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A CHARACTERIZATION OF GENERALIZED HIGHER LIE
DERIVATIONS ON ALGEBRAS

ZAHRA JOKAR!, AMIN HOSSEINI?* AND ASSADOLLAH NIKNAM?3

ABSTRACT. Let A and B be two algebras. In this paper, under certain condi-
tions, a characterization of generalized higher Lie derivations from A into B as
a sequence of generalized Lie derivations will be presented.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, A and B will represent two algebras (associative or
non-associative). Let o : A — B be a linear mapping and X be a B-bimodule. A
linear mapping d : A — X is called a o-derivation if d(ab) = d(a)o(b) + o(a)d(b)
holds for all a,b € A. Hosseini et al. [!] extended this concept and defined
generalized o-derivation as follows:

A linear mapping § : A — X is called a generalized o-derivation if 6(ab) =
d(a)o(b) + o(a)d(b), where d is a o-derivation (for more details see [3], [1] and
[5])-

Like most authors, we denote the commutator ab — ba by [a,b] for all pair
a,b € A. Let 0 : A — B be a linear mapping. A linear mapping 6 : A — B
is called a 6- Lie derivation if it satisfies d[a,b] = [d(a),0(b)] + [#(a),d(b)] for
all a,b € A. If A = B and # = id, the identity mapping on A, then ¢ is
called a Lie derivation. Furthermore, a linear mapping A : A — B is called a
generalized Lie derivation if there exists a Lie derivation 6 : A — B such that
A([a, b)) = [A(a),b] + [a,d(b)] holds for all a,b € A. For many years, there has
been increasing interest on the study of Lie-type mappings of associative rings and
operator algebras, such as Lie isomorphisms and Lie derivations. Recall that a
linear mapping 7" : A — B is called a Lie homomorphism if T'([a, b]) = [T'(a), T'(b)]
holds for all a,b € A. There is an important decomposition of Lie derivations on
some Banach algebras. For example, Johnson showed in [6] that every continuous
Lie derivation from a symmetrically amenable Banach algebra A into a Banach A-
bimodule X decomposes into a sum of an ordinary derivation from A into X and
a linear mapping from A into the center of X'. Alaminos, et al [1] jointly proved
that every Lie derivation on a symmetrically amenable semisimple Banach algebra
also has the same decomposition. Moreover, Mathieu and Villena [3] obtained
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that every (not necessarily bounded) Lie derivation D on a C*-algebra A can be
uniquely decomposed into the sum of a derivation d of A and a linear mapping
¥ from A into its center Z(.A) vanishing on all commutators.

First, in this note, we define generalized higher Lie derivations and then, by
getting idea from [7], a useful characterization of them is presented as a sequence
of generalized Lie derivations. This is a very effective method for characteriz-
ing generalized higher Lie derivations. A sequence {d,} of linear mappings from
A into B is called a higher Lie derivation if d,([a,b]) = > ,_ldk(a), dn—k(b)]
for each a,b € A and each non-negative integer n. A sequence {D,} of lin-
ear mappings from A into B is said to be a generalized higher Lie derivation if
there exists a higher Lie derivation {d,} from A into B such that D, ([a,b]) =
> rolDr(a), dn—g(b)] for each a,b € A and each non-negative integer n. Let d,
be a higher Lie derivation. Then dy is a Lie homomorphism and d; is a dy-Lie
derivation that is dy([a,b]) = [do(a),d1(D)] + [di(a),do(b)] for all a,b € A. So,
if dy is onto, then dy : A/ker(dy) — B defined by dy(a + ker(dy)) = do(a) is
a Lie isomorphism. It is evident that, for each n € N, d, : A/ker(dy) — B
defined by d,(a + ker(dy)) = dn(a) is a well-defined linear map if and only if
ker(dy) C ker(d,).

2. RESULTS AND PROOFS

Definition 2.1. i) A sequence {d,} of linear mappings from A into B is called
a higher Lie derivation if d,([a,b]) = > ;_,ldk(a), dn,—x(b)] holds for each pair
a,b € A and each non-negative integer n.

ii) A sequence {D,} of linear mappings from A into B is called a generalized
higher Lie derivation if there exists a higher Lie derivation {d,} from A into B
such thatD,,([a,b]) = > 7 _,[Dx(a), d,—(b)] holds for each pair a,b € A and each
non-negative integer n.

