (5.8) hold, then all roots of the polynomial (5.11) have

am
strictly negative real parts, hence they satisfy |arg(\;)| = 7 > - Note that,

for a fractional-order system with a € (0,1}, these Routh-Hurwitz conditions
are sufficient but not necessary for stability, since the fractional stability sector

|arg(\;)| > Og is strictly larger than the classical left half-plane. When these



12 M. CHAGDAL, M.AARIR, SSHARROUDI , K.ALLALI

parametric inequalities are satisfied, the multi-strain coexistence equilibrium E7y,
is locally asymptotically stable. O
6. GLOBAL STABILITY ANALYSIS

Theorem 6.1. If Ry < 1, the Disease-Free Equilibrium Ey is globally asymptot-
cally stable in Q.

Proof. Construct the following Volterra-type fractional Lyapunov function:

S
Lo(t) =S — Sp— Spln <§> + I+ L+ I3 (6.1)
0
Applying Lemma 2.3, the fractional derivative along the trajectories yields:
S,
“DeLo(t) < (1 — go) “DIS + DN + DX, + C DY (6.2)

Substituting the model equations:

“Drtalt) < (1= ) (- syt | 2L~ oy

+[B250Lz — (02 + p) o] + [B3S0l3 — (03 + p) I3]
(6.3)

Using A = uSy, we obtain:

(S = Sp)°

“DyLo(t) < 5

(6.4)
Since Ry; < 1 for i = 1,2,3, we conclude that “DLo(t) < 0. By the fractional
LaSalle invariance principle, Ej is globally asymptotically stable. 0

Theorem 6.2. If Ry, > 1, the Strain 1 monomorphic endemic equilibrium EY is
globally asymptotically stable under the competitive exclusion conditions Ryo <1
and R()’g S 1.

Proof. Define the following candidate Lyapunov function:
Li(t)=S—-5"—S"In (%) +L -1 —IIn <%) + 1o+ I3 (6.5)
Computing the Caputo derivative and utilizing Lemma 2.3:
“DeLy(t) < (1 — %) “DeS + (1 — %) ’DeI 4+ DT, +“DeIs  (6.6)
Substituting system values and simplifying with the balance relationship A =

x | P1STIT
wS* + T

C na
DXLy (t) < — 2ot 2
e halt) < S 1+ al; S Iil4al, S*1+alf

+(o2 + p)(Roz — 1)1z + (03 + p)(Roz — 1)1z (6.7)

W(S—S*? BSI; (3_ S* Liltal; S 1—|—a[1)

+(o1+1) (Ro1—1) [1+(02+4) (Ro2—1) o405+ 1) (Ros—1) I3
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By applying the arithmetic-geometric mean inequality (AM-GM), the term in
brackets remains negative or zero. Given Ry, < 1 and Rp3 < 1, we obtain
“D&Ly(t) < 0. Thus, E} is globally asymptotically stable. O

7. NUMERICAL SIMULATIONS

In this section, we validate the theoretical results established previously through
numerical simulations of the fractional-order multi-strain system (3.1). The Ca-
puto system is solved using the predictor—corrector Adams—Bashforth—Moulton
(ABM) scheme developed by Diethelm et al [27], which is well suited to non-
local fractional operators. Our main objective is twofold: first, to illustrate the
asymptotic behavior of each compartment toward the predicted equilibria, and
second, to highlight the influence of the fractional order a on the memory-driven
convergence speed of the trajectories.

7.1. Parameter Setting. Unless stated otherwise, the baseline parameters used
throughout the simulations are reported in Table 1. These values are chosen so
that the disease-free and the strain-1 monomorphic endemic scenarios can both
be exhibited by varying the transmission rates.

TABLE 1. Baseline parameter values used in the numerical simu-

lations.
Parameter Value Parameter Value
A 10 o 0.20
[ 0.10 o 0.25
51 0.0040 o3 0.30
Ba 0.0025 a 0.05
53 0.0020 — -

With these values, Sy = A/pu = 100, and the strain-specific basic reproduction

0.004 x 100
BiA . _ BA
u(aiw) = 030 =133, Ryp = M(oiw) =0.71, Ry3 =

numbers are Ry =

BsA () 50.

wlos+p)
Since Ry > 1 while Ry, Ry3 < 1, Theorem 6.2 predicts convergence toward

the strain-1 monomorphic endemic equilibrium E; with competitive exclusion of
strains 2 and 3. The initial condition is fixed at (S(0),1,(0), I5(0), I5(0), R(0)) =
(90, 5, 5, 5, 0).

7.2. Effect of the Fractional Order «. Figures la—le depict the time evolu-
tion of each compartment for several values of the fractional order, a. In every
case, the trajectories converge to the same steady state £, in full agreement with
the global stability result of Theorem 6.2. As expected from the memory nature
of the Caputo derivative, smaller values of a induce a slower, more strongly
damped transient response, whereas av — 1 recovers the classical integer-order
dynamics with the fastest relaxation toward equilibrium. Notably, the infected
compartments I and I3 decay to zero for all o, numerically confirming competi-
tive exclusion, while I; stabilizes at its positive endemic level I7. The simulations
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corroborate the analytical findings: the equilibrium reached by the system is inde-
pendent of « it is determined solely by the model parameters and the reproduction
numbers, while o governs the transient memory and the rate of convergence. This
confirms the robustness of the stability conclusions across the whole admissible
range « € (0,1] and illustrates the additional modeling flexibility offered by the
fractional-order formulation.

