Gulf Journal of Mathematics
Vol 4, Issue 2 (2016) 18-24

ASYMPTOTIC ORTHOGONALITY IN NORMED SPACES
MOHAMMAD REZA HADDADI

ABSTRACT. In this paper we want to generalize the concept of best approxi-
mation and orthogonality in normed space and consider relation between them.
Also we give important results for asymptotic best approximation in dual space.

1. INTRODUCTION

Let X be a normed linear space and M be a subset of X. A point yo € M is
said to be a best approximation for x € X, if for every y € W,

Iz = woll < |z =yl
The set of all the best approximation of z in M is denoted by Py (z).

The problem of best approximation has a long history and continues to gen-
erate much interest and such problems have been extended extensively, see, for
example [3-5]. Now, we introduce a generalization of the best approximation
concept with sequences that is important in different aspect of mathematics.

Definition 1.1. Let X be a normed space, M a closed subset of X and {x,},., C
X\M. Put

d({Zn} 5y, M) = liminf inf [|z, —y.
A point yo € M is said to be a asymptotic best approzimation for {x,}, ., C

X\M, if
ligbgilgf |z — yol| = d({xn}nZI’ M).

If every sequence {z,} ., € X has at least one asymptotic best approximation

in M, then M is called a asymptotic proximinal subset of X. If each sequence
{z,},., € X has an unique asymptotic best approximation in M, then M is
called a asymptotic Chebyshev subset of X. For x € X put,

P]@({IN}ny) = {yO € M: hﬂggf || Tn — yOH = d({xn}nZI’ M)}

This set may be empty, a singleton, or certain infinitely many points. It is clear
that

Py({an},..) = M2y U, Baqaay, ., a0 (@)} N M.
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Also, if {x,},., converges strongly to x € C, then Py;({z,},.,) = {z}.

2. EXISTENCE AND UNIQUENESS

In the following we give some conditions that guaranties the existence, unique-
ness or compactness of the set of asymptotic best approximations.

Theorem 2.1. Let M be a nonempty subset of Banach space X and {,},., C
X\M. If M is weakly compact and convex, then Pi({zn},.,) is a nonempty
weakly compact set.

Proof. Because M is weakly compact convex set and the function x — liminf ||z, —
|| is continuous on M. Thus, Pf;({x,},.,) is nonempty and also, since Py ({2, }
is closed, weakly compact.

nzl)

O

Proposition 2.2. Let M be a nonempty subset of Banach space X and{z,} ., C

X. Then

n>1

diam(Py({2.},..,)) < co(X)d({z.} .., M).

Proof. Set d = diam(Pg;({zn},.,)) that d > 0. Let 0 < r < d and z,y €
Py({wn},.,) with ||z —y[| > d —r. By the convexity of Py({7,},.,), 52 €
P ({xn},~,). Also from the property of modulus of convexity for every s € C
we have

RS

N ]

d({xn}@l, M) = liminf ||z, — %H < d({zn} ({xn}. ., M)

Therefore
|z -yl
dx(
d({zn},=,, M)

By definition of €(X), d —r < ||z — y|| < eo(X)d({zn},.,, M). Because r > 0 is
arbitrary, we have

) <0.

diam(Py({zn},.,)) < €(X)d({zn},.,, M).
0J

Theorem 2.3. Let M be a nonempty weakly compact convex subset of a uniformly
conver Banach space X and {x,} ., C X. Then P{,({z,} is a singleton set.

n>1 n21)

Proof. By Proposition 2.2, we obtain that Pf;({z},.,) # 0. Also by the uniform
convexity of X, €(X) = 0, it follows that from last proposition diam(Py; ({7, },,)) =
0, i.e., Py({zn},.,) is a singleton set. O
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3. ORTHOGONALITY AND BASIS

Many authors have introduced the concept of orthogonality in different ways[1,2,5].
One of the important definition is the Brushoff orthogonality [2]. Let X be a
normed linear space, if =,y € X, x is said to be Brushoff orthogonal to y and
is denoted by x L y if and only if for ever scaler a, ||z|| < ||z + ay||. Now we
generalize the concept of Brushoff orthogonality with sequences.

Definition 3.1. Let {z,,},., € X andy € X. We say that {z,}
orthogonal to y and is denoted by {z,}

.>1 18 asymptotic

-, L%y if for ever scaler a,

liminf ||z, | < liminf ||z, + ay||.
n—oo n—oo

A sequence {z,},., € X is said to be asymptotic orthogonal to a set M C X
and we write {x,} ., L% M if for every y € M, {z,} ., L®¥.

n>1

Proposition 3.2. Let X be a normed linear space, M a linear subspace of X,
{rn},os ©SX\M and go € M. Then go € Py;({zn},-,) if and only if

{z, —go} L* M (%).

