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SUPER QUASI-EINSTEIN WARPED PRODUCTS WITH
AFFINE CONNECTIONS

SAMPA PAHAN!

ABSTRACT. In this paper, we study super quasi-Einstein warped product spaces
with semi-symmetric non-metric connection and quarter symmetric connection.
Then we give the expressions of the Ricci tensors and scalar curvatures for the
bases and fibers with these affine connections. Next we find the obstructions
to the existence of super quasi-Einstein warped products with respect to affine
connections. In the last section, we obtain an example of super quasi-Einstein
space time.

1. Introduction

A Riemannian manifold (M", g) with dimension (n > 2) is said to be an
Einstein manifold if it satisfies the condition S(X, Y) = Zg(X, Y), holds on
M, where S and r denote the Ricci tensor and the scalar curvature of (M", g)
respectively. According to [I] the above equation is called the Einstein metric
condition. Einstein manifolds play an important role in Riemannian Geometry,
as well as in general theory of relativity.

The notion of quasi-Einstien manifold was defined in [7], [5]. A non-flat Rie-
mannian manifold (M", g), (n > 2) is said to be a quasi Einstein manifold if the
condition

S(‘X’Y) ZOég(X,Y)—{—Bp(X)p(Y), (1'1)
is fulfilled on M, where o and (8 are scalar functions of which 5 # 0 and p is non-
zero 1-form such that g(X, §) = p(X) for all X € x(M) and £ is a unit vector field.

In [1], M. C. Chaki introduced super quasi-Einstein manifold, denoted by S(QFE),
and gave an example of a 4-dimensional semi Riemannian super quasi-Einstein
manifold, where the Ricci tensor S of type (0,2) which is not identically zero
satisfies the condition

S(X)Y) =ag(X, Y)+ BAX)AY) +v[AX)B(Y) + AY)B(X)] + 6D(X,Y),
(1.2)
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where «, 3,7, § are scalar functions such that (3, ~, § are nonzero and A, B are two
nonzero 1-forms such that g(X, &) = A(X) and g(X, &) = B(X), &, & being
unit vectors which are orthogonal, i.e., g(&,&) = 0 and D is symmetric (0, 2)
tensor with zero trace which satisfies the condition D(X,&) =0, V X € x(M).

Here «, 3,7, d are called the associated scalars, and A, B are called the associated
main and auxiliary 1-forms respectively, &1, & are main and auxiliary generators
and D is called the associated tensor of the manifold.

In [6] P. Debnath and A. Konar proved that 4-dimensional Lorentzian S(QFE),
gives a general relativistic viscous fluid spacetime admitting heat flux and also
they deduced the bounds of the cosmological constant in a viscous fluid super
quasi Einstein spacetime. Many authors like C. Ozgiir [10] etc. have also studied
super quasi Einstein manifolds.

The notion of warped product generalizes that of a surface of revolution. Warped
products play important roles in the general theory of relativity [13]. It was
introduced in [3] for studying manifolds of negative curvature. Let (B, gp) and
(F,gr) be two Riemannian manifolds with dim B = m > 0, dimF = k > 0
and f: B — (0,00), f € C*(B). Consider the product manifold B x F
with its projections 7 : B X F' — B and ¢ : B x F — F. The warped prod-
uct B x; F'is the manifold B x F' with the Riemannian structure such that
| X2 = || (X)||* + f2(=(p))]|e*(X)]]?, for any vector field X on M. Thus we
have gy = gg + f2gr holds on M. Here B is called the base of M and F the
fiber. The function f is called the warping function of the warped product [13].

The idea of metric connection with torsion on Riemannian manifold was given
by Hayden (1932) in [12]. In 1970, K. Yano [21] considered a semi-symmetric
metric connection and studied some of its properties. Then in 1975, Golab [11]
introduced the idea of a quarter-symmetric linear connection on differentiable
manifold which is a generalization of semi-symmetric connection. Later in [15],
Q. Qu and Y.Wang have generalized the results to warped product and multiply
warped product with a special quarter-symmetric connection.

In [8] D. Dumitru has given a characterization of warped product on quasi-
Einstein manifold. B. Pal, A. Bhattacharyya [17], Q. Qu [19] have also studied a
characterization of warped product on different manifolds. S. Pahan, B. Pal, A.
Bhattacharyya deal with super quasi-Einstein warped product spaces in [14]

In this paper I have studied super quasi-Einstein warped product spaces with
respect to affine connections i.e. semi-symmetric non-metric connection and
quarter-symmetric connection. [ have computed the expressions of the Ricci
tensors and scalar curvatures for the bases and fibers with respect to affine con-
nections. In some cases I have investigated some obstructions to the existence of
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such manifolds with these affine connections and have given an example of super
quasi-FEinstein space time.
2. Preliminaries:

Let (M™, g) be a Riemannian manifold with the Levi-civita connection V. A
linear connection V on (M",g) is said to be semi-symmetric if its torsion tensor
T' can be written as

T(X,Y)=VxY - VyX — [X,Y],

satisfies the condition
T(X,)Y)=7n(Y)X — n(X)Y,

where 7 is an 1— form on M"™ with the associated vector field P defined by
m(X) = g(X, P), for all vector fields X € x(M™").
A connection V is called semi-symmetric non-metric connection if Vg # 0.
The relation between semi-symmetric non-metric connection V and the Levi-
Civita connection V of M™ and it is given by [20]

VxY = VY +7(Y)X — g(X,Y)P, (2.1)
where g(X, P) = m(X).

It is easy to seen that
Vxg(Y,2) = —n(Y)g(X, Z) = n(2)9(X, 2),
for all vector fields X, Y, Z € x(M").

Further, a relation between the curvature tensors R and R of type (1,3) of the
connections V and V respectively is given by [20],

R(X,Y)Z = R(X,Y)Z + g(Z,VxP)Y — g(Z,VyP)X, (2.2)
+7(2)[n(Y)X = m(X)Y],

for any vector field X,Y, Z on M™.

A linear connection V on (M™,g) is said to be quarter-symmetric connection
if its torsion tensor 1" of the connection V can be written as

T(X,Y)=VxY —VyX —[X,Y],

satisfies
T(X,Y) =m(Y)pX — ma(X)Y,
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where 7y is an 1— form on M™ with the associated vector field L defined by
mo(X) = g(X, L), for all vector fields X € x(M™).