90 " T .
S > —a =0.75
88 —a = 0.85
457 a =095
S 86 —a =075 I —a=1.00
—a =0.85 4t 1
84r a =095
o , , —a=1.00 35t - . ]
0 50 100 150 200 0 50 100 150 200
t t
(A) Susceptible compartment S(t). (B) Strain-1 infected compartment I3 (t).
> —a=075 6 ' ' —a=075
4 —a =0.85 —a = 0.85
31 a=0.95 4 a=0.95
I —a=1.00 I —a =1.00
2,51 | 3 | 1
1 L
0 —
0 50 100 150 200 0 50 100 150 200

1 4
(¢) Strain-2 infected compartment I5(t). (D) Strain-3 infected compartment I3(t).

15
10 N |
— ]
R —a=0.75
S{=—a=085
a=095
0 — o = 1.00 . .
0 50 100 150 200

t
(E) Recovered compartment R(t).

FiGURE 1. Convergence of each compartment for a: S, I;, I, and
I3 arranged two per row, with R centered on the last line.

7.3. Effect of the parameter a. Figures 2b—2e show the effect of the saturation
parameter a on the dynamics, with the fractional order fixed at o = 0.95 and
a taken in {0, 0.05, 0.20, 0.50, 1.00}. Since a does not enter the expression of
Ry.1, the epidemic threshold is unchanged and strain 1 remains endemic in all
cases, while Iy and I3 still tend to zero, so competitive exclusion is preserved.
The parameter a mainly affects the endemic level of strain 1: as a increases, the
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saturation term 1 + al; lowers the force of infection at high infection densities,
and the infected compartment I; settles at a smaller equilibrium value 5. This
is consistent with the analytical expression I = p(Ro1 — 1)/(f1 + ap), which
decreases with a. The susceptible compartment S stabilizes at a slightly higher
level for larger a, since fewer individuals are infected by strain 1, and the recovered
compartment R follows the same trend as I;. The case a = 0 corresponds to a
purely bilinear incidence for strain 1 and gives the highest endemic level, which
confirms the crowding effect modeled by the saturated term.

100 T T T 10 T T T
e
95 4 8+ 2
—a=000—a=005
90/ ] o a=0.20—a=050
S(t) L(t) —a = 1.00

8 —a=0.00—a = 0.05 4

sl a=0.20—a = 0.50 ol
—a = 1.00

75 0 L L .

0 50 15‘10 150 200 0 50 1?0 150 200
(A) Susceptible compartment S(t). (B) Strain-1 infected compartment [;(t).

5 5 : :
—a=000—a=005 —a—0.00—a=005

4 a=0.20—a =050 " a=0.20—a=050
—a— 1.00 —a = 1.00

3t 1 3

L(t) L(t)

2 2r

1 1

0 0

0 50 1?0 150 200 0 50 1%)[) 150 200

(¢) Strain-2 infected compartment I5(¢). (D) Strain-3 infected compartment I3(t).

20

—a = 0.00 =—a = 0.05
a=0.20—a = 0.50
R(t) 10} —a =1.00

0 50 1?0 150 200

(E) Recovered compartment R(t).

FiGURrE 2. Effect of the saturation parameter a on the dynamics
of the compartments S, Iy, I, I3, and R, with a = 0.95 and «a.
The increase of a reduces the endemic level of strain 1, while I
and I3 converge to zero in all cases, confirming the persistence of
competitive exclusion.

8. CONCLUSION

In this paper, we proposed and analyzed a fractional-order ST, I;I3R epidemic
model describing the competition of three co-circulating strains, in which strain 1
is transmitted through a saturated Holling type-II incidence while strains 2 and 3
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follow a classical bilinear mass-action law. The memory and hereditary features
inherent to the transmission process were incorporated by means of the Caputo
fractional derivative of order v € (0,1]. We first established the mathemat-
ical well-posedness of the model. Using the Banach fixed-point theorem, we
proved the existence and uniqueness of a global solution, and we showed that
all trajectories issued from non-negative initial data remain non-negative and
uniformly bounded within a biologically feasible compact region. We then de-
rived the strain-specific basic reproduction numbers Ry 1, Ro2, and Ry 3 through
the next-generation matrix method, and identified the disease-free equilibrium
together with the strain-specific monomorphic endemic equilibria. The analysis
of the coexistence state revealed that the simultaneous persistence of strains 2
and 3 requires the non-generic condition Ry, = Rp3; away from this equality,
competitive exclusion drives the less fit strain to extinction. The stability of the
equilibria was investigated at both the local and the global level. By examining
the arguments of the eigenvalues of the associated Jacobian matrices and invok-
ing Matignon’s criterion, we obtained the local asymptotic stability conditions
of the disease-free and monomorphic endemic equilibria. Suitable Volterra-type
Lyapunov functions, adapted to the fractional-order setting, then allowed us to es-
tablish the global asymptotic stability of the disease-free equilibrium when Ry < 1
and of the strain-1 endemic equilibrium when Ry ; > 1 under the competitive ex-
clusion conditions Ry2, Rp3 < 1. Finally, numerical simulations based on the
predictor-corrector Adams-Bashforth-Moulton scheme confirmed the theoretical
results. In particular, they showed that the fractional order o does not alter the
location of the equilibrium reached by the system, which is governed solely by the
model parameters and the reproduction numbers, but instead controls the mem-
ory of the transient regime: smaller values of « yield a slower and more strongly
damped relaxation toward equilibrium, whereas o« — 1 recovers the classical
integer-order dynamics with the fastest convergence. Several directions naturally
extend the present study. A more detailed investigation of the role of the satura-
tion parameter a, which tempers the incidence of strain 1 at high infection levels,
would clarify how crowding and behavioral effects reshape the endemic level and
the speed of convergence. Beyond this, the framework could be enriched with a
latent compartment, an explicit vaccination class, or optimal-control strategies,
and the constant-order Caputo derivative could be replaced by a variable-order
or a non-singular-kernel operator to capture more intricate memory effects.
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