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CONSTRUCTION OF FUSION FRAME IN CARTESIAN
PRODUCT OF TWO HILBERT SPACES

PRASENJIT GHOSH'* AND T. K. SAMANTA?

ABSTRACT. We study the concept of fusion frame in Cartesian product of two
Hilbert spaces as Cartesian product of two Hilbert spaces is again a Hilbert
space and see that the Cartesian product of two fusion frames is also a fu-
sion frame. The concept of fusion frame operator on Cartesian product of two
Hilbert spaces is being given and results of it are being presented.A perturba-
tion result on fusion frame in Cartesian product of two Hilbert spaces is being
discussed.

1. INTRODUCTION AND PRELIMINARIES

The notion of frame in Hilbert space was born in 1952 in the work of Duffin
and Schaeffer [3] and their idea did not appear to make much general interest
outside of non-harmonic Fourier series. Later on, after some innovative work of
Daubechies, Grossman, Meyer [1], the theory of frames began to be studied more
widely.

The theory of frames has been generalized rapidly and various generalizations
of frames in Hilbert spaces namely, K-frames, G-frames, fusion frames etc. have
been introduced in recent times. General frame theory of subspaces were intro-
duced by P. Casazza and G. Kutyniok [2]. In recent times, the frames of subspaces
have been renamed as fusion frame. P. Casazza, G. Kutyniok and S. Li [1] studied
fusion frame and disturbing processing and they also discussed some perturba-
tion results on fusion frame. Fusion frame is a natural generalization of the frame
theory in Hilbert space and it has so many application in data processing, coding
theory, signal processing and so on. Fusion frame and its alternative dual in tensor
product of Hilbert spaces was studied by P. Ghosh and T. K. Samanta [7].

In this paper, fusion frame in Cartesian product of two Hilbert spaces is in-
troduced and some of its properties are going to be established. It is verified that
the Cartesian product of two fusion frames is a fusion frame. Perturbation of a
fusion frame is a interesting topic in frame theory. In this perspective, we discuss
a perturbation result on fusion frame in Cartesian product of two Hilbert spaces.

Date: Received: Feb 18, 2021; Accepted: May 12, 2021.
* Corresponding author.
2010 Mathematics Subject Classification. Primary 42C15; Secondary 46C07.
Key words and phrases. Frame, fusion frame, frame operator, Cartesian product of Hilbert
spaces, perturbation of fusion frame.
53



54 F. AUTHOR, S. AUTHOR

Throughout this paper, H and K are considered to be separable Hilbert spaces
with associated inner products (-, -); and (-, -),. B(H, K) is a collection of
all bounded linear operators from H to K. In particular B ( H ) denote the space
of all bounded linear operators on H. Py denote the orthogonal projection onto
the closed subspace V- C H. {V;},., and {W; }j  ; are sequence of closed sub-
spaces of Hilbert spaces H and K, where I, J are subsets of integers 7Z. Define
the space

P ({Vitics) = {{fi}iel Cfie Vi > N Fillf < OO}
iel
with inner product is given by ({ fi}ier, {giticr) = > (fi, 9i)1-
il
Clearly 12 ({V;},c;) is a Hilbert space with the above inner product [2].
Similarly, we can define the space [? <{W] }j cJ )

Now, we recall some basic definitions and results needed in this paper.

Theorem 1.1. [6] Let V. C H be a closed subspace and T € B(H). Then
PyT* = Py T*Ppy. If T is an unitary operator (i.e T*T = Iy ), then
P T =T Py.