A quarter-symmetric connection V is called quarter-symmetric metric connec-
tion if Vg = 0.

It is obvious that if X = X then the quarter-symmetric connection will re-
duce to a semi-symmetric connection. Thus, the quarter-symmetric connection
generalizes the semi-symmetric connection which plays an important role in the
geometry of Riemannian manifolds having a physical application i.e. the displace-
ment on the earth surface facing one definite point is metric and semi-symmetric

[10].

The relation between quarter-symmetric metric connection V and the Levi-Civita
connection V of M™ and it is given by [17]

ViV = VxY 4+ \m(Y)X — Ag(X,Y)L, (2.3)
where g(X, L) = m(X) and Ay # 0, Ay # 0 are scalar functions.

We can easily see that:

when Ay = Ay = 1, V is a semi-symmetric metric connection;
when A\; = Ay # 1, V is a quarter-symmetric metric connection;
when A\; # A9, V is a quarter-symmetric non-metric connection;

Further, a relation between the curvature tensors R and R of type (1,3) of the
connections V and V respectively is given by [15],

%

R(X,Y)Z = R(X,Y)Z + Mg(Z, VxP)Y — Aog(Z, VyP)X,  (2.4)
+Xa[9(X, Z)Vy P — g(Y, Z)V x P]
FAdema (P)[g(X, 2)Y — g(Y, Z) X]
+A3[9(Y, Z)ma(X) — g(X, Z)me(Y)] P
F N7 (2) [ma (V)X — ma(X)Y],

for any vector field X,Y, Z on M.

3. Warped Product Manifolds with Semi-Symmetric Non-Metric
Connection

In this section we have considered warped product manifolds with semi-symmetric
non-metric connection and given expressions of curvature tensor, Ricci tensor and
the scalar curvature admitting this connection where the associated vector field
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P e x(B) and P € x(F).
Then, we have the following Propositions [20].

Proposition 3.1. Let M = B x; F' be a warped product, R, R be the Riemann-
tan curvature tensors of M with respect to Levi-Civita connection and the semi-
symmetric non-metric connection respectively. If X, Y, Z € x(B), U,V,W € x(F)
and P € x(B), then

(7) (X Y)Z is the lift of R®(X,Y)Z on B,

(i) R(V. X)Y = —[FLE) 4 (Y, Vi P) = 7(X)m(Y))V,

(141) ( YY)V =0,

(iv) R(V,W)X =0,

(v) R(X, V)W = —g(V, W)[¥xgred 4 LI ],

(vi) R(U,V)W = RF(U, V)W — {292 1 2IA[g(V, W)U — (U, W)V].

Proposition 3.2. Let M = B x; I be a warped product, R, R be the Riemann-
tan curvature tensors of M with respect to Levi-Chivita connection and the semi-
symmetric metric non-connection respectively. If X,Y,Z € x(B), U, V,W € x(F)
and P € x(F), then

i) R(X,Y)Z = RE(X,Y)Z,

i) R(V. X)Y = — DY — (V)L X,

i) R(X,Y)V = W(V)[%Y — %X]

iv) R(V,W)X = H[x(W)V — x(V)W],

v) (X VIW = —g(V, W) Zxaed) — (W, Yy P)X +7(V)x(W)X + XL (W),
vi) R(U,V)W = RF(U, V)W + g(W,VyP)V — g(W,VyP)U + W(W)[ (V)W —
T(U)V] = 2l g (V. W)U — g(U,W)V].

(
(
(
(
(
(

By Prop0s1t10n 3.1 and Proposition 3.2, by a contraction of the curvature ten-
sors we obtain the Ricci tensors of warped product with respect to semi-symmetric
metric connection as follows.

Proposition 3.3. Let M = B x; F' be a warped product, S and S denote
the Ricci tensors of M with respect to the Levi-Civita connection and the semi-
symmetric non-metric connection respectively where dimB = ny and dimF = ns.

If XY e x(B), V,W € x(F) and P € x(B), then

(i) S(X,Y) = SB(X,Y) + no[ 52 4 g(Y, Vi P) — w(X)m(Y)],
(1) S(X,V)=S(V,X) =0,
(iii) S(V, W) = SF(V,W) + [(n — 1) 294E 4 (ny + ny — 1)EL — B]g(v, ).
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Proposition 3.4. Let M = B x; F be a warped product, S and S denote
the Ricci tensors of M with respect to the Levi-Civita connection and the semi-

symmetric non-metric connection respectively where dimB = ny and dimF = ns.
If XY € x(B), VW € x(F) and P € x(F), then

(i) S(X.

(i) (X, V) = (1 = m)n(V) 2L,
(i) 3(V,X) = (1 - Dr(V) L,
(

i) S(V,W) = ST(V,W)+g(V, W)[(no—1) 2l — 2L g(V, W)+ (73— 1)g(W, Vi P)

Y) = SP(X,Y) + ny )

—( = Dr(V)m(W).

By Proposition 3.3 and Proposition 3.4 by a contraction of the Ricci tensors we
obtain the scalar curvatures of warped product with respect to semi-symmetric
metric connection as follows.

Proposition 3.5. Let M = B X F be a warped product, r and v denote the scalar
curvature of M with respect to the Levi-Civita connection and the semi-symmetric
non-metric connection respectively and P € x(B), then

Pf

F
M + Tlg(’n, - 1)7

F=r +F+n(n2—1)| 7

—2@% — no(P) — nadivP.

Proposition 3.6. Let M = B X F' be a warped product, r and  denote the scalar
curvature of M with respect to the Levi-Civita connection and the semi-symmetric
non-metric connection respectively and P € x(F'), then

F=rB 4 f_z + (n — 1)divP — (n — 1)7(P)
2
+na2(ns — 1)% - QM%‘

4. Super Quasi Einstein Warped Products with Affine Connections

In this section, we have given Ricci curvature and scalar curvature of super
quasi-Einstein warped products with a semi-symmetric non metric connection.

