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EXISTENCE AND UNIQUENESS OF RENORMALIZED
SOLUTION TO MULTIVALUED HOMOGENEOUS NEUMANN
PROBLEM WITH L!'-DATA

TIYAMBA VALEA! AND AROUNA OUEDRAOGO?*

ABSTRACT. In this paper, we discuss the existence and uniqueness of renor-
malized solution to nonlinear multivalued elliptic problem 8(u)—div a(x, Du) 3
f in €, with homogeneous Neumann boundary conditions and L!-data. The
functional setting involves Lebesgue and Sobolev spaces with variable expo-
nent. Some a-priori estimates are used to obtain our results.

1. INTRODUCTION

Neumann problems with L'-data have been widely studied in the literature. Sev-
eral of them concern the homogeneous Neumann condition on the boundary. In
this manuscript, we will discuss the existence and uniqueness of renormalized
solutions of a problem with Neumann boundary conditions. More precisely, let
us consider the following problem:

u) — diva(x, Du) 2 in ),

P8, f) {B (u) (z,Du) > f

a(x,Du)m =0 on 01,
where f is just a summable function. Here = 07 is a maximal monotone graph
on R?* with 0 € 3(0). Q is a smooth bounded open set of RV (N > 2) with
boundary 02 and 7 the outer unit normal vector. The vector field a satisfies the
following standard Leray-Lions conditions.
(H,) Carathéodory condition: the function a(z,&) : Q x RY — RY has the
following two properties:
x +— a(x,€) is measurable on x € Q for all £ € RY and ¢ — a(x, £) is continuous
on RY for all z € Q with a(.,0) = 0.
(H,) Coercivity condition: for almost every z € 2, for all £ € RY,

a(z, €).£ > alé|P® for some a > 0.

(H3) Monotonicity condition: for almost x € €, for all £ #n € RY,
(a(%,f) - a(a:,n))(f - 77) > 0.
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(H,) Growth condition: for almost every z € €, for all £ € RY|

laz, &) < A(j(z) + [P,

where A is a positive constant and j € LF'®(Q), 1/p(.) +1/p'(.) = 1.

These assumptions are classic for the study of nonlinear operators in divergent
form (see Leray-Lions [9]). It appears in (Hs) and (H,) an exponent p depending
of the variable x, meaning that we work in Lebesgue and Sobolev spaces with
variable exponent. Equations with non-standard growth and L!- data in Lebesgue
and Sobolev space with variable exponent are investigated by several authors.

For more details, one can refer to [3, 6, 8, 12, 15] and references therein. The need
to work in these spaces is motivated by its use in modeling electrorheological
and thermorheological fluids (cf.[12]), as well as for image restoration [3]. For

this problem, the right-hand side is L!, we can use the notion of renormalized
solution of Di Perna-Lions (cf.[1]) in the case of constant exponent p and for p
depending on z, we borrow the one of Wittbold and Zimmermann (cf.[15]) to
adapt it to our case.

In [15], the authors study the stationary problem:
f(u) —diva(x,Du) —divF > f in €,
(s, /)4
u=20 on 0f2,

with right-hand side f € L'(Q), F : R — R locally Lipschitz continuous
and 3 : R — 2% a set-valued, maximal monotone mapping such that 0 € 3(0),
a:QxRY — RV is a Carathéodory function satisfying the same assumptions
of the problem P(f, f) and which is a version of (s, f), for F' = 0 where the
Dirichlet boundary condition is replaced by the Neumann one. Note that Ouaro
and Ouédraogo (cf.[!1]) prove the existence and uniqueness of entropy solution of
P(3, f) under the additional hypothese, dom(3) = [m, M] C R with m <0 < M.
We prove the existence of renormalized solutions when the data are smooth,
by penalizing the problem, i.e. by adding a strongly monotone term and the
uniqueness is obtained by comparison principle. When the data are not smooth,
the compactness argument in L' is obtained by doubling the variables. The data
of the problem being no smooth, and the associated boundary conditions being of
Neumann type some difficulty appear in the study of P(f, f) because contrary to
the homogeneous Dirichlet case, the Poincaré’s inequality and even the Poincaré-
Wirtinger’s inequality cannot be used.

To carry out this work, we organize in the following way: In the section 2, we recall
the basic proprieties of Lebesgue and Sobolev spaces with variables exponent. In
section 3, we define the renormalized solution and state our main result of P(3, f)
(see Theorem 3.6 below). Finally, section 4 is devoted to the proof of the main
result.

2. MATHEMATICAL PRELIMINARIES

We recall in this section, some basic properties of the generalized Lebesgue
Sobolev spaces with variable exponents. Given a measurable function p(.) : Q —
[1,400) such that 1 < p~ < pt < +oo, we will use the following notation
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throughout the paper:
P~ = ess igfp@) and pt = esssupp(z).
Q

We define the Lebesgue space with variable exponent LP()(Q) as the set of all
measurable functions f : €2 — R for which the convex modular

f) = / (@) PO de

is finite. If the exponent is bounded; i.e., if p™ < 0o, then the expression

1fllooy = nFEA > 02 (5 < 13,

defines a norm in LP0)(€2), called the Luxembourg norm. The space (LPV)(€2), ||.|[y(.))
is a separable Banach space. Moreover, if 1 < p~ < pt < +00, then L )(Q)
(.

uniformly convex, hence reflexive, and its dual space is 1som0rph1c to LP )(Q)
where 1/p(.)+1/p/'(.) = 1. For any f € LPO)(Q) and g € LP)(Q) the Holder-type

inequality
/ fgdx

Next, we define the generahzed Sobolev space W'P()(Q), also called Sobolev
space with variable exponent

WeO(Q) = {|f] € L*O(Q) : |Df| € LP(Q)},

<(—=+ ———)IIfWIp )lgller) (2.1)

which is a Banach space equipped with the norm

e = [1F1lpe) + D fllpe)-

The space (W'*O(Q), || - |l1,5()) is a separable and reflexive Banach space.
An important role in manipulating the generalized Lebesgue and Sobolev spaces
is played by the modular py( of the space LP@)(Q). We have the following result

(see [5]).