Theorem 1.2. [3] The set S(H ) of all self-adjoint operators on H is a par-

tially ordered set with respect to the partial order < which is defined as for
T,5 € S(H)

T<Se (Tff)<(SfHf VfeH
Definition 1.3. [2] Let H be a Hilbert space. Consider a collection of closed
subspaces {V; },.; of H and a collection of positive weights {v; },. ;. A family

of weighted closed subspaces { (V;, v;) : i € I} is called a fusion frame for H
if there exist constants 0 < A < B < oo such that

ANFIE <Y o2 IPw(F)IF < BIFIT Ve H. (1.1)
el

The constants A, B are called fusion frame bounds. If A = B then the fusion
frame is called a tight fusion frame, if A = B = 1 then it is called a Parseval
fusion frame. If the family { (V;, v;) }, ., satisfies the right inequality of (1.1), it
is called a fusion Bessel sequence in H with bound B.
Definition 1.4. [2] Let {(Vj, v;) },., be a fusion Bessel sequence in H with a
bound B. The synthesis operator Ty : [? ({V;},.;) — H, is defined as

Tv ({fi}icr) = sz‘fz‘, V{fitiecr € *({Vi}ic))
iel
and the analysis operator is given by
Ty : H—= U ({Vitic;) TV (f) ={wPv(f)},e; VI € H.
The fusion frame operator Sy : H — H is defined as follows:

Svf=TyTif=> v} Py(f)VfeH

i€l
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be a fusion frame for H with a bounds

Remark 1.5. [2] Let {(Vi,vi) },c;
A, B. Then it is easy to verify that

(Syf,f)y=> v IIPv.(f)lf, and from (1.1),
iel
(Af, f)yy <{(Svf,f), <(Bf,f), VfeH

The operator Sy is bounded, self-adjoint, positive and invertible. Now, accord-
ing to the Theorem (1.2), we can write, Aly < Sy < Bly and this gives
B_IIH < S‘;l < A_llH.

2. FUSION FRAME IN CARTESIAN PRODUCT OF TWO HILBERT SPACES

In this section, fusion frame in Cartesian product of two Hilbert spaces is de-
scribed and some results are going to be established.

Let H and K be two Hilbert spaces with inner products (-, -); and (-, -),.
Then the space define by H & K = {(f,¢9) : f € H, g € X} is a linear
space with respect to the addition and scalar multiplication defined by

(f1,91) + (fa,92) = (f1 + f2,91 + g2), and

A(f?.g) = (Afu)‘g) v f? f17 f2 € H7 9,91, 92 € K and X € K.
Now, H @ K is an inner product space with respect to the inner product given
by

((f,9), (f9"))=(ff) +(g.9")y VI f € H and Vg,g" € X.
The norm on H ¢ K is defined by

ICAH =17l +llgll vV feH gekK,

where || - ||; and || - || are norms generated by (-, -), and (-, -),, respectively.
The space H & K is complete with respect to the above inner product. Therefore
the space H @ K is a Hilbert space.

Remark 2.1. Let U € B(H), V € B(K). Thenforall f € H, g € X, define
UsVeB(Ha&K) by (UdV)(f,g)=(Uf Vg), and

(UeV) (fg)=(U"f,Vg).
Furthermore, if U, V and (U @ V') are invertible operators, then we define

(Ve V) ' (fg)=(U"f,V g)

and for the orthogonal projection, we define Pyon(f,9) = (Puf, Pvg),
where P,;, Py and Pjpq v are the orthogonal projection onto the closed
subspaces M C HHN C Xand M & N C H & X, respectively.

Theorem 2.2. Suppose U, U’ € B(H) and V, V' € B(K). Then
1) (U+UHYaeV=UaeV+U @V, A\USAV =X (U V) and
Ue (V+V)=UesV+UsV.

(2) Iy ® Ix = Iygri, where Iy, Ix and Iyq are identity operators on
H, K and H & K, respectively.
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B) (Ve V)(U aV')=(UU aVV').

4) (Us V) ' =U*a V™

(5) If U and V are invertible, then (U & V') is invertible and moreover
(UeoV)'=U'le VL

(6) If U and V are unitary then sois U @ V.

(7) Pyan = Py @ Py, where Py, Py and Py y  are the orthogonal
projection onto the closed subspaces M C H, N C X and M & N C
H & X, respectively.