Theorem 4.1. Let M = B x; F' be a super quasi-Einstein warped product space,
dim B =mny, dim F =ny, dim M =n=ny;+ny, X,)Y € '(TB), VW € I'(TF),
P € I'(T'B) Then the following conditions hold.
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i) When & € I(T'B),& € I'(TB) then

SB(X’ Y) = agB(X> Y) + 59B(X7 51)93(Y7 51) + 5DB(Xv Y)
- Ag(X, E0)g8(Y: &) + 95(X, E)ga(Y, &)] — ny L)
) + (Y, VxP) = n(X)n(Y)]
Sp(ViW) = gp(ViW)laf? + FAF + (1 — no)lgradf|® + (1 — ) fPS]
+ 5DF(V, W)

(4.1)
i) When & € T(TF),& € I'(TF) then

Sp(X,Y) = ags(X.Y)+0Dp(X,Y) —na[ X 4 g(Y, Vi P) — n(X)m(Y)]
gr(V,W)laf? + fAf + (1 —ng)|gradf|* + (1 — n) f P f]
ODp(V,W) + Bfgs(V,&1)gs(W, &) + v 98(V. &) gs(W, &)
gB(V7 52)gB(W> 51)]

Se(V,W)

+ 4+l

(4.2)
iii) When & € T'(TB),& € T'(TF) then
Sp(X,Y) = agp(X,Y)+ Bgs(X,&)gs(Y,&) +0Dp(X,Y)
) — [ 4 (¥, Vx P) = (X)m(Y)
Se(ViW) = ge(V,IV)[0f? + FAS + (- no)lgradf P + (1 - n) P
+ 0Dp(V,W)
(4.3)

Proof. i) Since, M is a super quasi-Einstein manifold and For XY on I'(T'B),

we have Sy (X,Y) = agp(X,Y) + Bgp(X, &)g5(X, &) +7g8(X, &)gs(X, &) +
98(Y,&1)95(X,&)] + dDp(X,Y). From Proposition 3.4 we get the equation

).
S(X,Y) = S3(X,Y) + no[T'EN 4 (Y, VxP) — n(X)m(Y)]. By applying the
above two equations we get the result of equation (4.1) (i).

Since, M is a super quasi-Einstein manifold and For V,W on I'(T'F'), we have

Su(V,W) = f2agp(V,W) + 6Dp(V,W). From Proposition 3.4 we get the equa-

tion S(V,W) = SE(V,W) + [(ny — 1)2dE 4 (7 — 1)EL — 211129V, W). By

applying the above two equations we get the second result of equation (4.1) (i).

ii) Since, M is a super quasi-Einstein manifold and For X, Y on I'(T'B), we have
Su(X,Y) =agp(X,Y)+0Dp(X,Y). From Proposition 3.4 we get the equation

S(X,Y) = SB(X,Y) + ng[M +g(Y,VxP) — n(X)m(Y)]. By applying the

above two equations we get the result of equation (4.1) (ii).

Since, M is a super quasi-Einstein manifold and For V,W on [(TF), we have
Su(V.W) = fPagr(V.W) + f1Bgr(V.&)gr(W.&1) + f*9l9r(V.61)gr (W, &) +
gr(W,&)g9r(V,&)] + 0Dp(X,Y). From Proposition 3.4 we get the equation

S(V.W) = ST (V.W) + [(n2 = DIZEE + (1~ DI — 51 g(V.W). By ap-
plying the above two equations we get the second result of equation (4.1) (ii).
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iii) Since, M is a super quasi-Einstein manifold and For X,Y on I'(T'B), we have
Su(X, Y) =agp(X,Y)+895(X,&)gp(X,&)+0Dp(X,Y). From Proposition 3.4
we get the equation S(X,Y) = SB(X,Y) —l—m[% +9(Y,VxP)—m(X)n(Y)].
By applying the above two equations we get the result of equation (4.1) (iii).
Since, M is a super quasi-Einstein manifold and For V,W on I'(T'F'), we have
Su(X,Y) = fragr(X,Y)+6Dp(X,Y). From Proposition ?? we get the equation
S(V,W) = SE(WV,W)+][(ny — 1)"”;—?‘2 +(n— 1)P7f — %]fQQ(V, W). By applying
the above two equations we get the second result of equation (4.1) (iii).

From the above theorem we can give the scalar curvatures of M, B, and F. [

Corollary 4.2. Tuaking the traces of theorem j.1 we get the scalar curvature of
M, B and F of different cases and P € T'(TB). For the first case, we get
i) When & € T(T'B),& € I'(TB) then

M = noa+ [,
g = nja— ng% + nadivg P + nom(P) + 5,
Fr = mnolafi+ fAf+ (1 —ng)|gradf|* + (1 —n)fPf]
(4.4)
i) When & € T(TF),& € T'(TF) then
v = na+pf,
g = njo— ng% + nodivg P + nam(P),
fro= molaf?+ fAf+ (1= mno)lgradf|* + (1 —n)fPf] + Bf*
(4.5)
i1i) When & € T(TB),& € T(TF) then
v = na+pf,
g = njo— ng% + nadivg P + nom(P),
Fr = mnolafi+ fAf+ (1 —ny)|gradf|* + (1 —n)fPf]
(4.6)

Theorem 4.3. Let M = B x ¢ F' be a super quasi-Einstein warped product space,
dimB = ny, dimF = ny, dimM =n =ny +ny, X, Y € I(TB), VW € I'(TF),
P e I'(TF) Then the following conditions hold.

i) When & € T'(T'B),& € I'(T'B) then

Sp(X,Y) = ags(X.Y) + Bos(X.£)gs(Y,&) + Dp(X,Y) — ng Y]
Ygs(X,&)95(Y, &) + 95(X, &)gp(Y, &)

gr(V.W)laf? + fAf 4+ (1 — ny)|gradf [!] + 6Dp(V, W)
(n—Dr(V)m(W) — (n — 1)g(W, Vv P)

Sp(V,W)

+ 1+

(4.7)
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i) When & € T(TF),& € T'(TF) then

Sp(X,Y) = ags(X,Y)+0Dp(X,Y) - ny D
Sp(V,W) = gr(V,W)[f?a+ FAf + (1 —n)|gradf ] + 6 Dp(V, W)
+ (1 =n)g(W.VvP) + (n— D)r(V)m(W) + Bf*g5(V, &1)g5(W, &1)
+ g (V:&1)gs(W, &) + gB(V, &) g8(W, &1)].
(4.8)
iii) When & € T(TB),& € T'(TF) then

Se(ViW) = ge(V,W)laf? + FAf + (1 = no)|gradf "] + 6Dp(V,W)