Proof. By definition of asymptotic orthogonality, condition (*) means that for
every scaler o and g € M

liminf || z, — go|| < liminf || z,, — yo + ayg|
n—oo n—oo
and this is obviously equivalent to go € Pi;({zn},5,)- O

In continue, we will give new result about asymptotic orthogonality in inner
product space. we start by following lemma.

Lemma 3.3. Let X be an inner product space, {x,},., € X andy € X. Then
{70}, L%y if and only if liminf,, . (2,,y) = 0.

[{zny)|

Proof. Suppose {r,},., 1*yandliminf, . [{(z,,y)| # 0. Put a = —liminf, , Wy

We have

liminf ||z, + ay| = liminf(z, — liminf (@n: y>y, x, — liminf {n, 9) Y)
= liminf({x,,z,) — 2liminf Tn, Y
o (w,y)?
+ lim inf Y, Y
noo (Y, y)? v, 9)
2
< liminf(z,, z,) — liminf (Tn y)

< liminf(z,,,) = liminf ||z,|?,
n—oo n—oo
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whence {z,},., is not asymptotic orthogonal to y, while if liminf,, (2, y) = 0,
then for every scaler a we have

liminf ||z, + ay||* = liminf(z, + ay,z + ay)
n—oo n—oo

> liminf [z, | + [af*||y|* > lim inf [|z,|*. W
n—o0 n—00

Theorem 3.4. Let X be a inner product space, M a subset of X, {xn}nZl C
X\ M and go € M. Then go = Py;({wn},,) if and only if

limsup(z, — go, g — go) <0, Vg € M ().

n—oo

Proof. 1f (%) holds and y € M, then

= gol> = (20— g0, 0 — 90)
== <xn — 4o, Tn — g> + <$n — go,9 — gO>

Hence

IN

lim inf(x,, — go, 2, — ¢) + limsup(z, — go, 9 — go)

liminf ||z, — gol|?
n—oo n—oo n—oo

< liminf(x, — go, z, — g) < liminf ||z,, — gol|||xn — 9|

by Schwarz’s inequality. Therefore

liminf ||z, — go|| < liminf ||z, — g,
n—00 n—oo
and so go = Py;({zn},,)-

Conversely, suppose (x) fails. Then for some y € M have limsup,,_,.(z, —
go,x — g) > 0. For every 0 < A < 1, the element yy := Ag + (1 — A)go € M by
convexity and

20— all? = (20— gr, 20 — gn)
= zn = gall* = 22Xz — 90,9 — go) + X*[lg — o>
Then

liminf ||z, — g,\H2 < liminf ||z, — g,\H2 — 2 lim sup(x,, — go, 9 — 9o)
n—00 n—00 n—+00

< liminf ||z, — go||
n—oo

and 50 go # Py ({x},..). =

Theorem 3.5. Let X be a inner product space, M a subspace of X, {zn},., C
X\ M and go € M. Then go € Pyy({wn},.,) if and only if

limsup(z, — go,g9) =0, Vg € M (xx).

n—oo

Proof. Since M is subspace, therefore by the last theorem the proof is complete.
O
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Corollary 3.6. Let {y1,...,yn} be a basis for the n-dimensional subspace M of
X and go € Pyy({w,},5,). Then

n
- E a;Zq,
=1

where the scalers «; are the unique solution to the normal equations

hmsup xn,yj Z% y'wyj J=1,.

n—oo

Corollary 3.7. Let {yi,...,yn} be a orthogonal basis for the n-dimensional sub-
space M of X and gy € Py;({xn},.,). Then

n
- E o; 2,
=1

where a; = limsup,, . (Tn, yi), 1 =1,...,n.

Theorem 3.8. Let X be a Banach space, M a subset of X and {x,},., € X\ M.

Then there is subsequence {Yn},., of {wn},o, such that for every subsequence
{ynk}k21 of {yn}nZl we have

d({yn},20 M) = d({yn, }1rr M).
Proof. Define

ro = Sup {d({xn}n21, M) : {xnk}k21is a subsequence of {xn}n21}.
Then there is a subsequence {z, ,,} of {x,} such that
ro < d({xrmy}, M) + 1.
Let {zx } be a subsequence of {xy;_1)} and define
= sup {d({zk@), }, M)+ {zw@),} is a subsequence of {xyu)}}-

Then there is a subsequence {xy,,  ,, } of {zn, } such that

1
ri < d({xnk(i+l)}7 M) + Z—i-—l (*)
Because 0 < ... < r3 <ry < ryq, it follows that there exists r > 0, r = lim;_, 7;.
Then from (%),

r = lim d({xnk< +1)} M).