Proof. (1) For each (f,g) € H @ K, we have
(U+U)eV](fg)=(Uf+UfVyg)
= (Uf,Vyg)+ (U f,Vyg)

=(UaV)(fig)+ (U ®V)(fg)
=[UasV+U ®V](f g).

Similarly, other results can be easily verified.
(2) For each (f,g) € H @ K, we have

(In ® Ix) (f,9) = (Ua f, Ixg) = (f,9) = Inex (f, 9)
(3) Foreach (f,g9) € H @& K, we have
(e V)(U' aV')(fg)=(UaV)U'fVyg)
= (UU " f,VV'g)=(UU @& VV")(f g).
(4) For (f,q9), (f',¢9') € H @& K, we have
(U V)" (f9),(f9"))=((fig), (UaV)(f 5 g))
=((f,9), (Uf,Vg")) =(fUf) + (9. Vg
= (U '+ (Vg9 = (U £, V7g), (f 9"))
= (U a V") (fg) (f9")).
This shows that (U & V)" = U* & V*.

(5) If U and V are invertible, then for every (f, g) € H & K, we have
(UaV)(UteaV ) (fig)=(UaV)(U'f,V 'g)
= (DU f,VVTlg) = (f 9)
and similarly it can be shown that
(Urev ) (UaeV)(fg)=(f9)
Hence, U @ V is invertible and (U @ V) ' = U~ '@ V1.
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(6) If U and V are unitary, i.e., if U*U = Iy and V*V = Ik then
(Ve V) (UaV)(f,g)=(U"aV")(Uf Vyg)
= (U"UL,V*Vg)=(fg)V(fg)cHaK
(7) For each (f,g) € H & K, we have
PMEBN(f7g) = (PMfa PNg) = (PM D PN) (fug)
This completes the proof. O

Definition 2.3. Let {v;},.; be a family of positive weightsi.e, v; > 0 Vi €
I.Let {Vi},., and {W;},.; be the families of closed subspaces of H and K,
respectively. Then the family of closed subspaces {V; @ W;},., of the Hilbert
space H & K is said to be a fusion frame for H & K with respect to {v; }
if there exist constants 0 < A < B < oo such that

ANCE NI <Y o 1Pvaw, (f,9) 17 < BIf9) 117,

iel

i€l

forall (f, g) € H® K, where Py, qw, is the orthogonal projection of H & K
onto V; @ W;. The constants A and B are called the frame bounds. If A = B
then it is called a tight fusion frame and it is called a Parseval fusion frame if

A = B = 1.If the family {(V; @ W;, v;) },., satisfies

Zviz ||P‘/1@Wz(f7g)||2 S B ||(f7g)||2 V(f?Q) € HO K7
icl
then it is called a fusion Bessel sequences in H & K with bound B.
Fusion frame in Cartesian product of two Hilbert spaces can be studied to rich

the existing literature of fusion frames and their applications in coding theory,
sensor network, etc.

Remark 2.4. Let {(V; @ W, v;) }, o, be a tight fusion frame for H © K with
bound A.Then for all (f, g) € H @ K, we have

Yo v Pvaw (f.9)lI* = AN(f 9)lI”

iel
2
U
= o I Pview. (f, DIZ =105l
iel

’U2

This verify that { (Vi oW, —= ) } is a Parseval fusion frame for H & K.
\/Z i€l

Now, define 12 ({V; & Wi}, ;)

= {{(fu 9i)}ier o fi € Vi, gi € Wy, and Z I(figi)|I” < OO}
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with inner product
<{<fz‘, 9i) Yier s {(f g )}zel> Z ((firg:), (fl9i))

Z fﬂ i <g17gz>] Z fla z’ +Z gl’ i

iel 1€l i€l
= <{f1}z€I 9 {fi/}iel>l2({vi}iel) + <{9i}iel 9 {gg}i€I>12({Wi}i€I).

The space 12 ({V; @ W;}) is complete with respect to the above inner product.
Therefore the space 12 ({V; @ W;}) is a Hilbert space.