{ $6(X,Y) = aga(X.Y)+ Bgs(X,6)g5(Y,&) +6Dp(X,Y) — ny /D)
+ (1-=n)gW,VyP)—(1—n)r(V)r(W)

(4.9)

Corollary 4.4. Tuaking the traces of theorem /.3 we get the scalar curvature of
M, B and F of different cases and P € I'(T'F). We get
i) When & € I(TB),& € I'(T'B) then

T = no+pf,
~ . Af
g ma —ny 5+ G,

Fr = nolaf?+ fAf+ (1 —ny)|gradf|’] — (7 — )divgP + (i — 1)7(P)

(4.10)
it) When & € T(T'F),& € I'(TF) then
’I:M = na-+ B,
{ rg = nla—ng%,
Fr = molafi+ fAf+ (1 —ng)lgradf?] — (i — 1)divgP + (n — 1)7(P) + B f*
(4.11)

iii) When & € T'(TB),& € I'(T'F) then

’I:M = ’FLO./—I—/B,
{ fB = nla—ng%ﬂLﬁ,
nolaf? + fAf + (1 —ny)|gradf?] — (i — )divg P + (i — 1)7(P)
(4.12)

i
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Similarly for Ricci curvature and scalar curvature of super quasi-
Einstein warped products with quarter symmetric connection we have
the following corollaries.

Corollary 4.5. Let M = B x; F be a super quasi-Einstein warped product space,
dimB = ny, dimF = ny, dimM =n =ny+ne, X, Y € I'(TB), VW € I'(TF),
P € T'(T'B) Then the following conditions hold.

i) When & € I(T'B),& € I'(T'B) then

[ Sp(X,Y) = ags(X,Y)+ Bgs(X,&)gs(Y &) +7[93J§X7 &1)gs(Y, &)
98(X,&)g5(Y, &)+ 0Dp(X,Y) — 712[%)“/) + Ag(Y, Vx P)
/\QPng(X, Y) — Aoma(X)m2(Y) + MAama(P)g(X,Y) + Aoma(X)]
gr(V.W N af? = fAf = (na = 1)|gradf | — [(n — 1)\

(no — Do) fPf — f2hadivg P — f2[(n — 1) M\

A3lma(P)} + 0Dp(V. W)

+ +

Se(V, W)

I+l

(4.13)
it) When & € T'(TF),& € I'(TF) then

[ S5(X,Y) = ags(X,Y)+0Dp(X,Y) —no[ X 4 A (Y, Vi P) — Aoma(X)ma(Y)
+ M g(XY) + MAom(P)g(X,Y) + Aomy (X))
SYF(V7 W) = gr(V,W){af? = fAf = (n2 = DIVFP = [(72 = D)X + (ng — 1)Xo] fPf
[P hodivgP — f2[(i — 1) My — A|ma(P)} + B f1g5(V, &) g (W, &)
\ + ODp(V,W) +~f*98(V,&)98(W, &) + gp(V, &) gs(W, &1)]

(4.14)
i11) When & € T(T'B),& € I'(TF) then

[ S5(X,Y) = ags(X.Y)+ Bys(X.&)gs(Y,&) + 0Dp(X,Y) — ng[ L)
+ Ag(Y, VxP) = doma(X)ma(Y) + A g(X,Y) + A doms(P)g(X,Y)
} + Aoy (X))
Sr(V,W) = gp(V.W)H{af? = fFAf = (no = DIV = [(n = DA + (ny — DX fPSf
— PhadivgP — f2[(7 — DAhe — AJma} + 0Dp(V, W)

(4.15)
From we have the scalar curvatures of M, B, and F.
Corollary 4.6. Taking the traces of corollary 4.5 we get the scalar curvature of

M, B and F of different cases and P € T'(TB). For the first case, we get
i) When & € I(TB),& € I'(T'B) then



SUPER QUASI-EINSTEIN WARPED PRODUCTS WITH AFFINE CONNECTIONS 11

’I%M = na+ 5,
g = ma+f—nySt —nyhidivgP
=+ )\%nQﬂ-Q(P) — /\1)\27L1TLQ7T2(P),
ir = mylaf? = fAf —(ng — DIVF]? = [(n — DA+ (n2 — DA fPS
- fz)\gdiUBP — f2[(77l — 1)/\1)\2 — )\%]WQ(P)]
(4.16)
i) When & € I(T'F),& € T(TF) then
7%M = noa -+ ﬂ,
g = nja— ng% — oA divg P + Anomy(P) — A daninama(P),

Fr = nolaf?— fAf —(ng — 1)|gradf|2 (= DA1 + (n2 — DA fPS
f2/\2diUBP — fQ[(n — 1))\ )\2 ]WQ(P)] —+ 5f4 + 'Yf4

(4.17)
iit) When & € T(TB),& € T(TF) then
%M = na+ 57
g = nja— ng% — e divg P + N2nama(P) + B — A Aaninama(P),

e = nolaf?— fAf —(ng — 1)]gradf|2 [(7 — ))\1 + (n2 — DA fPf
—  [*hdivgP — f?[(n — 1)AiAs — AZ]ma(P)

(4.18)

Corollary 4.7. Let M = B x; F be a super quasi-Einstein warped product space,
dimB = ny, dimF = ny, dimM =n =ny+ne, X, Y € I'(T'B), VW € I'(TF),
P e T(TF) Then the following conditions hold.

i) When & € T(T'B),& € I'(TB) then

(55(X,Y) = ags(X,Y)+ Bgn(X,6)gs(Y,6) +6Dp(X,Y) — ny L)
— Mg(X,Y)divp P + v[95(X,£1)98(Y, &2) + 95(X, §2)9B(Y, &1)]
) — [(7n— DA A = M|ma(P)g(X,Y)
Sp(V.W) = gr(V,W){af? — fAf — (ny — 1)|gradf ?6Dp(V, W)
L — XNJg(W, VyP) — A3+ (1 = nAf]ma (V) ma (W)

(4.19)
i) When & € I(TF),& € I(TF) then

((Sp(X.Y) = ags(X,Y)++6Dp(X,Y) — ny Y

— [(ﬁ — 1)/\1/\2 — /\%]WQ(P)Q(X, Y) — /\Qg(X, Y)dZUFP
! Se(VW) = gp(V,W){af? = FAf = (na — Dlgradf | — f*[(n — )M