Proposition 2.1. If u,,u € LP®(Q) and p™ < +oo, then the following proper-
ties hold:

@) [fetllpe) > 1= [ullPy < pooy () < [l

(i) [[ullpe) < 1= [[ullZ) < ppy(w) < [ullly,);
(iti) [|ullpw) <1 (resp. =1; > 1) <= ppay(u) < 1 (resp. =1; > 1);
(iv) ||un|lp@) — 0 (resp. — 4+00) <= pp)(uy) — 0( resp. — +00);

()Pp (L):l-

[lullpge)
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For a measurable function u : {2 — R, we introduce the function

P1p() ( /|u|p(w) dx+/|Vu|p(””

and we have the following proposition (see [14,

Proposition 2.2. If u € W0 (Q), then the following properties hold:
(i) |U|1p( >1= |U|1 2() < pl,p(~)(u) < |u|§);(.);

(i) Julip) < 1= [ulf} 0 S prp()(u) < |u‘z1);)(.)f'

(iii) |ulipoy <1 (resp. =1; > 1) <= prp)(u) <1 (resp. =1;>1).

We refer to Kovacik and Rakosnik in [7] for further properties of variable exponent
Lebesgue-Sobolev spaces. Let meas(A) = |A| be the Lebesgue measure of the
part A C RY and y, its characteristic function. For r € R, let r* := max(r,0)
and signg (r) be the function defined by signg (r) = 1 if » > 0, signg (r) = 0 if
r < 0. Moreover, for any f, g we write f A g = min(f,g) and fV g = max(f,g).

3. RENORMALIZED SOLUTION

In this section, we fix the notations, give the concept of renormalized solution
for Problem P(f, f). To begin, we note Dom(/3) to designate the domain of g
and T to denote the truncation function at height & > 0, defined by Ty(r) =
max{—k, min(k,r)}, for all r € R.

Let v be a maximal monotone graph defined on R x R. We recall the main section
o of v defined by:

the element of minimal absolute value of ~(s) 1f v(s) # 0,
Yo(s) = +00 if [s, +00) N Dom(v) =0,
—00 if (—o0, s] N Dom(y) = 0.

In addition, we need the following associated functions
Sy =Ti1—Tp and h(r)=min((l+1—|r[)",1).

Note that T} and Sy are Lipschitz continuous functions satisfying |7y (r)| < k,
|Sk| <1 and likewise that |h;| < 1. In [!], the authors introduce the set

THE(Q) = {u: Q - R measurable such that, Ty(u) € W'P@(Q),Vk > 0}.

Lemma 3.1. (See[l]) For every u € T,u (Q) there exists a unique measurable
function v : Q — RY such that

DTk(u) = UX{|u|<k} @-€. m €.

Furthermore, u € W,

LNQ) if and only if v € LL (), and then v = Du in the
usual weak sense.

Let us give the definition of renormalized solutions for the problem P(f, f).
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Definition 3.2. A renormalized solutions of P(f3, f) is a couple of functions (u, b)
satisfying the following conditions:
(i) u : © — R is measurable, b € L*(Q), u(z) € Dom(B(x)) and b(x) € B(u(x))
for a.e. x in €,
(i) for all k > 0, Tp(u) € WHPE)(Q),
(1)

/ bh(u)pdr + / a(x, Du).D(h(u)Y)dz = / fh(u)ydz (3.1)

Q Q Q

holds for every h € C1(R) and ¢ € WP@)(Q) N L>(Q).
Moreover,

lim a(x, Du).Dudx = 0. (3.2)
k=00 Jrk<jul<k+1}

We also introduce the notion of entropy solutions for the problem P(/3, f).

Definition 3.3. For f € L'(Q), a entropy solution of P(f3, f) is a pair of functions
(u,b) € THP@(Q) x LY(Q), u(z) € Dom(B(x)) and b(z) € B(u(x)) for a.e. z in
() such that

/Qka(u—w)da:jt/ﬂa(x,Du).DTk(u—¢)dx§/Qka(u—@b)das, (3.3)

for all ¢» € W@ (Q) N L>(Q) such that ¥(x) € B(u(z)) for a.e. z in Q.

Remark 3.4. It is clear that each term in (3.1) is well defined. Condition (3.2)
is classical in the framework of renormalized solutions and gives additional infor-
mation on Du.

Relation between the notions of renormalized and entropy solution is given through
the Proposition 3.5 below. This result allows us to prove uniqueness of the renor-
malized solution of problem P(j, f).

Proposition 3.5. (see [11]) For f € L'(Q) and under assumptions (H,) — (Hy),
renormalized solution and entropy solution of problem P(S, f) are equivalent.

The main result of this section is the following.

Theorem 3.6. Assume that (Hy)— (Hy) hold. Then, there exists a unique renor-
malized solution u to problem P((3, ). The uniqueness is understood in the sense

of b(u).

4. PROOF OF THEOREM 3.6

We use approximate methods for the multi-step proof. For a given f in L>(Q),
we prove the existence and uniqueness of a renormalized solution of the penal-
ized approximation problem of P(f, f). The uniqueness can be obtained by a
comparison principle. Then, for f € L'(Q2) and for m,n € N, we consider the
bimonotone sequence fy,, given by fu., = (f Am)V (—n). Let us note that for
any m,n in N, |f,.] < |f| a.e. in Q. We complete the proof of this theorem i.e.
the uniqueness of solution of renormalized solution in the end of the section.
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4.1. Existence and uniqueness results for L>(Q)-data.

Proposition 4.1. For f € L>(X2), there exists at least one renormalized solution

(u,0) of P(B, f).

Proof. We proceed by approximation of problem by introduce the quantity |s|?®~2s
to exploit a minimization method. We will make some a priori estimates and us-
ing some convergence results to pass to the limit.

Step 1: Approximate solution for L*>°-data.
Let f € L*(Q2), we consider the approached penalized problem of P(f, f), for
e >0 by

Be(Thje(uz)) + eluc [P 2u, — diva(z, Du.) = f in ,
P(B:, f)

a(x, Du.).n =0 on 0,
where . is the Yosida approximation of § (see [2]).

Proposition 4.2. For every f € L*(2) there exists at least one weak solution
u. € WHP@(Q) of the problem P(B., f).