We begin our results with the following proposition which will be used exten-
sively to prove our theorems.

Proposition 2.2. Suppose that {d,} is a higher Lie derivation from A into B

with dy(A) = B and ker(dy) C ker(d,) (n € N). Then, there is a sequence {0, }
of Lie derivations on B such that

(n + 1)dn+1 == Z 5k+1dn_k, (2].)
k=0

for each non-negative integer n.

Proof. Let us take an inductive approach for the index n. For n = 0, we define
0 : B — B by 6; = dldo_l. Let b; and by, be two arbitrary fixed elements of B.
Since dy is a Lie isomorphism, there exist a;,as € A such that dy(a;) = by and
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do(az) = by. We, therefore, have
01([by, bo]) = drdy *([do(ar), do(az)])
= dl([ab as))
= [do(a1), di(az)] + [di(a1),
= [do(a1), didy " (do(az)] + |
= [b1,61(b2)] + [01(D1), ba].

Thus, 07 is a Lie derivation. Note that Jl = (51650. Now assume that d; is defined
and is a Lie derivation for k < n satisfying (2.1). Putting 6,1 = ((n +1)dpi1 —

2)]

do(a
+ [didy ' (do(ar), do(az)]

Zz;é 5k+1£n,k) cza !, Thus, the well-defined mapping 6,1 is a Lie derivation. For

bi,by € B, there are aj,as € A such that 1, ds,...0,, are Lie derivation and also
do(ay) = by and dy(az) = by. Consequently

5n+1([b1,b2]) = ( dn+1 — Z5k+1dn k:) [dO(al) do(%])

_ ((n 1) dr — Z 5k+ldn,k) (lay + ker(dy), az + ker(dy)))

=(n+ 1)dn+1([a1, ag]) — nz_iékﬂdnk([al, ag])
k=0
=(n+1) HZH [dk(al) 1k (a2 ] nzl5k+1(nzk [dl(al)adn—k—l(aQ)]>

Ea

n—

= (k+n+1-k) [dk(a), dn—l—l—k(al)] - "Z:_l 5k+1< [dl(a)a dn—k—l(a2)]>

k=0 =0
ntl n+1
-3k [dk(al), dnﬂ_k(az)} +5 (n+1-k) [dk(a), dn+1_k(b)]
k=0 k=0
n—1n—k
- < |:5k‘+1dl(al)7 dn—k—l(GQ)} + |:dl(a1>a 5k+1dn—k—l(a2>} > :
k=0 1=0
Writing
n+1 n—1n—k
K = Z k[dk(m), dn—i—l—k(aQ)] - [5k+1dz(a1), dn—k—i<a2)]7
k=0 k=0 1=0
and
n+1 n—1n—k
L= Z(n+ 11— /f) [dk(m) dpy1—k CL2 } - [dl CL1 5k+1dnfkfl(a2)i|a
k=0 k=0 1=0

we have 5n+1([b1, bg]) = K + L. Our next task is to compute K and L. In the
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summation Zk 0 ? Ok, we have 0 < k+ 1 < n and k # n. So, it can be written

as the form >°° (>7, ., ., where r = k4 1. Putting [ = r — k, it is obtained
that

K = g:lk’[dk CL1 dpi1—k CLQ ] Z Z [5k+1dr—k(a)adn—r(a2):|
r=0 k+Il=rk#n
= nzﬂk[dk n+1 k i| 5 i |:6k+1dr k CL1) dn—r(a2)i|
r=0 k=0

—-jg: [5k+1dn_k(a1),d0(a2)l.

We substitute 7 + 1 for k in the first summation and also, by our assumption, for
r=0,1,..,n —1 we arrive at (r + 1)d,4+1([a,b]) = D>} _; dk+1d-—x([a, b]). Hence,
it can be concluded that

—_

n— T

K = Z P D g dir ()] = 3237 [dad (o). (o)
- Z [Grs1dai(ar). do(as)]
- Z (01 = 3 ) o) )]
(4 1) [ (00) do ()] - [Beiadstar). do(a)]
- [(tr+ D :z_éamdr_k)daldo(al), yer(as)]
(14 ) (), dola)] [Berdcilar) dofas)|
= 0 ). h)] = 5 ) o)
:ZW+1W—Z%MM) ) dofas)
:@wlm—Z%dgt 1), do(a2)]