In the following theorem, we show a sufficient condition for a Cartesian product
of fusion frames be also a fusion frame.

Theorem 2.5. If {(Vi,v;)},c; and { (Wi, v;)}, o, are fusion frames for H
and K, then { (Vi @ Wi, v;)}, o, is a fusion frame for H © K.

Proof. Since {(Vj, vi)},c; and { (Wi, v;)}, o, are fusion frames for H and
K, there exist positive constants A, B and C, D such that

ANFIT <D ol IPu (AT <BIfIT VfeH (2.1)
iel
Clglly <Y o2 1Pwi(g)ll3 < Dllgll; Vg€ K (2.2)
iel
Now, for each (f, g) € H & K, we have
d vl | Pvaw (fr g =Y v} (Pvew ([ 9), Pvaw (f g))
i€l iel
iel
= 02 {(Pv.(f), Pv. () + (Pw,(9), Pw,(9)),}
iel
=D o IPv (N)IT+ D v’ I Pwi(9) 15 (2.3)
iel iel

< BISI?+ D gll? [by (21) and (2.2)]

< max{B, D} {||fII; + lgll5} = max{ B, D} (£, 9)II"-
On the other hand, from (2.3)

Yol Priaw (£ 9) 17 =D w2 1P (ST + D o’ I Pwi(9) 15

i€l i€l i€l

> A|fIIT+ Clglls [by (2.1) and (2.2) ]
> min{ A, C} { [ fIIT + llgll5} = min{A, C}[[(f g)]”
Therefore, for all (f, g) € H & K, we have

min{ A, C}|[(f, ¢)I* < Y of | Pvaw, (f: 9)I” < max{ B, D} (f. g)II”

i€l
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Hence, {(V; ® W;, v;) }, o, is afusion frame for H & K with bounds min{ A, C'}
and max{ B, D }. O

Remark 2.6. Let { (Vi @ W;, v;)}, ., be fusion frame for H & K. According
to the definition (1.4), the synthesis operator Ty gw : 12 ({Vi ® Wi}, c;) —
H & K is described by

Tvew ({(figi)}ier) = Z vi (fis 9i)
iel
for all {(fi, 9:)}ic; € 12 ({Vi ® Wi}, ), and the corresponding frame op-
erator Syaw : H & K — H & K is given by
SVG}W(f:g) = ZU'LQP‘/L@W](f7g) v(fa g) € HoK
iel

The following theorem demonstrates that the synthesis operator, analysis op-

erator and frame operator associated with the Cartesian product of two fusion

frames are exactly the Cartesian product of their respective synthesis operators,
analysis operators and frame operators.

Theorem 2.7. If Sy, Sw and Sy gw are the corresponding fusion frame op-
erators and Ty, Ty and Ty gw are the synthesis operators of fusion frames

{(Vi,vi) boers {Wi,vi) },ep and {(Vi @ Wi, v4) } o, Tespectively, then
Svew = Sv ® Sw, Syiw = Sy' @ Sy, and
Tvew = Ty ® T, Tiow = T @ Ty

Proof. For each (f, g) € H ® K, we have

SVEBW(f?.g) - ZU'L?PVi@W]’(fJg) = ZUE (PVif7 PWzg)

i€l i€l

= (vapvif»z U?PWJ) = (Sv ([f), Sw(9)) = (Sv @ Sw) ([, 9)
iel i

This shows that Syaw = Sy @ Sw. Since Sy and Sy are invertible, by the
Theorem (2.2) (5), Syew is also invertible and Sy 5y = Sy @ Syl

On the other hand, for all {(f;, g;)},c; € 12 ({Vi ® Wi },.;), we have

Tveow ({(fz‘, gi)}iel) = Zvi (fir9i) = (Z Uifiazvigi)

iel iel i
= (TV <{f’L}z€I) » Tw ({gi}iel)) = (Ty & TW)({(fi7 gi)}iel)'
Hence, Ty ¢w = Ty @© Ty and therefore by the Theorem (2.2) (4), Ty o =
v @ Ty 0J

Theorem 2.8. Let V. = {(Vi,v;i) },e; and W = { (Wi, vi) }, o, be fusion
frames for H and K with frame bounds A, B and C, D having their associated
frame operators Sy and Sy, respectively. Then

IIliIl(A, O)]H@K S SVEBW S IIlaX(B7 D)IH@K
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Proof. Since Sy and Sy are frame operators for V' and W, respectively,

ANFIE < (Sv(f). f) < BIIfIF YV f € H, and

Claly < (Sw(g),9), < Dlgl; Vg € K.