Proof. A function u. € WP () is called a weak solution of problem P(3., f)
if

/ BT e (us) bda + & / |ue [P 2uabdr + / a(z, Du.).Dipdx = (f,1p), (4.1)
Q Q Q

for any 1» € WHP@)(Q), where (.,.) denotes the duality pairing between W@ (Q)
and (lep(m)(Q)> :

For £ > 0 we define the operator A, : W@ (Q) — (Wl’p(x)(9)>* by

(Acug, ) :/Qb’E(TI/E(uE))wdx—i—a/Q]uslp(“)2u52/1da:+/9a(:c,DuE).Dwd:c.

The operator A, satisfies the following properties:
Lemma 4.3. A, is of type (M), bounded and coercive.
Proof. (of Lemma 4.3.) This proof is subdivided into three assertions.

Assertion 1: The operator A, is bounded for any € > 0.
Let choose ¥ = u. as a test function in (4.1), we get

(Acue, u.) :/ﬁg(Tl/g(ug))ung—i-a/ |u5|p(x)_2u5u€dx+/a(x,DuE).Dusdx.
Q Q Q

Then,
(At u)] < [ 18Ty () uclde + 2 [ Jfu P 2 ds
Q Q

+/ la(z, Du.).Du.|dx. (4.2)
Q
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As B(Ty/e(ue)) is bounded in LP')(Q), then there exist a constant Cy > 0 such
that by using Holder’s inequality, we get

/QWE(Tl/e(uf-:))UE‘dw < ’|6€(T1/6(u5)>”p’($)HUE‘|p(:v) < CIHUEHLP(JB)' (4.3)

Thanks to Holder’s type inequality, we have

1 1 1
 [up@ae < (b ) 0 il < Cllicdigeor (40
Q b— P

Moreover, using Holder’s inequality and the growth condition (Hy), the last term
of the inequality (4.2) leads to

1 1
[ ot Du) D < (—+—) (e, Dus) o1 Dt o

p— V=
< 1 (I3l + 11Duc B ) 11D
< Cal Dt
< Collue! |1 pa)- (4.5)

Gathering (4.3)-(4.5) in (4.2), we deduce that there is a constant C' > 0 depending
on ¢, (", Cy such that

|<A5u5,u5>| < CH“EHLp(m)a
so that A, is bounded.

Assertion 2: The operator A, is coercive.
We recall that

(Acue, u.) —/ﬁE(Tl/E(uE))ude—i—s/ |uE’p(m)2u€u5dx+/a(x,Dus).Du5dx.
Q Q )
Using the monotonicity of 3. and (Hs) hypothesis, we deduce that

(Acuc,u.)y > /a(z,Dua).Dugdqus/|u5|p(w)_2u€u€dx
Q Q

a/ |Du€\p(x)dw+€/ |ue [P da
Q 0

> min(a,€) (/ |Dug|p(x)d:v+/ ]u€|p(°"’)d:v>
Q Q

> min(a, €)p1pe) (Ue)- (4.6)

v

Letting ||uc||1 p) tend to infinity in (4.6), we deduce from Proposition 2.2 that,

A
W — +o0. Thus, A, is coercive.
Uel|1,p(x)
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Assertion 3: The operator A, is of type (M).

According to [13], if A.; is of type (M) and if A. 5 is monotone and weakly
continuous, then A.; + A2 is of type (M).
We have

(Acu,q)) = /Q a(z, Du).Dipdz + /Q Be(Tye(u))bdr + € /Q [u[P@ = 2yapda

= / a(z, Du).Dydx + (A, qu, ).
Q

Let us show that A, 5 is monotone.
We have

(As2u, ) :/Qﬁs(T1/a(U))¢d$+€/Q|u\p(’”)_2uwdx.

For u,v € WP (Q), we have
(Acou — Acov,u—v) = (Acgu,u—v) — (Acov,u —v)

= i) = (T = o
+ 6/9(|u|p(x)_2u — [oP@20) (u — v)dx.  (4.7)
By the monotonicity of u — |u[P®) =2y, we deduce that
- /Q ("™ =2 — [oP@=20) (1 — v)dz > 0.

[. being monotone, obviously
(Acou — Acov,u —v) > 0. (4.8)

Let us show that A.. is weakly continuous, i.e. for all sequence (u,)nen C
WPO(Q) converging weakly to u € WP (Q), we get A, yu,, which converges to
A&Qu.

For all 1 € W'PL)(Q), we have

(Acotin,h) = /Q Be(Tye(wn))odx + & /Q |1 [P 20 1pd. (4.9)

We have [3.(Th /- (u:))y| < max(|B:(1/¢)|, |B-(=1/2)])[¢] € LI (Q).

Let (u,) € W'PO(Q) be converging weakly to some u € W) (Q). Then
u, — wu strongly in LPM(Q). Thus, IM > 0,|u,| < M, so |u,[P@~Hy| <
max(MP-—1, MP+~1)|ap| € LPO(Q).

The generalized Lebesgue convergence theorem allows us to pass to the limit in
(4.9) as n — +o00 to get lim,, oo (Ac 2up, V) = (Acou, ) ie., Acou, — Acou.
For all u,v € W) (Q) we have

(Acqu — A v, u —v) = /Q (a(z, Du) — a(z, Dv))(u — v)dz.

Since the integral is non decreasing, we observe that the monotone character
of a implies that A.; is monotone. Moreover, by (H,4) it follows that A.; is
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hemicontinuous. We conclude that A ; is pseudo-monotone thus is of type (M).
A, 1 being of type (M) and A. » is monotone, weakly continuous, then the operator
A, is of type (M).

Hence the proof of Lemma 4.3 is complete. O
According to the classical theorem of Lions [see [10], Theorem 2.7] there exists
at least a weak solution u. € W@ (Q) of P(B., f) which ends the proof of
Proposition 4.2. O

We establish uniqueness of solutions u. of P(f., f) with right-hand sides f €
L*>(Q) through a comparison principle that will play an important role in the
next.

Proposition 4.4. For e > 0 fized, fN,j: € L>®(Q) let ug,u. € WHPO(Q) be two
weak solutions of P(Be, f) and P(B:, f) respectively. Then the following compar-
ison principle holds.