— A2m(P)Y — (7 — DA — Aalg(W, Wy P) + Af2g(V, W)divg P
— [N+ (1 =)\ me(V)m(W) + Bf1gs(V, &) gs(W, &)
\ + v 9s(V,&)gs(W, &) + g5(V, &) gs(W, &)] + 6Dp(V, W)
(4.20)
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iii) When & € T(TB),& € T(TF) then

Sp(X,Y) = agp(X,Y)+ Bgp(X,6)g5(Y,6) + 3Dp(X, V) — ny L0
] — (= DMde — A2ma(P)g(X,Y) — Aag(X,Y)divp P
Sp(V.W) = gr(V,W){af? — fAf — (ny — 1)|gradf |> — f?[(R — 1)\
— NI (P)} + 6De(V.W) — [(7 — 1)\ — AJg(W, Vy P)
+ +A2g(V,W)divp P — X3 + (1 — a3 |ma(V)me (W)

(4.21)

Corollary 4.8. Taking the traces of corollary 4.7 we get the scalar curvature of
M, B and F of different cases P € T'(TF). We get
i) When & € T'(T'B),& € I'(T'B) then

fM = noa+ ﬁ,
%B ang 4+ 6 — ng% — nl[(ﬁ — 1))\1)\2 — )\%]WQ(P) — )\gnldiva,
Te = nofaf? = FAf —(ng — 1)gradf|* — {f?*[(R — 1)\ d2 — N3]

+ [)\% + (1 — ﬁ)\%]ﬁg(P)} — [(ﬁ — 1))\1 — )\Q]dZUFP + )\f2n2diUFP

(4.22)
i1) When & € T(TF),& € T(TF) then
7%]\/[ = noa+ 5,
%B = oany — TLQ% — nl[(ﬁ — 1))\1)\2 — )\%]WQ(P) — )\indiUFP,

i = no{af? — fAf — (ny — 1)|gradf|* — { f*[(R — DAAs — AF]

(4.23)
iii) When & € T'(TB),& € I'(T'F) then

’FM = noa+ 5,

7%B = an + ﬁ — ng% — nl[(ﬁ — 1))\1)\2 — )\%]WQ(P) — )\ind’iUFP,

rr = nof{af?— fAf — (ng — [gradf|* — {f*[(n — 1)\ A2 — AJ]

(4.24)
5. Obstructions To The Existence Of Super Quasi-Einstein Warped
Products with Affine Connections:

In this section, we prove some obstructions to the existence of super quasi-
Einstein warped products with a semi-symmetric non-metric connection. We
consider the following six cases:

When P c ['(TB),& € I'(TB),& € I'(TB):




SUPER QUASI-EINSTEIN WARPED PRODUCTS WITH AFFINE CONNECTIONS 13

From the equation (4.1), we consider

af' + fAf+ (1 =m)|[VF* + (1 —a)fPf = o

Then the equation (4.4) becomes

Sp(X,Y) = agp(X,Y)+ Bgp(X,&)g5(X, &) +v[9s(X, &)gB(Y, &)

+ g5(X,&)g5(Y,&)] + 6Dp(X,Y) — ny[ D)
) + g(Y,VxP) = n(X)n(Y)]
SF(Xu Y) = algF(X7 Y)7
0%} = af’ + fAf+ (1 —n2)|VIP+ (1 —n)fPf.

(5.1)

Theorem 5.1. Let M = B x; I be a super quasi-Einstein warped product with
respect to semi-symmetric non-metric connection with B compact and connected,
dimB = ny > 1, dimF = ny > 2, dimM = ny +ny = n, P € I'(I'B) and
& €(TB),& e IN(T'B). Ifny =1, divP = ¢, and w(P) = ¢y are both constants,
then M 1is a simply Riemannian product.

Proof. Since n; = 1, 75 = 0, by the second equation of (4.4) we get

OZOZ—'TLQT—TL201+TLQCQ+/B7

Af —a — 3+ ngc — nacy
L= = Co,
f n2
- Af = ¢of. Hence, the Laplacian has constant in sign and so M is a simply
Riemannian product. Il

Theorem 5.2. Let M = B x; I be a super quasi-Einstein warped product with
respect to semi-symmetric non-metric connection with B compact and connected,
dimB = ny; > 2, dimF = ny > 2, dimM = ny +ny = n, P € I'(TB) and
& €N(TB),& eT(TB). If ry <rp, divP <0, a>0 and w(P) > 0, then M is
a simply Riemannian product.

Proof. From the equation (4.4),

A
g = nio — nng — nadivP + nam(P) + 5,

A
= Ty — Tp = Nofa — Tf + divP — w(P)].
By using the condition we can easily shown that f is constant. 0

Theorem 5.3. Let M = B x; F' be a super quasi-Einstein warped product with
respect to semi-symmetric non-metric connection with B compact and connected,
dimB = ny; > 2, dimF = ny > 2, dimM = n; +ny = n, P € I'(TB) and
& € I(TB),& € T(TB). If Pf <0, a >0 and |Vf]? > o=, then M is a
simply Riemannian product.
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Proof. From the third equation of (5.1) we get M is a simply Riemannian product.
OJ

Theorem 5.4. Let M = B x; I be a super quasi-Einstein warped product with
respect to semi-symmetric non-metric connection with B compact and connected,
dimB = ny > 2, dimF = ny > 2, dimM = ny +ny = i, P € I'(TB) and
& el(TB),&el(TB). Ifrg <0, divP <0,a>0,5>0andw(P) >0, then
M is a simply Riemannian product.

Proof. From the third equation of (4.4) we have 7 = nya; > noa.

So, we get Tp 4+ 7T > Ty — ng% — ngodivP + nym(P),
By using the condition we can easily shown that f is constant. 0

Theorem 5.5. Let M = B x; I be a super quasi-Einstein warped product with
respect to semi-symmetric non-metric connection with B compact and connected,
dimB = ny > 2, dimF = ny > 2, dimM = ny +ny = n, P € I'(TB) and
& € D(TB),& € T(TB). Ifriyy > B+ ™8+, divP <0, and 7(P) > 0, ny > ny,
Pf <0, then M is a simply Riemannian product.