Adding above two inequalities, we get

AIFIE + Cliglls < (Sv (). f+ (Swlg).g), < BIfIF + Dllgls
= E{IfIE+ lglls} < (Sv(f). fhi + (Swlg).g)y < FLIFIF+ gl }

where £ = min( A, C') and F = max(B, D).Thus, for (f,g) € H ® K,

E((f,9),(f,9)) <{(Svf Swg),(f,9)) < F((fg9)(fg))

= E((Iaf, Ixg), (f,9)) < ((Svf, Swg).(fr9)) < F{((Iaf Ixg),(f. g))

= E((In @ 1Ix) (f,9), (f,9)) <((Sv®Sw)(f9),(fg))
§F<(]H@IK)(f79 (f.9))

);

Now, according to the Theorem (1.2), we can write
min(A, C)IHEBK S SVEBW S max(B, D)IHEBK'

O

In the next theorem, we establish an image of the Cartesian product of two fu-
sion frames under a bounded linear operator will be a fusion frame if the operator
is invertible and unitary.

Theorem 2.9. Let V. = {(Vi,vi) },c; and W = {(Wj, v;) }, o, be fusion
frames for H and K with frame bounds A, By and As, By having their as-
sociated frame operators Sy and Sy, respectively. If Ty and Ty are invertible
and unitary operators on H and K, then {(T1 ® T2) (Vi @ Wi), v, };o; is
a fusion frame for H & K.

Proof. Since Ty and Ty are invertible, by Theorem (2.2) (5), T @& T is in-
vertible and (T, @ T») ' = (T7" @ T;'). By Theorem (1.1),

1Py, T (O < ITEIN T Pryve (F) 15 and
1 Pw. T3 (g) Iy < T3 || Il Prow; (g) [l for any i € 1. (2.4)

Also, for each f € H and g € K, we have

Al < (e D) ITe (Ol gl < [[(T5!

2 (9) 5. (2:5)
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Now, for each (f,g) € H @ K,
2
S0 | Perorsy views) (F 9) || :va | Pervioraw) (f: 9) ||
iel iel
= > v l(Pryvi ® Prow,) (f, = > vl (Prvif, Prowig) |
iel el
= > 0 I Prov (F)IT + D vl I Prawi (9) 115 (2.6)
zGI iel
> g 2 v P (TEDIE 4 i 30t I Pw (T50) 12 [by ()
1€ S
Ay Ay : .
> Tk 1Ty ()17 + W I T5(g)|l3 [since V, W are fusion frames ]
1 2
Ay ) Ay )
= — =z I FIT+ —z lgllz [by (2.5)]
Tl [ 7| 1T || 75|

> C{IFIT+ Mgz} =CUCE "

. Ay Ay
where C' = min , .
{ 1Tl 7 | T HTz‘lllz}

On the other hand, since T and T are unitary operators, by Theorem (1.1),
PT1VZ'T1 = Tlpvz and PTQWjTg = TQPWj. Then for all (f, g) e Ho K,

Z U? {’P(TlG}TZ)(%@Wi)(f’ g> ||2

el

=Y "0 [ Prov. (£ + > 02 [ Praw, (9) 15 [by (26)]
i€l el

= > o [P (T7 ) |5+ Y o | Prow T (T30 9) |
1€l el

= > [T Py (T )|+ Y 02 | T2 P (T3 g) |
i€l el

<TI0 || Po (7 F) |5+ T2 1D w2 || Pw, (T30 g) ||

el

il

< By ||T,|? HTflfo + By || T:] ||T2’1g||§ [ since V, W are fusion frames |
< BT T PR+ B 1Tl 7] g3