1—00
Now, consider the diagonal sequence {z,,,, } and 7 = d({zy,, }, M). Because
{n,, } is a subsequence {zy, , }, it follows that 7 < r; and so 7 < r. Also, from
(¥) we have r < 7. Hence r = 7 and the proof is completed. O

Corollary 3.9. Let X be a Banach space, M a separable subset of X and
{#n},o, € X\ M. Then there is subsequence {yn},., of {wn},o, such that for
every subsequence {Yn, },>, 0f {Un},o, we have

PJL\l/.I({yn}nZ1) = P]?/I({ynk}k21)'

n>1
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Proof. By Theorem 3.8, {x,} has a subsequence {y,} that
d({yn}ngn M) = d({ynk}kZI’ M)

Because M is separable can be used to obtain a subsequence of {y,}, which we
again denoted by {y,} such that lim,,_, ||y, — y|| exists for all y € M and so the
proof is completed. O

It is notable that, since every sequence in R™ has subsequence convergence, R"
has this property.

4. FUNCTIONALS AND ASYMPTOTIC PROXIMINAL

Reader can find some important results of the proximinal subset in dual space
in [4]. In this section, we give new results of the relation between functionals of
dual space X and asymptotic proximinal of X.

Theorem 4.1. Let M be a closed subspace of X. Then for every sequence
{wn},o0 € X\M, go € Piy({wn},.,) if and only if there exists a sequence {x,} C
X* such that

|lxkll =1, x|y =0, x5 (x, — go) > liminf ||z, — go||, n € N.
n—oo

Proof. Suppose {z,} ., € X\M. Define m} (y+ax,) = ad({z,},.,, M) for each
scalar o and y € Y. Then for every n € N, m? is a linear functional on M + (z,,)
such that m’(x) = d({z,},.,, M) and m}(y) = 0 for each y € M. Whenever for
each scalar a # 0 and y € M,

[y, (y + az)| < ol 2, + o™ yll = [ly + aza.
Hance [[m?*|| < 1. Also, for each y € M
d({an}, .0, M) = mp(zn —y) < [[mplllzn -yl < d({zn},.,, M).

Then m} > 1 and so m) = 1. Finally, suppose x; be any Hahn-Banach extension
of m) to X for every n € N.

Conversely, suppose that there exists a sequence {2} C X* such that
|lzrll =1, 2} |wr =0, ) (2, — go) > liTrLrigolf |z — gol|, n € N.
Therefore
liminf ||z, —goll < @7(2n = g0)
= 2,(zn —g)
|z, (20 — 9)|

25l lzn — g

liminf ||z, — gl|, Vg € M.
n—oo

(VAN VANRPA

Therefore go € Pi({7n},,)- O
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Corollary 4.2. Let X be a normed space, M a closed subspace of X, C" C M
and x € X\M. Then the following statements are equivalence:

1) CC Pi({zn},s,)-

ii) There exists a sequence {x%} C X* such that
| =1, o3|y =0, (v —g) > d({z0n},.,, M), n€N, geC.

l
n

Iz

Proof. i = ii. Suppose C C Py({zn},.,). We consider a go € M. Then a
sequence {z:%} C X* such that

[l =1, 2% = 0, 237 (20 — go) = d({zn},.,, M), n €N
New, for every g € M, we have
29z, — g) = 2,7 (20 — go0) > d({xn}n217 M)
and so we have 1.
1 = 1 It is trivial. O
Corollary 4.3. Let X be a normed space such that X* boundedly compact. Also

assume M a closed subspace of X and {x,},., € X\M. If go € P§;({zn}
then there are z* € X* and v € X such that

lz*|| =1, =}, =0, «"(z —go) > ligg}f |2 — gol|-

n21)7

Proof. Suppose go € Pj;({zn},.,). By Corollary 4.2 there exists a sequence
{z} C X* such that

el =1, 25l = 0, a7 (20 = go) = d({xn},.,, M), n €N.

Therefore there are 2* € X* and subsequence {z,, } such that w*-converge to z*.
Also, since {z,,},., € X\M is a boundedly compact sequence, has subsequence
{7y, } converge to x € X. Therefore z}, (v,,) — 2*(2). Hence x*(x — go) >

lim inf ||z, — gol|- O
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