Proof. From the third equation of theorem 5.1 and the second equation of (4.4)
we get

fArg—nio0—Bf% = (ng—ny) fAf+ni(ng—1) |V fI*+ny(n—1) f P f—no f2divP+ny f2m(P).

Using the conditions we get f is constant. Il

Theorem 5.6. Let M = B x; F' be a super quasi-Einstein warped product with
respect to semi-symmetric non-metric connection with B compact and connected,
dimB = ny > 2, dimF' = ny > 2, dimM = ny +ny = n, P € I'(I'B) and
& € I'(T'B),& € I(TB). If a <0, Pf >0, and rg > 0, then M is a simply
Riemannian product.

Proof. From the third equation of (4.4) we have Frp = nsay > 0. By the third
equation of theorem 5.1 and using the condition we can easily shown that f is
constant. O

Theorem 5.7. Let M = B x; F' be a super quasi-Einstein warped product with
respect to semi-symmetric non-metric connection with B compact and connected,
dimB = ny > 2, dimF' = ny > 2, dimM = ny +ny = n, P € I'(T'B) and
& € I(TB),& € I(TB). If a > 0, Pf > 0 then M is a simply Riemannian
product.

Proof. Let z € B such that f(z) is maximum of f on B. Then gradgf(z) = 0 and
Apf(z) =0. So, Pf(Z) = 0. From the equation (5.1) in the point z we obtain

af?(z) + f(2)Apf(z) = o,

Again also we have
af*(z) + f(2)Apf(2) = a1 = af? + fAf + (1 = no)|[ V[P + (1 —7) fPf.
Hence by using the conditions we get fAgf > 0. So, f is constant. 0J
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Theorem 5.8. Let M = B x; F' be a super quasi-Einstein warped product with
respect to semi-symmetric non-metric connection with B compact and connected,
dimB = ny > 2, dimF' = ny > 2, dimM = ny +ny = n, P € I'('B) and
& € I'(I'B),& € (TB). If ryy > g+ 715, divP <0, and 7(P) >0, oy > «
then M 1is a simply Riemannian product.

Proof. From the third equation of (4.4) we have 7p = noc; > noay. By the third
equation of theorem 5.1 and using the condition we can easily shown that f is
constant. O

Similarly for quarter symmetric connection we have the following
corollaries.

Corollary 5.9. Let M = B x¢ F' be a super quasi-Einstein warped product with
B compact and connected, dimB =ny > 1, dimB =ny > 2, dimM = ni+ns = n,
P € T(TB) and & € T(TB),& € T(TB). Ifny = 1, divP = ¢, & = ¢, and
T(P) = c3, A = A2, Ay > 0, A2 > 0 where ¢q,Cy are constants then M is a simply
Riemannian product.

Corollary 5.10. Let M = B x ¢ F' be a super quasi-Einstein warped product with
B compact and connected, dimB = ny; > 2, dimF =ny > 1, dimM = ni+ns = n,
Pel(TB) and & € I'(TB), & € T'(TB). If ng =1, <0, Pf <0, divgP > 0,
A, A2 >0, Ay = (0 — 1)\ then M is a simply Riemannian product.

Corollary 5.11. Let M = B x; F' be a super quasi-Einstein warped product with
B compact and connected, dimB = ny > 2, dimF = ny > 2, dimM = ni+ny = n,
PeT(TB) and & € T(TB),& € T(T'B). Then M is a simply Riemannian prod-

uct if any one of the following relation hold.

a) Tp >0, a <0, Pf >0, divgP >0, A\, A0 >0, Ao = (. — 1)y,

b) iy < Fp, a >0, Pf >0, divgP <0, A, Ay >0, \j = 11\,

) 2> 0,0 <0, divgP >0, M, A2 > 0, dg = (R — DAy, [Vf]? < 122,
d)E <0, divgP > 0, M\, A9 > 0, Ay = nydg, 75 <0, @ >0, >0,

e) £L >0, divgP >0, A\, Ay >0, \y = mydo, 0> 75, >0, >0,

>
f -
f) Pf <0, divgP <0, A\, A3 >0, Ay = Ay, f32%+5, ng > MNy.

When P € [(T'B),& € I(TF),& € I(TF):

Theorem 5.12. Let M = B Xy I' be a super quasi-Einstein warped product with
respect to semi-symmetric non-metric connection with B compact and connected,
dimB = ny > 1, dimF = ny > 2, dimM = ny +ny = n, P € I'(TB) and
& el(TF),& e '(TF). Ifny =1, divP = ¢, and w(P) = ¢y are both constants,
then M 1is a simply Riemannian product.
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Proof. Since n; = 1, 7 = 0, by the second equation of (4.5) we get

O0=a— TLQT — NaC1 + NacCa,

Af  a—nger +ngcy

- f n2
.. Af = c3f. Hence, the Laplacian has constant in sign and so M is a simply
Riemannian product. 0J

= C3,

Theorem 5.13. Let M = B Xy I' be a super quasi-Einstein warped product with
respect to semi-symmetric non-metric connection with B compact and connected,
dimB = ny > 2, dimF = ny > 2, dimM = ny +ny = n, P € I'(TB) and
& eNNTF), & e (TF). If B # 0 then M is a simply Riemannian product.

Proof. Consider the second equation of (4.1) that V,W are orthogonal vector
fields tangent to F' such that gr(V,&) # 0, gr(W,&) # 0, Dp(V,W) = 0 or

gr(V,&1) # 0, gpr(W. &) # 0, Dp(V,W) = 0 or gr(V,&) # 0, gr(W, &) # 0,
Dp(V,W) =0. Then we have

SF(M W)= ﬁf49F(V7 §1)gr(W, &),
or

gF(‘/a W) = 7f4gF(V7 gl)gF(Wa 52)7
or

Sp(V,W) = vf'gr(V,&)gr(W, &1).

Taking in consideration the different domains of definition of the functions that
appear in the above equations, we get f is a constant. O

Similarly for quarter symmetric connection we have the following
corollaries.

Corollary 5.14. Let M = B x; F' be a super quasi-Einstein warped product with
B compact and connected, dimB = ny; > 1, dimF = ny > 2, dimM = ni+ns = n,
P eT(TB) and & € T'(TF),& € T(TF). If ny = 1, divgP = ¢, n(P) = ca,
% = c3, Ay = Ay > 0 where cq, co, c3 are constants then M is a simply Riemannian
product.