< D{IfIT+1gllz} =DICLf 9",

where D = max{31 |7y |2 HT1_1H2 , By || T2 HT2_1||2}-
Hence, { (T & T3) (Vs @ W;), v;}, o, is a fusion frames for H @ K. O
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Remark 2.10. By Theorem (1.1), for each (f, g) € H ® K, we have

> viPmerywew) (fr9) = vl Parvier,w) (£, 9)

iel il
- ZU? (Pryv, @ Prow,) (f,9) = ZUZQ (Pryvi [y Prow, g)
il iel

- ZU? (P (T f)  TaPw, (Ty ')

i€l
- <T1 S wiPy (T7'f), T Y viPy, (T;lg)>
iel el
= (TvSv (Ty' f) , TwSw (T 'g))
= (i eT)(SyaSw) (T "1, ") (f,9)
= (T & D) Svew (Th ® T2) "' (£, 9).

This shows that (T, @ Tb) Syew (T3 ® Ty) ' is the corresponding fusion
frame operator for { (71 @ T3) (Vi @ Wi), vi }, ;-

3. PERTURBATION OF FUSION FRAME IN CARTESIAN PRODUCT OF TWO
HILBERT SPACES

In frame theory, stability of a frame is an important concept. In this section,
we analyze the stability of fusion frame system in Cartesian product of two Hilbert
spaces under some perturbations.

Theorem 3.1. Let V. = {(Vi,vi)},c; and W = {(W;
sion frames for H and K with frame bounds A, B and C, D
{Xi @ Yi}, o, be a family of closed subspaces in H @ K. If
R < min{ A, C} such that

) vi)}iel be fu-
, respectively. Let
there exists 0 <

Yool Pvew (fi9) = Pxovi(f, ) < RI(f 9)]
i€l

forall (f,g) € H® K. Then the family { (X; © Y;, vi) }, o, is a fusion frame
for H & K.

Proof. For each (f,g) € H & K, we have
Y vl Pvew (f,9) = Pxevi(f,9) 1> < RI(f 9)l”
el

= > 0 |[(Pv,f,Pwg) — (Px.f, Pvg)ll> < RII(f 9)l

= > 0 I (Puf = Px.f . Pwg — Prg)ll” < RIS 9) "
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This implies that for each f € H and g € K, we have

i€l iel
<RI+ Nglls)- (3.1)
Now, by the triangle inequality, we have

Yoo P (NIT = D w2 NP ()T = D vl P (f) = Px (F)IIF

i€l i€l iel
> AFIF =Y vi 1P (f) = Px, (f)If, and
icl
Yol P (9)lly = Clglly = > vi Il Bw(g) — Pi(g)l,.
i€l i€l

Adding these above two inequalities, we get

Yol {I P (I + 1P (9)lls }

X<yl

iel iel
> AIfIE+ Cllglls = RIS+ Hlglls) [by 3.1)]
> min(A, C) (| £+ llgls) — RN+ 1gl2)
= {min(A, ) = R} ([If 17 + lgly) = {min(A4, C) = R}[[(f, g) 1"

= {min(A4, C) = R} [ (£, 9)1” < D vl lIPxev.(f,9)|* V(f g) € H® K

i€l

> AllfIF+Cllglly - {Zv? 1Py (f) = P, (O)IF+ D 0F 1 Pw, (9) —Pn(g)llf}

On the other hand,

S0 I P (AT <Y 02 I Pe ()T + D vl 1Py (f) = Px, (F)f

iel iel iel
< BIFIF+ D vl 1Py (f) = Px.(f)], and
iel
S 02 1Py (9)lly < Dllgls + > vl lPw, (9) — Py (9)ll3-
iel iel

Again adding the above two inequalities, and using (3.1), we get
Yool Pxevi(f, o) I < BIFIZ+ Dlglls + R (117 + Ngll3)
iel
< {max(B, D)+ R} (I fII7 + llgll3)
= {max(B, D) + R} | (f,9)I* V(f, g9) € H® K.