= [brads (dgldo(ao),do(az)}

= [dna(01). o).
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Also in the same way

L= [do(al)a <(n +1)d,i1 — nzl5k+1jnk)ﬁio_ldo(a2)] = [51, 5n+1(b2):|'

k=0

Finally, we conclude

Snir ([br,bo]) = K + L = [6n+1(b1), bg] + [bl, 5n+1(bg)],

for all by, by € A. This implies that §,,,1 is a Lie derivation of A and it completes
the proof. O

Suppose that {D,} is a generalized higher Lie derwation from A into B. We
define D,, : A/ker(Dy) — B with D, (a+ ker(Dy)) = D,(a) in which Dy(A) =B
and ker(Dg) C ker(D,,).

Theorem 2.3. Let {D,} be a generalized higher Lie derivation from A into B
associated with a higher Lie derivation {d,} from A into B, i.e. D,([a1,as]) =
Y rolDr(ar), dn—i(a2)] holds for each ay,as € A and each non-negative integer n.
Moreover, suppose that do(A) = Do(A) = B, ker(dy) C ker(d,) and ker(Dy) C
ker(D,,) for each non-negative integer n. Then, there is a sequence {A,} of
generalized Lie derivations on B associated with a sequence {6, } of Lie derivations
such that for each non-negative integer n,

(n+1)Dyyq = ZAkHan (2.2)

Moreover, suppose that {D,} be a generalized higher Lie derivation from A into
B associated with a higher Lie derivation {d,} from A into B, i.e. D,([a1,as]) =
Y rolDr(ar), dn—i(az)] holds for each ai,as € A and each non-negative integer
n. Furthermore,

n %

1
D.=Y (Y (HTj+Tj+1+m+ri)AmAr2...A,«iDo>, (2.3)

=1 »

]17“Jn]1

where the inner summation is taken over all positive integers ri,ra, ..., 7, with

2 j1Ti =1

Proof. We prove this theorem by using Proposition 2.2 and induction on n. For

n=0,let Ay : B— B bedefined by A; = DD 1 . Since Dy and dy are surjective,
there exist aq,as € A such that Dy(a;) = by and do(ag) = by, where b; and by are
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two arbitrary fixed elements of B . Consequently,
Ai([br, b)) = DiDy ' ([Do(ar), do(as)])
105 (Do([a1, as)))
1([ar, 02])
Do(a ) dl(az)] [D1(a1), do(a
Do(a1), didy " (do(as)] + [D1 Dy
51751(52)] [Al(bl),bz]-
Sinc~e 01 is a Lie derivation, A; is a generalized Lie derivation. Note that D, =

A1Dy. Now, assume that A, is defined and is a generalized Lie derivation for
k < n satisfying (2.2) such that Ak([bl,bQ]) = [Ag(b1), ba] + [b1, Ok (b2)] for each

bl,bg € B. Put An-i—l = <(n + 1) n+l — Z Ak—i-an—k)Do_l, and a, 0 € .A
such that Dy(a;) = by and dy(as) = by. Thus,

Il
S & 8

2)]
Y(Do(ar), do(az)]

-—|r—v-—|

n—1

Apii([br, b2]) = ((n +1)Dpy — ZAkJranfk)DOil (Do([ah GQ]))
k=0
n—1
— ((n + 1)[)““ — Z AkHDn,k) ( [al + kerDy, as + kerDO})
k=0
n—1
= (n+ 1) Dnya([ar, as) — Z Ap1Dn([a1, as])
n+1 = n—1 n—k
(n+1) Z [Dk ar), dny1-k(as } ZAk+1< [Dz ar), dn— k—l(a2)]>-
k=0 = 1=0
Since Ag([b1,ba]) = [Ak(b1), ba] + [b1, Ik (b2)] for k < n, we have
n+1 n+1
Apaa(fbr,b2)) = D7 k[ Dilar) dusaaaz) | + D (n+ 1= k) [ Delar), dusa-a(az)|
k=0 k=0
n—1 n—~k
([Ak—HDl ar) dn—k—l(az)] + [Dl(a1)75k+1dn—k—l(a2)i|)-
k=0 =0
Writing
n+1 n—1 n—k
K= Zk[Dk;<a1)adn+1—k(a2)] - [Ak+1Dl<a1)adn—k—l(a2)]7
= k=0 (=0
n+1 n—1 n—k
L= Z(n-i‘ 1—k) [Dk(al) nt1—k(a2) ] ZZ [Dl ar), Op1n—k— l(@)}
k=0 k=0 1=0