Corollary 5.15. Let M = B x ¢ I be a super quasi-Einstein warped product with
B compact and connected, dimB = nq, > 2, dimF = ny > 2, dimM = n; + ny =
n, P € I(TB) and & € T(TF),& € T(TF). If 8 # 0 then M is a simply

Riemannian product.

When P c['(TB),& € I'(TB),& € I(TF)
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Theorem 5.16. Let M = B x; I' be a super quasi-Einstein warped product with
respect to semi-symmetric non-metric connection with B compact and connected,
dimB = ny > 1, dimF = ny > 2, dimM = ny +ny = n, P € I'(T'B) and
& €(TB),& e IN(TF). Ifny =1, divP = ¢y, and w(P) = ¢y are both constants,
then M 1is a simply Riemannian product.

Proof. Since n; = 1, 75 = 0, by the second equation of (4.6) we get

0=a—nyg—— — naocy + Naco,
f
Af Q. — NagC1 + NaCo
L = = c3,
/ T2
. Af = c3f. Hence, the Laplacian has constant in sign and so M is a simply
Riemannian product. O

Similarly for quarter symmetric connection we have the following
corollaries.

Corollary 5.17. Let M = B x ¢ I be a super quasi-Einstein warped product with
B compact and connected, dimB = ny; > 1, dimF = ny > 2, dimM = ni+n, = n,
P € I(TB) and & € I'(TB),& € T(TF). If gy = 1, divgP = ¢1, 7(P) = ¢,
Pl — c3, A1 = Ay > 0 where ¢y, co, c3 are constants then M s a simply Riemannian

product.
When P c ['(TF),& € I(TB),& € I(T'B) :

From the equation of (4.7), we consider

af? + fAf+ (1 —n2)| VS = .

Then the equation (4.7) becomes

S5(X,Y) = ags(X,Y)+ Bgs(X,&)gp(X, &) — ny e

3 + os(X.&)gs (Y. &) + 95(X, &)g(Y. &1)] + 6Dp(X,Y)

Sp(X,Y) = aagr(X,Y) + (1 —ng(W,VyP)) — (1 —n)r(V)r(W),
an = af?*+ fAf+ (1 —ny)|Vf]

(5.2)

Theorem 5.18. Let M = B Xy I' be a super quasi-Einstein warped product with
respect to semi-symmetric non-metric connection with B compact and connected,
dimB = ny > 1, dimF = ny > 2, dimM = ny +ny = n, P € I'(TF) and
& €I(TB),& e I(TB). Ifny =1, divP = ¢y, and w(P) = ¢ are both constants,
then M 1is a simply Riemannian product.
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Proof. Since n; = 1, 75 = 0, by the second equation of (4.10) we get

A
Oza—ng—f—l—ﬁ,

f
Af  —a-p
ST = = (4,
/ T2
.. Af = cyf. Hence, the Laplacian has constant in sign and so M is a simply
Riemannian product. O

Theorem 5.19. Let M = B x; I' be a super quasi-Einstein warped product with
respect to semi-symmetric non-metric connection with B compact and connected,
dimB = ny > 2, dimF = ny > 2, dimM = ny +ny = n, P € I'(TF) and
& € I(TB),& € I(TB). Ifryy > rg+ 1, divP =0, and 7(P) = 0, as > «,
then M is a simply Riemannian product.

Proof. From the third equation of (4.10) we have 7p = nyas > nsa.
So, we get Tp + 7T > Ty — ng%,
By using the condition we can easily shown that f is constant. 0

Theorem 5.20. Let M = B x; I be a super quasi-Einstein warped product with
respect to semi-symmetric non-metric connection with B compact and connected,
dimB = ny > 2, dimF = ny > 2, dimM = n; +ny = n, P € I'(TB) and
& e(TB), & eT'(TB). Ifa<0, divP =0, and n(P) =0, 7 > 0, then M s
a stmply Riemannian product.

Proof. From the second equation of (5.2) and the equation of theorem 5.1 and
the second equation of (4.10) we get

fArg—nioq—Bf% = (ng—n1) fAf+n1(ng—1) |V f|*+ny(n—1) f P f—no f2divP+ny f2m(P).

Using the conditions we get f is constant. 0

Theorem 5.21. Let M = B x; I be a super quasi-Einstein warped product with
respect to semi-symmetric non-metric connection with B compact and connected,
dimB = ny > 2, dimF = ny > 2, dimM = ny +ny = n, P € I'(TF) and
& € I'(T'B),& € I(TB). If a <0, Pf >0, and rp > 0, then M is a simply
Riemannian product.

Proof. From the third equation of (4.10) we have 7p = ngay > 0. By the third
equation 5.2 and using the condition we can easily shown that f is constant. [

Theorem 5.22. Let M = B x; I' be a super quasi-Einstein warped product with
respect to semi-symmetric non-metric connection with B compact and connected,
dimB = ny > 2, dimF = ny > 2, dimM = n; +ny = n, P € I'(TF) and
& €T(TB),& e (TB). If a >0, then M is a simply Riemannian product.

Proof. Let z € B such that f(z) is maximum of f on B. Then gradgf(z) = 0 and
Apf(z) =0. From the equation (5.2) in the point z we obtain

af?(z) + f(2)Apf(2) = as,



SUPER QUASI-EINSTEIN WARPED PRODUCTS WITH AFFINE CONNECTIONS 19

Again also we have

af?(z) + f(2)Apf(2) = as = af? + fAf + (1 = na)|Vf[*f.
Hence by using the conditions we get fAgf > 0. So, f is constant. 0

Similarly for quarter symmetric connection we have the following
corollaries.

Corollary 5.23. Let M = B x ¢ I be a super quasi-Einstein warped product with
B compact and connected, dimB = ny; > 1, dimF = ny > 2, dimM = ni+ns = n,
PeT(TF) and & € T(TB),& € T(TB). If If ny = 1, divgP = c1, Ay = ngA; >

0 where ¢y is constant then M is a simply Riemannian product.

Corollary 5.24. Let M = B x ¢ F' be a super quasi-Einstein warped product with
B compact and connected, dimB = ny; > 2, dimF' = ny > 2, dimM = ni+ns = n,
Pel(TF) and & € I'(T'B),& € I'(T'B). Then M is a simply Riemannian prod-
uct if any one of the following relation holds.

a) a <0, 7p >0, divpP =0, 7(P) =0,
b) W(P) == 0, diUFP == O, %M Z %B + fp,
C) a < 0, diUBP > 0, No = 1, )\2 = TLl/\l > 0.

