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SUMS OF FRACTIONAL PARTS AND SUM OF RESTRICTED
DIVISORS OF A NUMBER

RAFAEL JAKIMCZUK1 ∗

Abstract. Let us consider a strictly increasing sequence of positive integers
an such that A(x) is the distribution function of the sequence. That is, A(x) =∑

an≤x 1. We study the sum
∑

an≤x a
s
n

{
x
an

}
and apply this formula in the

study of the sum of a-divisors of a number. The distribution functions A(x)
considered are very general. The methods used are very elementary.

1. Introduction and Main Results

Let us consider a strictly increasing sequence an of positive integers. We shall
denote a positive integer in this sequence a. Let A(x) be the number of a not
exceeding x. That is, A(x) is the distribution function of the sequence an, A(x) =∑

a≤x 1. In this article we study the sum
∑

a≤x a
s
{
x
a

}
, where s ≥ 1. We also

study the sum of s-th powers of divisors a of n. That is, σa,s(n) =
∑

a|n a
s. If n

has not divisors awe put σa,s(n) = 0. The distribution functions A(x) considered
are very general (see below).

We shall need the following well-known theorem (Abel summation).

Theorem 1.1. Let cn (n ≥ 1) be a sequence of real numbers. Let us consider the
function

A(x) =
∑
n≤x

cn.

Suppose that f(x) has a continuous derivative f ′(x) on the interval [1,∞]. The
following formula holds∑

n≤x

cnf(n) = A(x)f(x)−
∫ x

1

A(t)f ′(t) dt.

Proof. See [3], (Chapter XXII). �

We also shall need the following definition.
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Definition 1.2. Let us consider a positive function f(x) such that f ′(x) is pos-
itive, strictly decreasing and limx→∞ f(x) = ∞. The function f(x) is of slow
increase if and only if the following limit holds

lim
x→∞

xf ′(x)

f(x)
= 0. (1.1)

Typical functions of slow increase are log x, log log x, log x
log log x

, etc. The functions

of slow increase are studied in [8]. We shall need the following properties of the
functions of slow increase,

lim
x→∞

f(x)

xα
= 0

for all α > 0 and

lim
x→∞

f(Cx)

f(x)
= 1 (1.2)

for all C > 0.

Note that ∑
a≤x

as
{x
a

}
= x

∑
a≤x

as−1 −
∑
a≤x

as
⌊x
a

⌋
(s ≥ 1). (1.3)

We define the function

G(x) =
∑
a≤x

as (s ≥ 0). (1.4)

We have the following general theorem.

Theorem 1.3. We have the equation∑
x
k
<a≤x

as
⌊x
a

⌋
=

(
k∑
j=1

G

(
x

j

))
− kG

(x
k

)
. (1.5)

Proof. Note that if x
j+1

< a ≤ x
j

then
⌊
x
a

⌋
= j. Consequently

∑
x
k
<a≤x

as
⌊x
a

⌋
=

k−1∑
j=1

j

(
G

(
x

j

)
−G

(
x

j + 1

))

=

(
k∑
j=1

G

(
x

j

))
− kG

(x
k

)
.

�

Theorem 1.4. Suppose that c > 0, 0 < α ≤ 1 and f(x) is a function of slow
increase. Suppose that A(x) ∼ h(x), where either h(x) = cxα or h(x) = xα

f(x)
.

The following formula holds

G(x) =
∑
a≤x

as ∼ α

s+ α
xsA(x) (s ≥ 0). (1.6)
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Proof. By Theorem 1.1 we have

G(x) =
∑
a≤x

as = A(x)xs − s
∫ x

1

A(t)ts−1 dt

= A(x)xs
(

1−
s
∫ x
1
A(t)ts−1 dt

xsA(x)

)
=

α

s+ α
xsA(x) + o (xsA(x)) .

Since (L’Hospital’s rule and equation (1.1))

lim
x→∞

∫ x
1
h(t)ts−1 dt

xsh(x)
=

1

s+ α

and hence

lim
x→∞

∫ x
1
o(1)h(t)ts−1 dt

xsh(x)
= 0.