E/QWW”*%—MMW%%Q+§/Xf—fﬁm@m%—@) (4.10)
Q Q

Proof. Let u. and 4. be two weak solutions of P(f., f) and P([, f) respectively.
For k > 0, taking ¢ = %Tk(us — 1)t as a test function in (4.1), and by differen-
tiating the equations written in u. and u., we obtain:

T+ Jo + Js = Ji, (4.11)
with
B [ (BTe(0) = BuTye) il — i) o,
B = e [ (R = ) e — i)
J3 = %/ a(z, Du.) — a(z, Di.))D(u. — u.)dz,

- / (f - ) "o — i) dr,

where A = {0 < u, — 1. < k}.
Letting k tend to zero and taking account the monotonicity of 5. and a, we infer
that

5/ (|u |px) e — |, |px) 2u ) dr < / (f—f)signg(ue—de)dx.
Q Q
]

Remark 4.5. An immediate consequence of Proposition 4.4 is that for two second
members f and f in L®(Q), with f < f, then u. < 4. a.e. in Q. Moreover, 5.
being monotone it follows that

Be(Th/e(ue)) < BT (1)) a.e. in €.
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Step 2: A priori estimates.

Lemma 4.6. For 0 < e <1, let u. € W@(Q) be a solution of P(B., f). Then,
there exists a constant C' > 0, not depending on € such that

[18(T1 /e (ue)) oo < 11.f o0 (4.12)
and
Moreover,
/ a(x, Du.).Du.dr < k/ | f|dx (4.14)
{I<|ue| <4k} {lus|>1}

holds for all 0 < e <1 and all k,1 > 0.

Proof. In order to prove (4.13), we choose 1) = u. as test function in (4.1) to
obtain

/ﬁg(Tl/E(ug))uadx—l—s/ ]uglp(x)_zuguadx
Q Q
+/a(x, Due).Dugdx:/fusdx. (4.15)
Q Q

The two first terms of (4.15) are non-negatives. Therefore, the coercivity of a
leads to the estimate

a/ | Du. [P@da < / | fucldz. (4.16)
Q Q
Using Holder inequality and Proposition 2.2, we obtain from (4.16)
1 —
1Dy < (S 11 el )™ (4.17)
or
1 p'*l(J
1Dty < (—||f||1 el oo ) 77O (4.18)

seting € = mas{ (2111l 1) (&b )™ T we et (119),

In order to obtain (4 12), we take 05 = +(Thyn(Be(Tre(ue)))) — Ti(Be(Thye(ue)))
as test function in (4.1), with ,h > 0 to get

/ﬁs Tl/s us ehdx+5/ ’Ug ZUEHidLIZ'
—i—/a(:v,Dug).D@dex:/fH;dx. (4.19)
Q Q

Since |u.|P®~2u,, B. are monotonous and increasing, with 3.(0) = 0, we use (H>)
and the fact that a(z, Du.).Du. > 0 to obtain

[ ot wtidr < [ fo5dn
Q Q
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The previous inequality is written

h/ B&(Tl/a(us))SZgn(Ba(Tl/a(us)))dx S h/ fSZgn(Ba(Tl/a(us)))dx
{Jue|>h+k} {

|ue|>h+k}
+ / FIB:(T1e(ue))) — ksign(B-(Tye(ue)))] do,
{k§|ug|§h+kz}
which leads to

h / [8(Ty e (1)) — £]sign(Be(The(uz)))
{Juc|>h+k}

</ F[8:(Te(we)) — hsign(Bo(Ty (o)) (4.20)
{k<|uc|<h+k}
Dividing (4.20) by h, and passing to the limit with A — 0, yields
{lue|>k}
From (4.21), we deduce for k > 0,
/ (Bo(Ty () — k) < / (f — k). (4.22)
Q Q

Choosing k > || f||o, we obtain from (4.22) the claim |[|5-(T1/c(ue))||oo0 < || f]loo-
To end the proof of Lemma 4.6 , we now prove (4.14). We take ¢ = Tj,(u.—T;(u.))
in (4.1) to obtain

/Qﬁg(Tl/E(uE))Tk(u8 — Ti(ue))dx + 5/9 PO 2, Ty (ue — Ti(ue))da

+ /Qa(x, Du.).DTy(u. — Ti(u.))dx = /Qka(uE — Ti(ue))dz. (4.23)

Since Ty (us —Ti(u.)) and u. have the same sign, it is clear that the first two terms
on the left-hand side of (4.23) are non-negative. Then, we deduce from (4.23)
that

/Qa(x, Du.).DTy(u. — Ti(u.)) de < /Qka(ug —Ti(u.)) de.

Since DT}, (ue — Ti(ue)) = DucXi<ju|<i+k}, the previous inequality is written

/ a(x, Du.).Du. dx < / f Tk (ue — Ti(ue))dx < k/ | fldzx.
{I<|ue|<l+k} Q {

|ue|>1}

Next, we get a priori estimates on v and Du through the following Lemma.

Lemma 4.7. Assume that (Hy) — (Hy) hold true and f € L>®(Q). Let u. be a
renormalized solution of P(fe, f). For k large enough, we have

[
min (5.(k), —B.(~F) )

meas{|u:| >k} <

(4.24)
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and

meas{|Du.| > k} < ¢ + [/]]ee : (4.25)

K7 min (B(k), ()

Proof. Let’s start by proving (4.24).

L = [ g [ ),

{luc|<k}
by dropping the last term of right-hand side, we have

/ 1B (Te(ue)lde < / 1B (T (u2)) | d. (4.26)
{lue|>k} Q
From inequality (4.12) and (4.26), we deduce that
/ 1Be(Te(ue))ldz < |[f]]o. (4.27)
{|ue|>k}

Since f. is monotone increasing with 5.(0) = 0, for
ue >k = Be(k) < B(ue) = B(k) < |Be(ue)l,

U < —k = _Ba(_k) S _ﬁe(ua) = _ﬁa(_k) S |BE(U8)|
a result,
min (Bs(k>’ _66(_k)) S |/BE<UE)| (428)
Combining (4.27) with (4.29), we get
min (8. (k), —B.(~k)) meas({[ul>k}) < |l

Hence the desired result. It remains to prove the estimate (4.25). For k,A > 0
we take

O(k, ) = meas{|Du.|" > A, |u| > k}.
Thanks to (4.24), we have
O(k,0) = meas{|u.| > k}.

As function A — ®(k, \) is non increasing, we get for k, A > 0 and for 0 < s < A,
®(0,\) < (0, s).