When P e ['(TF),& € I(TF),§ e T(TF):

Theorem 5.25. Let M = B Xy I' be a super quasi-Einstein warped product with
respect to semi-symmetric non-metric connection with B compact and connected,
dimB = ny > 1, dimF = ny > 2, dimM = ny +ny = n, P € I'(TF) and
& el(TF),& e '(TF). If ny =1, Then M is a simply Riemannian product.

Proof. Since ny = 1, g = 0, by the second equation of (4.11) we get

0=a—nyg—,

f
Af «
7 = . = cs,
.. Af = c5f. Hence, the Laplacian has constant in sign and so M is a simply
Riemannian product. |

Theorem 5.26. Let M = B Xy I' be a super quasi-Einstein warped product with
respect to semi-symmetric non-metric connection with B compact and connected,
dimB = ny > 2, dimF = ny > 2, dimM = ny +ny = n, P € I'(TF) and
& € IN(TF),& € I(TF). If 8 # 0 and P is parallel on F with respect to Levi-
Civita connection on F, then M s a simply Riemannian product.
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Proof. Consider the second equation of (4.8) that V,W are orthogonal vector
fields tangent to F' such that gp(V,&) # 0, gr(W,&) # 0, Dp(V,W) = 0,
T(W) = 0 or gr(V.&) # 0, gr(W,&) # 0, Dp(V.W) = 0, 7(W) = 0 or
gr(V,&) # 0, gr(W, &) # 0, Dp(V,W) = 0, m(W) = 0. Also, P is parallel
on F' with respect to Levi-Civita connection on F, so we obtain Vi P = 0 Then
we have

Se(V,W) = Bfgr(V,&1)gr(W, &),
or
Se(V,W) =~ f1gr(V,&)gr(W, &),
or
Se(V,W) =7 f1gr(V, &) gr(W, &).
Taking in consideration the different domains of definition of the functions that
appear in the above equations, we get f is a constant. O

Similarly for quarter symmetric connection we have the following
corollaries.

Corollary 5.27. Let M = B x ¢ I be a super quasi-Einstein warped product with
B compact and connected, dimB = nq, > 1, dimF = ny > 2, dimM = ni+ns = n,
P e F(TF) and fl S F(TF),fQ < F(TF) [fnl =1, divgP = Cq, A2 =ngA; >0
where ¢y 1s constant then M is a simply Riemannian product.

Corollary 5.28. Let M = B x ¢ F' be a super quasi-Einstein warped product with
B compact and connected, dimB = ny; > 2, dimF = ny > 2, dimM = ni+ns = n,
PeT(TF) and & € T'(TF),& € T(TF). If 8 # 0 and P is parallel on F with
respect to Levi-Civita connection on F' then M is a simply Riemannian product.

When P € I'(TF),§ € I'(T'B),& € I(TF):

Theorem 5.29. Let M = B x; I’ be a super quasi-Einstein warped product with
respect to semi-symmetric non-metric connection with B compact and connected,
dimB = ny > 1, dimF = ny > 2, dimM = ny +ny = n, P € I'(TF) and
& €(T'B),& € I(TF). If ny, then M is a simply Riemannian product.

Proof. Since n; = 1, 75 = 0, by the second equation of (4.12) we get

O:a—ngﬂ—l—ﬁ,

f
CAf _atB
ST = g = Cs,

.. Af = c5f. Hence, the Laplacian has constant in sign and so M is a simply
Riemannian product. O
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Similarly for quarter symmetric connection we have the following
corollary.

Corollary 5.30. Let M = B x ¢ I be a super quasi-Einstein warped product with
B compact and connected, dimB = ny; > 1, dimF = ny > 2, dimM = ni+ns = n,
PeT(TF) and & € T(TB),& € T(TF). If If ny = 1, divgP = c1, Ay = ngA\; >

0 where ¢y is constant then M is a simply Riemannian product.

6. Example of Super Quasi-Einstein Space Time :

Example 6.1. Let us consider five dimensional the metric given by
ds® = dt* — (¢")*(da® + dy® + dz?) — ()’ dy?,
the fifth co-ordinate is taken to be space-like unlike Wesson [22].

Then, in a local coordinate, the only non-vanishing components of the Christoffel

symbols are

F%z = (et)z = Féz& = le14> Fé5 = (et>27

2 _ 4 _ 13 _m4 5 _
Iy =1=T5 =1y, I's; =1
The non-vanishing curvature tensors and the Ricci tensors are

2 2
Rioo1 = —(et) = Ri331 = Riaar, Ris51 = —(et) )

Rasss = (€%)° = Rowss = Raaus, Rossa = (€%)" = Rasss = Russa,
and
Ry = 4, Rys = —4(e")”, Ryy = —4(¢")* = Rs3 = Ry,
Let us consider the associated scalars «, 5,7 and ¢ and the associated tensor D
as follows:

a=4, =2, vy=-2, 6§ = —2¢, (6.1)
and
0O 0 0O 00
0 e —e 00
Dij=10 —e —¢ 0 0 |, (6.2)
0 0 0O 00
0 0 0O 00

and the 1-forms are given by
et for i=2,3 G for i=3
Ailz) = { 0 otherwise and Bi(z) = { 0 otherwise.

Then we have
(i)Ri1 = agn + BA1AL + 0B1By + v[A1 By + A1 By + 0Dy
(11) Rag = agag + BAsAs + 0B By + y[As By + AsBs] + 6 Do
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(ZZZ)R33 = (¥gs3s + 5143143 + QBng + ’}/[AgB3 + A3B3] + 5D44
(iU)R44 = Qgyq + 5A4A4 + QB4B4 + ’Y[A4B4 + A4B4] + (5D44
(v)Rs5 = agss + BAsAs + 0BsBs + v[AsBs + A5 Bs| + 6 Dss.

Since all the cases other than (i) — (v) are trivial, we can say that

Rij = OG5 + ﬁAZAJ —+ ’}/[AlBj + A]BZ] + (SDij, Z,] = 1, 2, 3, 4, 5.

Then (M?, g) is a super quasi-Einstein space time.

gr
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