�

Theorem 1.5. We have∑
x
k
<a≤x

as
⌊x
a

⌋
=

(
k∑
j=1

1

js+α
− k

ks+α

)
G(x) + o (G(x))

=

(
k∑
j=1

1

js+α
− k

ks+α

)
α

s+ α
xsA(x) + o (xsA(x)) (s ≥ 1). (1.7)

Proof. Equation (1.7) is an immediate consequence of equations (1.5), (1.6) and
(1.2). �

Theorem 1.6. The following formulas hold.

x
∑
a≤x

as−1 ∼ α

s− 1 + α
xsA(x) (s ≥ 1), (1.8)

x
∑
a≤x

k

as−1 ∼ α

(s− 1 + α)ks−1+α
xsA(x) (s ≥ 1). (1.9)

Proof. Equations (1.8) and (1.9) are an immediate consequence of equation (1.6).
�

Theorem 1.7. The following formula holds.∑
x
k
<a≤x

as
{x
a

}

=

(
α

s− 1 + α
− α

(s− 1 + α)(s+ α)

1

ks−1+α
− α

s+ α

k∑
j=1

1

js+α

)
xsA(x)

+ o (xsA(x)) . (1.10)

Proof. Equation (1.10) is an immediate consequence of equations (1.3), (1.8),
(1.9) and (1.7). �
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Theorem 1.8. Suppose that∑
x
k
<a≤x

as
{x
a

}
= g(k)xsA(x) + o(xsA(x)) (k ≥ 2)

and limk→∞ g(k) = l > 0. The following formula holds.∑
a≤x

as
{x
a

}
= lxsA(x) + o(xsA(x)).

Proof. We have ∑
a≤x

as
{x
a

}
=

∑
a≤x

k
as
{
x
a

}
G
(
x
k

) G
(
x
k

)
G(x)

G(x)

xsA(x)
xsA(x)

+ (g(k)− l)xsA(x) + lxsA(x) + o(xsA(x)).

That is,∑
a≤x a

s
{
x
a

}
xsA(x)

− l =

∑
a≤x

k
as
{
x
a

}
G
(
x
k

) G
(
x
k

)
G(x)

G(x)

xsA(x)
+ (g(k)− l) + o(1).

Note that

0 ≤
∑

a≤x
k
as
{
x
a

}
G
(
x
k

) ≤ 1

and
G
(
x
k

)
G(x)

∼ 1

ks+α
.

Therefore given ε > 0 arbitrarily small there exists k sufficiently large such that
if x ≥ xε then we have∣∣∣∣∣

∑
a≤x a

s
{
x
a

}
xsA(x)

− l

∣∣∣∣∣ ≤ ε+ ε+ ε = 3ε (x ≥ xε).

�

Now, we can prove our two main theorems.

Theorem 1.9. Suppose that c > 0, 0 < α ≤ 1 and f(x) is a function of slow
increase. Suppose that either A(x) ∼ cxα or A(x) ∼ xα

f(x)
. The following formula

holds.∑
a≤x

as
{x
a

}
=

(
α

s− 1 + α
− α

s+ α
ζ(s+ α)

)
xsA(x) + o(xsA(x)), (1.11)

where s ≥ 1.

Proof. Equation (1.11) is an immediate consequence of equation (1.10) and The-
orem 1.8. �
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Remark 1.10. By use of equations (1.10) and (1.11) we can obtain asymptotic
formulas for the sum ∑

a≤x
k

as
{x
a

}
.

Theorem 1.11. Suppose that c > 0, 0 < α ≤ 1 and f(x) is a function of slow
increase. Suppose that either A(x) ∼ cxα or A(x) ∼ xα

f(x)
. The following formula

holds. ∑
n≤x

σa,s(n) =
α

s+ α
ζ(s+ α)xsA(x) + o (xsA(x)) , (1.12)

where s ≥ 1.

Proof. We have∑
n≤x

σa,s(n) =
∑
a≤x

as
⌊x
a

⌋
= x

∑
a≤x

as−1 −
∑
a≤x

as
{x
a

}
.

Now, the proof of equation (1.12) is an immediate consequence of equations (1.8)
and (1.11). �

Example 1.12. There are many sequences in number theory such that A(x) ∼ cx
(c > 0). That is, sequences with positive density. The sequence a of all positive
integers. The sequence a of integers in arithmetic progression. The sequence a of
h-free numbers (h ≥ 2), where A(x) ∼ 1

ζ(h)
x (see, for example, [6]). In particular,

for the sequence of square-free numbers we have A(x) ∼ 6
π2x. Etc.

Example 1.13. There are many sequences in number theory such that A(x) ∼
cxα (c > 0) (0 < α < 1). The sequence a of k-th powers (k ≥ 2) where A(x) ∼ x

1
k .