- 1 1
®(0,A) = meas{|Du.|" > A} = X/ ®(0,N\)ds < X/ (0, s)ds,
0 0

IN

Sl >

A A
/Oq>(k:,s)ds+§/0 (8(0,5) — D(k,5))ds,

IN

/O <I>(k,0)ds+§/o (B(0,5) — B(k, ))ds,

< ®(k,0) + . /A (@(0,s) — ®(k, s))ds. (4.29)
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Hence,
- I
meas{|Du.|? > A} < meas{|u:| >k} + X/ (®(0,s) — ®(k,s))ds. (4.30)
0

To end, we remark that ®(0,s) — ®(k, s) = meas{|Du.|P > s,|u.| < k} and we
get

/000 (@(o,s)—cp(k,s))ds:/{l P (4.31)

Since

/ |Du.|P dx :/ |Du5|p_dx—i—/ |Du.|P dx
<k} {lue <k, |Duc > 1} {hue | <k, | Ducl<1)

< / |Duc|P" dx + meas(Q)
{lue|<k,|Duc|>1}

< / | Du. [PV dz + meas(€).
{lue|<k}
we have thanks above inequality and (4.13),
/ |Du.|P dz < C' + meas() = C". (4.32)
{lue|<k}
Combining (4.31) and (4.32), it follows that
/ (®(0,5) — ®(k,s))ds < C' (4.33)
0

Thanks to (4.30) and (4.33), we deduce that
meas{|Du.|P > A} < % + /1] .
min <6E(k)7 _/66(_k)>

Minimizing this inequality on A\, we see that an optimal choice is, up to a multi-
plicative constant A = kP | which leads to (4.25). O
Step 3: Basic convergence results.

The a priori estimates in Lemma 4.6 imply the following convergence results.

(4.34)

Lemma 4.8. For k > 0, as € tends to zero, we have:

(1) Te(ue) — Ti(u) in LP~ () and DTy (u.) — DTy (u) in (LPO(Q)N,
(i) Be(Tije(uc)) = bin L=(Q),

(i14) a(x, DTy (uz)) — a(z, DTy (u)) in (LP@(Q)N,

Proof. (i) For k > 0, the sequence (DT} (u.))eso is bounded in LP()(€), thus,
the sequence (Tj(u.))eso is bounded in W0 (Q). Therefore, we can extract
a subsequence, still denoted (7% (uc))eso such that for all & > 0, (Tk(uc))eso
converges weakly to o in W10 (Q) and also that (T} (u.)).o converges strongly
to o in LP ().

We show that the sequence (u.).~o is Cauchy in measure. Let s > 0 and k > 0
be fixed.
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Define E,, = {|u,| > k}, Ep = {|um| > k} and E, ,,, = {|Tk(un) — T (um)| > s}
Note that {|u, — u| > s} C E, U E,, U E,,,, and hence,

meas({|un, — Um| > s}) < meas(E,) + meas(E,,) + meas(E,,).  (4.35)

Let n > 0, using the previous inequality, we choose k = k(n) such that

meas(E,) < g and meas(E,,) < g (4.36)

Since Ty (u.) converge strongly in LP~(€2), then it is a Cauchy sequence in LP~(€2),
therefore

Vs >0,n >0, 3Ing =ne(s,n) such that ¥Yn,m >ngy(s,n),

</Q | T () — Tk<um)|p(1‘)>pl < (nlg?j;_);.
We deduce that,

1
Vn > ng, Ym > ng, meas(Ep,) < F/(|T/,€(%) — Tk(um)|)p(x)dm
§ Q

n
< - 4.37
< 1 (437

From (4.35)-(4.37) we deduce that

meas({|un — Um| > s}) <, (4.38)

for all n,m > ng(s,n). Relation (4.38) implies that the sequence (u.)cso is a
Cauchy sequence in measure and there exists a measurable function u such that
ue — w in measure. Then, we can extract a subsequence still denoted (u.)cso,
such that u, — u a.e. in Q.

According to (4.13), the sequence (DTj(u.)).so is bounded in (LPO)(Q))N. We
can extract a subsequence still denoted (DT} (ue))e>0 which converges weakly to
DT}, (u) as € tends to zero.

On the other hand, by (4.12) we get that 5.(7%/-(u.)) is bounded in L*°(2) and
therefore it is converges weakly-x to b in L>°(€2). Hence (ii).

(iii) According to (Hy), we have ||(a(x, DT} (u:)))||p) < €' (with C' >0 ). We
can extract a subsequence still denoted (a(z, DT (u.)))e>0 which converges weakly
to @, in (LP)(Q)N) as ¢ tends to zero. Using the pseudo-monotone argument,
we show that ®, = a(x, DTi(u)) almost everywhere in Q. First of all, we prove
that for all £ > 0, we have

e—0

lim sup/ a(x, DTy(ue)).D(Ty(ue) — Ti(u))dx < 0. (4.39)
Q
Using ¢ = hy(ue)(Ty(u.) — Ti(u)) as test function in (4.1), we have

/ hl(UE)CL<I, DTk(uE))D(Tk(us)—Tk(u))dx = Bk,l,s_'_ck,l,s+Dk,l,€+Ek,l,€7 (440)
Q
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where

Bu = /Q Fhu(us) (Ta(us) — T(u)) da,
Crve = - /Q B (T (e ha(e) (T (1) — Th(w)).
Dy = —5[2|ua|p(x)_2u6(Tk(u6)—Tk(u))h(ua)dx,

Eyi. = —/th(us)a(x, DTy (uz)).Du. (Ty(uz) — Ti(u))dx.

Now we pass to the limit in (4.40) with [ — oo and £ — 0 respectively.
Using the Lebesgue dominated convergence theorem, we deduce that

lim lim By, . = lim lim / Fhi(ue) (Ti(ue) — Ti(uw))dz = 0 (4.41)
Q

e—=0l—0 e—01l—00

and

lim lim Cj; . = lim lim /QBE(Tl/E(ug)hl(ua) (Tk(ua) — Tk(u))das =0. (4.42)

e—=0l—oc0 e—=0l—oc0

For Dy., as ||ue[P®~2u (Ty(us) — Ti(u))hi(us)| < 2kC, it’s clear that

lim lim Dy . = —lim lim ¢ / e [P 20 (T (ue) — Tio(w)) g (ug)dz = 0. (4.43)
Q

e—0l—0 e—=01l—0

It remains to treat Ej;.. We have
|Ege] < Qk/ a(z, Du.) Du.dz,
{I<]ue|<l+1}

which implies by Lebesgue’s dominated convergence theorem,

lim sup lim sup Ej; . < 0. (4.44)

e—0 l—00

Combining (4.41)-(4.44) and the fact that h; — 1 as [ — 0o, we can pass to the
limit in (4.40) as | — oo and as € — 0 respectively, to obtain (4.39).