we have Ayi1([br,b2]) = K + L. Let us compute K and L. In the summation
Zk 0 z_ok7 we have 0 < k+ [ < n and k # n. So we can write it as the form
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D v Dtimrpin Where 7 =k + 1. Putting [ = r — k, we deduce that

n+1

K= Zk[Dk(al) n+l—k CLQ Z Z Ak—l—lDr k ) dn—r(a2)]

r=0 k+l=rk#n

n+1 n—1 r
= Z k Dk dpy1- k(b)] - [Ak+1Drfk<a1)a dnfr<a/2)]
r=0 k=0
n—1

— > [Aps1Dnilar), do(az)).

We substitute r + 1 for k in the first summation and also, by our assumption, for
r=0,1,...,n—1 we get

(7’ + 1)[)7“-1-1( Z Ak-i-lDr k([a b])

we can, conclude that

K- ;1 r4 1) [ D (@), s (a2)] - > Ak D i(ar), - (02)]
- Z |AeraDailar) dofaz)|
_ 2 [((r 1) Dyt — ; AkHDT_k) (a1), dn_r(aQ)} F(n+1) [Dnﬂ(am do(tlz)]
- Z |AeraDai(ar). dofas)]
_ zé [((r F 1) Dy — ’; A,mbr_k) Dy " Do(ar), dn_r(ag)] +(n+1) [Dn+1(a1), do(az>]
- Z At Domilar), dofa)|
050 Do ). h)] = 5= [t Do ol
= [((n+ 1D - ZAD) (). do(a2)]

= <(n +1)Dpyy — Z AkJranfk) ﬁoilDO(al)a dO(GQ)}

= (A Do(Dy Do)  do(a)|
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- [An+l(bl), bg} .

Also, in the same way and reusing Proposition 2.2, it can be achieved that

L= [Do(@1)7 ((” + 1)dpir — nzlék+1cznk> dgldo(az)} = [bl, 5n+1(b2)]-

k=0

Thus D, is a generalized Lie derivation on B such that
Ong1([b1,be]) = K + L = |:An+1(b1)7b2] + |:b176n+1(b2)]-

Now, we show that if D, is of the relation (2.3), then D, satisfies the recursive
relation (2.2). Since the solution of the recursive relation is unique, this proves
the theorem.

, 1
Simplifying the notation, we put a,, ,, , = [['_ . Note that
plutying p 157250057 Hj_lrj+7’j+1+---+7'i
rg,.i
ifry+ro+ ...+ =n+1, then ayy py. r, = 2;_ ’11 and (n 4+ 1)a,y1 = 1. Now,
n

for each a € A we get

(n + 1)Dy41(a + ker(Dy))
= (n+1)Dpy1(a)

n+1
- ( S 4 Dag, riArlArz...AmDO)(a)
1=2 E;erj:n—&-l
+ An+1D0<a>
n+l n42—3
-y ( S A Y TiArzArg...AriD())(a)
1=2 r1=1 Z§:2rj:n+1—r1
+ An+1D0<a’>
n n—(r1—2)
- Z Arl Z ( Z Qry rs,..., riArgArg---Ari D0> (a)
r1=1 1=2 Z;ZQTj:n—(Tl—l)
+ A1 Do(a)
n n—(r1—1) k 1
- ZA” Z ( Z (H / / /)ATiATé“'Ar')DO)(a)
ri=1 k=1 SE_ 1t =n—(r1-1) J=1 U i W e R ol 8 k
+ An+1D0(a)

= Z AnDn—(n—l)(a) + A1 Do(a)

ri=1

=> A, Dyi(a+ ker(Dy)).
=0
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Thus, we have (n 4+ 1)Dyyq = S0 An Dy

We are now ready for Theorem 2.4.