The sequence a of all perfect powers where A(x) ∼ x
1
2 (see [5]). The sequence a

of h-full numbers (h ≥ 2), since that A(x) ∼ cx
1
h , where the constant c depends

of h (see, for example, either [4] or [7], for elementary methods). Etc.

Example 1.14. There exist infinite sequences of positive integers in number
theory such that A(x) ∼ xα

f(x)
, where 0 < α ≤ 1 and f(x) is a function of slow

increase. The sequence of prime numbers, the sequence of prime powers, the
sequence of numbers with exactly h prime factors in their prime factorization
and infinite sequences of composite numbers with certain restrictions on their
prime factorization (see [9]). Etc.

Now, we obtain some applications of equation (1.12).
If a is the sequence of all positive integers n then A(x) ∼ x. That is, c = 1 and

α = 1. Therefore if s = 1 then equation (1.12) becomes∑
n≤x

σa,1(n) =
∑
n≤x

σ(n) =
π2

12
x2 + o

(
x2
)

as it is well known. In this case σa,1(n) = σ(n) is the sum of all positive divisors
of n.
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If a is the sequence of all positive square-free then A(x) ∼ 6
π2x. That is, c = 6

π2

and α = 1. Therefore if s = 1 then equation (1.12) becomes∑
n≤x

σa,1(n) =
1

2
x2 + o

(
x2
)
.

In this case σa,1(n) is the sum of all positive square-free divisors of n.
Let us consider the prime factorization of a positive integer n = pr11 · · · p

rk
k ,

where p1, . . . pk are the distinct primes in the prime factorization and r1, . . . rk are
the multiplicities.

If a is the sequence of all positive primes p then (prime number theorem)
A(x) = π(x) ∼ x

log x
. That is, α = 1 and f(x) = log x. Therefore if s = 1 then

(1.12) becomes ∑
n≤x

σa,1(n) =
π2

12

x2

log x
+ o

(
x2

log x

)
as it is well known. In this case σa,1(n) = p1 + · · · + pk. That is, σa,1(n) is the
sum of all positive prime divisors of n. This arithmetical function was studied by
Hall [2].

If a is the sequence of primes powers then it is well known that A(x) ∼ x
log x

,

since the prime powers with exponent greater than or equal to 2 are square-
full numbers and the number of square-full numbers not exceeding x is O(

√
x).

Therefore is this case we also have α = 1 and f(x) = log x and consequently if
s = 1 then (1.12) becomes∑

n≤x

σa,1(n) =
π2

12

x2

log x
+ o

(
x2

log x

)
That is, the same result that the Hall function. In this case

σa,1(n) =
k∑
i=1

(
pi + p2i + · · ·+ prii

)
=

k∑
i=1

pi
prii − 1

pi − 1
.

That is, σa,1(n) is the sum of all prime powers divisors of n. This result can
be surprising and it implies that another arithmetical functions, whose size is
between the sizes of these two, have the same asymptotic behavior. For example,
the arithmetical function of Alladi and Erdős [1] defined by B1(n) = r1p1+r2p2+
· · ·+ rkpk also satisfies (as it is well known)∑

n≤x

B1(n) =
π2

12

x2

log x
+ o

(
x2

log x

)
.

Analogously for the arithmetical function B2(n) = pr11 + pr22 + · · · + prkk we also
have ∑

n≤x

B2(n) =
π2

12

x2

log x
+ o

(
x2

log x

)
.
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If N is a positive integer we define ra,N the unique nonnegative integer remainder
of the division N

a
. That is, N = aq + ra,N and therefore 0 ≤ ra,N ≤ a− 1.

We have the following theorem.

Theorem 1.15. Suppose that c > 0, 0 < α ≤ 1 and f(x) is a function of slow
increase. Suppose that either A(x) ∼ cxα or A(x) ∼ xα

f(x)
. The following formula

holds ∑
a≤N

ra,N =

(
1− α

1 + α
ζ(1 + α)

)
NA(N) + o(NA(N)). (1.13)

Proof. It is an immediate consequence of Theorem 1.9, since ra,N = a
{
N
a

}
. �

If α = 1 then equation (1.13) becomes.∑
a≤N

ra,N =

(
1− π2

12

)
NA(N) + o(NA(N)).

For example, if a = n is the sequence of positive integers then we have∑
n≤N

rn,N =

(
1− π2

12

)
N2 + o(N2)

and if a = p is the sequence of primes then we have∑
p≤N

rp,N =

(
1− π2

12

)
N2

logN
+ o

(
N2

logN

)
.
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