Now, we use the Minty’s arguments based on the monotonicity property of a to
show that, for all £ > 0, &), = a(z, DTi(u)) a.e. in . By assumption (H,), the
sequence (a(z, DTy (u.)))eso is bounded in (L7 (Q))" which is reflexive. Thus,
there exists @, € (L7 @ (Q))N such that, up to a subsequence, a(x, DT} (u.)) —
®y, in (L@ Q)N



EXISTENCE AND UNIQUENESS OF RENORMALIZED SOLUTION 57

Let ¢ € D(Q2) and A € R*. Using (4.39) and assumption (Hj3) we get

A/@kD@dx = lim [ Xa(z, DTy (u.))Dpdz
Q

e—0 Q

e—0

> lim sup/ﬂa(x, DTy (u.))D(Ty(ue) — Ti(u) + Ap)dz,

e—0

> limsup / al, D[T(u) — Ag)) D(Ti(we) — Ti(w) + Ap)da,

> )\/Qa(x,D[Tk(u) — Ap])De. (4.45)

Dividing by A < 0 and by A > 0, and passing to the limit with A — 0, we obtain

/@kDgod:c:/a(m,DTk(u))Dwdaz, Vo € D(Q).
Q 0

Hence a(x, DTy (u)) = @, almost everywhere in Q2. We conclude that
a(z, DTy, (u.)) — a(x, DTy(u)) weakly in  (LF'@(Q))V.

Remark 4.9. From (4.39) and (H3) we deduce that

lim [ (a(z, DTy(u.)) — a(x, DTy(w))) (DT} (us) — DTy (u)) = 0. (4.46)

e=0 o
Lemma 4.10. For all h € CY(R) and ¢ € W@ (Q) N L>(Q),
D[h(us)p] — D[h(us)p] strongly in  (LPO(Q)N, as & —0.
Proof. For any h € C1(R) and ¢ € W0 (Q) N L>®(12), we have

D[h(ue)ga] - D[h<u>90] = (h(us) - h(u))D@ + hl(“e)gp[Dus - Du]
+(0(w) — W (1) D
= (1.47)

For the term ], we consider py)(¥7) = / |(h(ue) — h(u))Dgp]p(x) dr.
Q

Set ©f(x) = |(h(ue) — h(u)) D[,
We have ©](z) - 0 a.e. x € Qase — 0 and

05 (2)| < C(h,p-, p1)| D" € L1(Q).

Then, by the Lebesgue dominated convergence theorem, we get that liné Pp()(WT) =
e—

0.
Hence,

151 1oy () — 0 as e — 0. (4.48)

For the term 5 we consider p,)(v5) = / |W (u2) (DT (us) — DT;(u))|P®) da for
0
some [ > 0 such that supp(h) C [, ].
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Set ©5(x) = |1 (us)p(DTi(ue) — DTi(u)) .
We have ©5(z) - 0 a.e. x € Qase — 0 and

105(@)| < C(h, p—, s, llloc) [ DTi(ue) — DTi(u) P2
Since DTj(u.) — DT;(u) strongly in (Lp(')(Q))N, we get
pp()(DTi(ue) — DTy(u)) — 0 as e — 0,

which is equivalent to say

e—0

lim/ | DT (u.) — DT;(u)|P® dz = 0.
Q

Then |DT;(u.) — DTy(u)[PY) — 0 strongly in L'(£2).
By the Lebesgue generalized convergence theorem, one has

tim | ©5(z)dz = L, (05) = 0.

Hence,

195l Lrr () — 0 as € — 0. (4.49)

For the term 15 we consider p,(15) = / (R (uz) — ' () DulP™ da.
Q

Set ©5(w) = [(h'(uc) — ' (u))p Dul'™.

We have ©5(z) - 0 a.e. x € Qase — 0 and

[05(2)] < Ch,p—, p+, ||0lloo) DT (w) ) € L),

with some [ > 0 such that supp(h) C [—[,]].
Then, by the Lebesgue dominated convergence theorem, we get lir% pp()(¥5) = 0.
E—

Hence,

195]| potr (@) — 0 as € — 0. (4.50)

Thanks to (4.48)-(4.50), we get
|5 + 5 + ¢§HLP<_)(Q) — 0ase— 0.

O
Step 4: Passage to the limit in equation (4.1).
We want to pass to the limit in the approached problem as € tends to zero. Taking
hi(u)h(u)y as test function in (4.1), where h € CH(R) and ¢ € WP (Q) N
L>(Q), we get

I+r+r=1I! (4.51)
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where

o= [ b,
I = ¢ /Q |ue| P2 hy (ue) h(u)da
it = [ ate.Du) Dl(uc)h(wlds,
= / Fhi(u)h(w)dz.

Item 1: Passing to the limit as ¢ — 0
By Lebesgue dominated convergence Theorem, we see that

limI? = 11m5/|u€| “2u hy(uo)h(u)bdr = 0, (4.52)

e—0

and

e—0

lim I} = lim / fhi(u)h(u)pdr = / fhi(u)h(u)dz. (4.53)
Using Lemmas 4.10 and 4.8, we obtain respectively
D[my(uz)h(u)y] — D[mi(u)h(u)y] strongly in  (LX(Q))Y
and
a(z, Du.) — a(x, Du) weakly in  (LP@(Q)V.
Therefore,
= lir% a(x, Dug).D[hy(us)h(u)])de = / a(x, Du).D[hy(u)h(u)y)dz.  (4.54)
e— Q Q
Now, we are concerning with the term I},

h; is continuous in supph, C [—1;1] means that the sequence (hl(uf))g>o is

bounded and therefore equi-integrable. Hence hy(u.) converge strongly in L'(£2)
to hy(u) as € tends to zero. Furthermore (3. (7} /.(u.)) converges weakly-x to b in
L>(Q), it follows that

tim 1 = lim [ BTy ()b (u)h(u)ide = / bh(wh(w)edr.  (4.55)
Q Q

e—0

Item 2: Passing to the limit as | — 400
By combining (4.52),(4.53) and (4.54) we have

I+ 12 =17, (4.56)

where

o /Q bha () h () o,
I} = / a(x, Du).D[h(u)h(u)y)dz,
1= | s
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Choosing m > 0 such that supp h C [—m, m|, we can replace u by T,,,(u) in I}, I}
and I?. Therefore, it follows that

zEEloo Il = /Qbh(u) Y de, (4.57)
lginoo I = /Q a(z, Du).D[h(u)Y] dz, (4.58)
lim I} = [ fh(u)yde. (4.59)
l—>+o00 Q
Combining (4.57) with (4.58)-(4.59) we obtain
/ bh(u)y de + / a(z, Du).D[h(u)y] dz = / fh(u)yde, (4.60)
Q Q Q

for all h € CL(R) and v € WP (Q) N L=(Q).