Theorem 2.4. Let {d,}nenuqoy be a higher Lie derivations from A into B with
do(A) = B and ker(dy) C ker(d,) (n € N) and {0,} be the sequence of Lie

derivations such that

n 7

1
dn=Z< > (Hrj+rj+1+...+ri)57"157“2"‘5”d°>‘ (2.4)

=1 Z;-:lrj:n J=1

Moreover, suppose that o : A — B be a surjective generalized identity map-
ping associated with do, i.e., a([ay,as]) = [a(ar),do(az)], A is the set of all se-
quences {A,}n € N of generalized Lie derivations on B such that A, ([by, bs]) =
(A (1), ba] + [b1, 0, (ba)] for each by, by € B and further, D be the set of all gener-
alized higher Lie derivations { Dy }nenuqoy from A into B with Dy = «, ker(Dy) C
ker(D,)] (n € N) and D,([ay,as]) = > 1_o[Dr(ar), dn—r(a2)] for each a,as € A.
Then, there is a one to one correspondence ¢ : A — D defined by p({A,}) =

{D,}, where D, =", (Zz;l:lrj:n (Hj:l IR ri)A”Am”’A”DO)'

Proof. Suppose that {A,} € A and {4,} is the sequence of Lie derivations on
B such that A, ([b1,b2]) = [An(b1),bs] + [b1,0,(b2)] for each by,by € B. Define
D, : A— Bby Dy =« and
; 1
D=1 (Ss P
Z ZEJ 1= (~H]_1 T +~7°j+1 + ...+
tion 2.2 the sequences {D,,} and {d,} satisfy the following relations

)ATIATQ...ATZ,D()). By Proposi-

r+1 Z 5k+1dr k> (TL + ]- n+l — Z Alc—0—11)7" k- (25)

By using induction on n, we show that {D,,} is a generalized higher Lie derivation.
For n = 0, we get Do([a1,as]) = a([ai,as]) = [Do(a1),do(az)]. suppose that
Dy(lar, as]) = ZfZO[Di(al), di—i(az)] for k < mn. Also, by using (2.5), we obtain

(n 4 1)Dpi1([a1, as]) = (n + 1)Dpyr ([ay + ker(Dy), as + ker(Dy)])

= Z Api1 Dy ([ay + ker(Dy), ag + ker(Dy)])
k=0

— Z AkJran—k([ala a2])
k=0
n—k

:ZAkz—H Z 1 z(a2)])

1=0
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= z”: [i App1Dpg—i(ar), di<a2)]

+ zj: [Di(a1)7 ”Zj 5k+1dn—k—i<a2)]

3 [Z Bt Dociilan + her(Du). d(a)]
=0 k=0

+ i [Di(CH), S 5k+1d~nfk7i(a2 + ker(DO))}

= ‘ [(n — 7+ 1)Dn7¢+1(611 + /CGT(DO))a di<a2)]

+ Z [Dl-(al), (n—i+ 1)Czn7i+1(a2 + ker(Do))}

=0

= [iDi((h), dn—i+1(a2):| + Zn: [(n — i+ 1)Di(a1), dn—i+1(a2)]

=(n+1) § [Dk(a1)7 dn—k—l—l(a?)]'

Hence, {D,} € D. Note that for each n € N, ker(Do) C ker(Dy,).
Conversely, suppose that {D,} € D. Define A, : B — B by A, = D; D" and by
using (2.5), we can write

n—2
n — (nﬁn - Z AkJranflfk) [)()_l (TL Z 2)
k=0

Therefore, Theorem 2.3 ensures us that {A,} € A. Now, define ¢ : A — D by
o({A,}) = {D,}, where

n 7

1
D,=>( > (Hrﬁmﬁn_M)AHAW...A”DO).

=1 2;‘_21

ri=n Jj=1

Then, it is evident that ¢ is surjective. Our next task is to show that it is injective.
Let {D,} = o({A.}) = p({A}}) = {D.,}. We use induction on n. For n =1, we
get

Ay =DD, ' =D\D) " = A,
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Now, suppose that Ay = A} for k& < n. Similar to the proof of Theorem 2.3 the
following relations is obtained:

(r+ 1Dy = Z Ao Dy, o, (n+ 1D = Z Apr1Dy .

k=0
for n > 0. From this we have

n—1
Apyr = ((n +1)Dyy1 — Z Ak+1Dn7k)D071
k=0

= <(” Dy, ZAk+1 )Dal = A

So, {A} = {A! .} and it means that ¢ is one to one.
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