Hence, {(X; @ Y, v;) }, o, is afusion frame for H ® K with bounds {min(A, C') — R}
and {max(B, D) + R}.This completes the proof. O



64

F. AUTHOR, S. AUTHOR

Acknowledgement. The authors would like to thank the editor and the re-

viewers for their valuable comments and suggestions, which improved the quality

of

oo

10.
11.

12.

13.

14.

15.

16.

our paper.

REFERENCES

. P. Casazza, G. Kutyniok, S. Li, Fusion frame and disturbing processing, Applied and com-
putational harmonic analysis 25 (2008), 114-132.

. P. Casazza, G. Kutyniok, Frames of subspaces, Cotemporary Math, AMS 345 (2004), 87-

114.

R. J Duffin, A. C. Schaeffer, A class of nonharmonic Fourier series, Trans. Amer. Math.

Soc., 72, (1952), 341-366.

I. Daubechies, A. Grossmann, Y. Mayer, Painless nonorthogonal expansions, Journal of

Mathematical Physics 27 (5) (1986) 1271-1283.

G.B. Folland, A Course in abstract harmonic analysis, CRC Press BOCA Raton, Florida.

P. Gavruta, On the duality of fusion frames, J. Math. Anal. Appl. 333 (2007) 871-879.

P. Ghosh and T. K. Samanta, Fusion frame and its alternative dual in tensor product of

Hilbert spaces, Submitted, arXiv: 2105.03094.

Pawan K. Jain, Om P. Ahuja, Functional Analysis, New Age International Publisher, 1995.

R.V Kadison and J.R Ringrose, Fundamentals of the theory of operator algebras, Vol. 1,

Academic Press, New York 1983.

S.Rabinson, Hilbert space and tensor products, Lecture notes September 8, 1997.

S. Panayappan, Hilbert space frames, Riesz bases and tensor sums, Gulf Journal of Mathe-

matics, 2014, 2(3).

S. Radenovic, Z. Kadelburg, & L. Paunovic, A note on fized point theorems for weakly

T-Kannan and weakly T-Chatterjea contractions in b-metric spaces, Gulf Journal of Math-

ematics, 2015, 3(3).

F. A. Shah, & M. Y. Bhat, On framelet kernels of M-band wavelet frames, Gulf Journal of

Mathematics, 2015, 3(4).

G. Upender Reddy, N..Gopal Reddy, & B.Krishna Reddy, Frame operator and Hilbert-

Schmidt Operator in Tensor Product of Hilbert Spaces, Journal of Dynamical Systems and

Geometric Theories, 7:1, (2009), 61-70.

Ya-Hui Wang and Yun-Zhang Li, Tensor product dual frames,Journal of Inequalities and

Applications (2019) 2019:76.

Xiang-Chun Xiao, Yu-Can Zhu, Zhi-Biao Shu and Ming-Ling Ding, G-frames with bounded

linear operators, Rocky Mountain, Journal of Mathematics Vol. 45, No. 2, (2015).

I DEPARTMENT OF PURE MATHEMATICS, UNIVERSITY OF CALCUTTA, 35, BALLYGUNGE

CIRCULAR ROAD, KOLKATA, 700019, WEST BENGAL, INDIA.

Email address: prasenjitpuremath@gmail.com

2 DEPARTMENT OF MATHEMATICS, ULUBERIA COLLEGE, ULUBERIA, HOWRAH, 711315,

WEST BENGAL, INDIA.

Email address: mumpuapasb5@yahoo.co.in



	1. Introduction and preliminaries
	2. Fusion frame in Cartesian product of two Hilbert spaces
	3. Perturbation of fusion frame in Cartesian product of two Hilbert spaces
	References