Now, we prove that u satisfied (3.2). Since u. — vase — 0 and meas({|u:|>l}) —
0 uniformly as [ tends to oo, we pass to the limit in (4.14) as [ tends to +oo, to
deduce that

lim a(x, Du).Dudx = 0.
=00 Jriclu|<i+1}

Item 3: subdifferential argument

For any given maximal monotonic graph f, it exists a function j : R — [0, 0o,
convex, lower semi-continuous, proper such that §(r) = dj(r) for all r € R, a.e.
in €. j. has the following properties:

(i) for e > 0, j. is convex and differentiable. Moreover f.(r) = Jj.(r) for r € R
and a.e. in €.

(ii) li_r%je(r) = j(r). From (i), it follows that

ja(T) Z jE(Tl/s(ua)) + (’l“ - Tl/s(ua))ﬂs(T1/€<u€)) (461)

holds for all » € R and a.e. in 2. Let E C () be a measurable set and ypg its
characteristic function. Let us fix g > 0 and multiply (4.61) by the function
hi(u:)x g then integrate this last quantity on F. Using (ii), we obtain

[E Jo(rY(uss)de > [E oo (Ths (1)) ()

+(r — Tl+1(u€)>hl(u6)/3€(Tl/a(ue)) (4.62)

for all r € R and 0 < € < gy. By stretching ¢y — 0 and [ — oo, we obtain

/ j(r)ydz > / Jj(u)dx + b(r — u).
E E
Since F is arbitrarily chosen, we deduce from preceding inequality that
j(r) = j(u)) + b(r —u), (4.63)

for r € R and for x € Q, u(z) € D(S(u(x))) and b(z) € f(u(x)) a.e. in Q. The
proof of the Proposition 4.1 is then complete. O
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In the following proposition, we show that for the right-hand side f € L>(£2), the
renormalized solution of P(/3, f) is an extension to the weak solution concept.

Proposition 4.11. Let (u,b) be a renormalized solution to P(S,f) for [ €
L>®(Q). Then u € WHO(Q) N L®(Q) and thus, in particular u is a weak so-
lution to P(B, f).

Proof. The proof of Proposition 4.11 follows the same lines as the proof of Propo-
sition 5.2 in [15]. O

4.2. Approximate solutions for L!-data.

For f € L'(Q) and for m,n € N, let f,,,, € L™(Q) as defined at the beginning
of section 4, there exists Uy, € W'PO(Q), by,,, € L=(), such that (U, by.n)
is renormalized solution of P(by, ., fmn). Therefore, for h € CH(R) and ¢ €
WrL)(Q) N L>(Q), we have

b sh (1t Yol + / a(, Dttgnn)-D(B(t ) 0)d = / Fronhi(tmn)dz.  (4.64)
Q Q

In the following, we give a priori estimates necessary for the rest of the work.

Lemma 4.12. For m,n € N let (Upn,bnn) be a renormalized solutions of
P(bmn, fmn)- Then, for any k >0 and m,n € N, we have

[ 1DTuan )P < 2151, (4.65)
and there ezists a constant Cy(k) > 0, not depending on m,n, such that
[ DTy () Iy < Co(k).- (4.66)
Moreover,
[bmn) 1 < 11 f 1l (4.67)

holds for all m,n € N.

Proof. Choosing for all [,k > 0, hy(tm.n) Tk(tmn) as a test function in (4.64), we
get

/Qbm,n hi () T () dx +/a(ac,DTk(umm)).D(hl(um,n)Tk(umm))dx

Q
:/fm,n hl(um,n) Tk(“m,n)dx
Q

Since all the terms of the left hand side of the previous equality are non-negative
and

[ V) Tt i < Bl o < KIS (4.68)
Q
using assumption (Hz), we obtain

k
(/WHWWW@®SEWWE@%) (4.69)
Q
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Moreover, we have
[ BTl )do < | ]
Q

Dividing the above inequality by k > 0, we get

1
[ o Tilemadz < £ (4:70)
Q
1
As klim —Th(Umn) = Signo(Um,n) and by, € Bun(tmn), passing to the limit as
—00

k — 400 in (4.70), we obtain

[ Baldz < 111 (4.71)
Q

O

In order to pass to the limit in the problem P(by,,, fm.n), & strong convergence
of Up,, in L'(€2) is necessary. The comparison principle in L' plays a important
role in this part. By the result of Proposition 4.11, we deduce that for every
m,n € N, we have

€ € 5
um,n—l—l S um,n S um+1,n7

(4.72)

a.e. in € and therefore, passing to the limit in (4.72) as € tends to zero, we obtain

Um n+1 S Um,n S Um+1,n5 (473)
a.e. in ().
Setting be := (.(T%/c(u.)), from (4.72) and Remark 4.5 we can write that

bfn,n—&—l S bin,n S bfn—i—Ln’ (474)

a.e. in ). Moreover, using the fact that 0, , X by in L°(Q) and this conver-
gence preserves order, we get,

bm,n+1 S bm,n S bm+1,n; (475)

a.e. in ) and for all m,n € N.

By (4.75) and (4.67), for any n € N there exists b" € L'(Q) such that by, ,, — b"
as m — +oo in L'Y(Q) and almost everywhere in Q and b € L'(Q2), such that
b" — b asn — +oo in LY(Q) and almost everywhere in 2.

From the inequality (4.73), we deduce that the sequence (), is monotone
increasing, hence, for any n € N, u,,,, — u" almost everywhere in €2, where
u" : Q — R is a measurable function. Using (4.73) again, we conclude that the
sequence (), is monotone decreasing, hence, u” — u where u : Q@ — R is a
measurable function. In consequence, we can write:

U Tm Un dn U Unn b Um T in LH(Q). (4.76)

Moreover, from the inequality (4.69), the sequence (7j(uy))nen is bounded in
WP (). We can extract from this sequence a subsequence still denoted (T (ty,) )nen
which converges weakly to v, in W@ (Q) and strongly in LP®)(Q) when n —
+00. Moreover DTy (u,) — g in (LP@(Q))Y when n — +o0o. Through conver-
gence (4.76), we conclude that vy = Ty (u) and g = DTy (u).
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According to Lemma 4.8, we conclude that u € T2 (). So the properties (i)
and (i) of Definition 3.2 are satisfied.

In order to show that w is finite almost everywhere, we give an estimate on the
level sets of u,,, in the following.

Lemma 4.13. For m,n € N, let (umn,bmn) be a renormalized solutions of
P(bymn, fmn)- Then, there exists a constant C > 0, not depending on m,n € N

such that
[{|tmn| > 1} < CI7@ 7Y (4.77)
and
: : _ —(p~-1) —(p~-1)
dim i ) > 0= {2 1 0O <o
foralll > 1.

Proof. The proof of Lemma 4.13 follows the same lines as the proof of Lemma
6.2 in [15]. O

Lemma 4.14. For m,n € N, let (umn,bmn) be a renormalized solutions of
P(bmn, fmn)- There exists a subsequence (m(n)), such that setting

bn = bm(n)ma fn = fm(")’” and Un == Um(n),n,

we have
Up —> u a.e. in S (4.79)
Moreover, for any k > 0,
Tio(tn) — Ti(w) in LPY(Q) and a. e. in Q, (4.80)
DTy (u,) = DTy(u) in (£P0(2))", (4.81)
a(z, DTy (uy)) = a(x, DTi(u)) in (LFO()", (4.82)

as n — 400.

Proof. The proof of Lemma 4.14 follows the same lines as the proof of Lemma
6.4 in [15]. O

4.3. Passing to the limit in (4.64).
Choosing hy(u,) h(u) 1 as test function in (4.64), where h € C}(R) and ¢ €
Whr@)(Q) N L>(1), and using Lemma 4.14 we obtain

/an hi(uy) h(u) pde + /Qa(x,Dun).D[hl(un) h(u)Y)dx = /an hi(uy) h(u) pdz,
that we write

I+ 12=1, (4.83)
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with
I}L = / by, hy(uy,) h(u) Yde,
Q
2o /m(mzn%)Dmmwghuo¢u@

. /fnhl ) h(ut) .

We want to pass to the limit in (4.83) as n tends to oo and [ tends to oo respec-
tively.

Step 1: passing to the limit with n — +oo
The convergence results of Lemma 4.14 allow us to conclude that

nh_g)lo Il = /Qbhl(u) h(u) ¥ dx, (4.84)
lim 1} = /Q £ ha(u) h(u) o da. (4.85)

With similar arguments as in the proof of (4.54), it follows that
Jim 12 = /Q a(, Du). Dlhy(u,) h(u) ¥] dz. (4.86)

Step 2: passage to the limit with [ — +o0
Combining (4.84)-(4.86) we get for all [ > 1,

I'+ 1} =1}, (4.87)

where

I = /Qbhl(u)h(u)wdm,
JE - / a(, D). D[ (u) h(u) ¢ldz,
. / 1 huu) h(u) .

Choosing k > 0 such that supp(h) C [k, k], then Tj(u) = u on supp(h) and we
can replace u by Tj(u) in I}, I? and I}}. Hence

lli>r<r>lo Il = /Qbh(u) Y dz, (4.88)
lli}m I = / a(z, Du).D[h(u) Y] dx, (4.89)
lllglo I = / fh(u)de. (4.90)

Combining (4.88)-(4.90) we finally obtain (3.1), which completes the proof of the
existence of renormalized solutions of the problem P(j, f).
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To end the proof of Theorem 3.6, we now show the uniqueness of the renormalized
solutions of the problem P(S, f).

4.4. Proof of uniqueness.

To complete the proof of Theorem 3.6, we show the uniqueness of renormalized
solutions (in the sense of b(u)) of the problem P(3, f) with f € L'(Q).

For f € L'(2), let (uy,by) and (us, by) be two renormalized solutions of P(3, f).
For (uq,b1), we choose 1) = us as test function in (3.3) to get

/ b1 Ti(uy — ug)de + / a(x, Duy).DTy(uy — ug) dz < / f Tk (uy — ug)dx. (4.91)
Q Q Q

Similarly, we get for (us, by)

/ boTy(us — uy)dz + / a(x, Dug).DTy(us — uy) do < / [ Ti(ug — uy)de.  (4.92)
Q Q Q

Adding equations (4.91) and (4.92) yields

/Q(bl — bo) Ti(uy — ug)dx + /Q (a(x, Duy) — a(x, DUQ>).DTk(U1 —ug)dr < 0. (4.93)

Note that the sub-gradient of a convex function is monotone i.e
(07 (uy) — 07 (u2); ug —ug) > 0. Since by € Jj(uy) and by € Jj(uz), we deduce that

/Q (bl — bg)Tk(ul — ug)dz > 0. (4.94)
Thanks to assumption (H3), we have
/Q (a(x, Dur) — a(xr, Dus)) DTe(us — ws)dz > 0. (4.95)
Therefore, we deduce from (4.93)
/ (b1 — b2) Th(uy — ug)dz =0 (4.96)
and ’
/Q (a(, Dur) — a(, Dus)) DT (s — ws)da = 0. (4.97)

As a is strictly monotone, we get from (4.97) that DT (u1) = DTy (ug) a.e. in €.
Therefore, there exists a constant ¢ such that u; — us = c a.e. in .
At last let us see that by = by. Indeed, passing to the limit as & — +oo in (4.96),

we obtain
. 1 .
%;IE}I(I) i (b1 — bg) %Tk(ul —ug)dxr = /Q (b1 — bg)szgno(ul — ug)dx

= / by — by|dz = 0. (4.98)
Q

From (4.98), we deduce that b; = by a.e. in .
In summary,

Uy —us =c and b; =by a.e. in Q. (4.99)
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This concludes the proof of Theorem 3.6.
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