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UNFILTRABLE VECTOR BUNDLES AND SPANNED
VECTOR BUNDLES

EDUARDO BALLICO!

ABSTRACT. Let X be an integral n-dimensional projective variety. We study
the existence of rank r > 2 vector bundles on X which are not extensions
of two vector bundles (e.g. they exist if » = 2 and X is a smooth surface
with Kodaira dimension > 0). Their existence implies the existence of many
spanned rank n vector bundles E on X and (n+r)-dimensional linear subspaces
W C HO(E) spanning F such that the evaluation map W ® Ox — E does
not factor through f: W ® Ox — F and g : F — F with F locally free, f, g
surjective and n + r > rank(F) > rank(E).

1. INTRODUCTION

Let X be an integral projective variety and E a rank r > 2 vector bundle on
X. We say that F' is partially filtrable if there is a subsheaf A of F' with 0 <
rank(A) < r and both A and F/A locally free, i.e. if F'is an extension of two
vector bundles (this is not the notion of filtrable used in [3] for the case r = 2). If
rank(E) > dim(X), then FE is partially filtrable ([2, Theorem 2]). If dim(X) = 1,
then every vector bundle of rank > 2 on X is partially filtrable (]2, §4]). We say
that E is universally not partially filtrable if for each integral projective variety
Y with dim(Y") = dim(X) and every finite map f : Y — X the bundle f*(F) is
not partially filtrable. It is essential to require that f is finite (Remark 2.1). If
X is smooth, one may define an a priori weaker notion restricting to the pairs
(Y, f) with Y smooth. Since P™ is the only smooth variety that it is the target of
all smooth varieties of the same dimension ([0]), it would be interesting to know
the existence or not of universally not partially filtrable bundles on P*. By [4] if
n is even, then TP" is not partially filtrable, while if n > 3 is odd the rank n — 1
null-correlation bundles, i.e. the kernels of a surjection TP" — Ox(2), are not
partially filtrable.

Question 1.1. Let X be an integral projective variety with dim(X) > n. Is there
a vector bundle E on X with rank(E) = dim(X) and E not partially filtrable?
And universally not partially filtrable?

We prove the following result.
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Theorem 1.2. Let X be a smooth and connected projective surface with Kodaira
dimension > 0. Then there is a polarization H on X and a rank 2 H-stable
vector bundle E on X which is not partially filtrable.

We collect from the references the existence of not partially filtrable vector
bundles on P" when n = 3 and r = 3 (Proposition 2.10), when n = 4 and r = 3
(Proposition 2.11) and when n =5 and r = 3 (Proposition 2.12).

We explain now how we came to this topic, while studying spanned vector
bundles with some extremal properties. For any vector bundle £ on X and any
linear subspace W C HO(E) let egw : W ® Ox — E denote the evaluation
map. Set ep := egpop). [ is spanned if and only if eg is surjective. Now
assume that E is spanned, but not trivial. We say that E is extremely generated
if ep does not factor through a surjection ' — E with F' a vector bundle of
rank > rank(F) and not a trivial bundle. We say that E is totally extremely
generated if for every linear subspace W C HY(F) with epy surjective, the map
ep,w does not factor through a surjection F' — E with F' a vector bundle of
rank > rank(F) and not a trivial bundle, i.e. there are no (F, f, g), where F' is a
vector bundle, f: W ®Ox — F and ¢ : F' — E are surjections, egw = go f and
neither f nor g are isomorphisms (if F) f, g exists, then we call it a decomposition
of egw). Assume dim(W) > rank(E) + 2 and that W spans E. The bundle
ker(ep ) is partially filtrable if and only if eg 1 has a factorization (Lemma 2.6).
If h%(F) = rank(E) + 1, then F is totally extremely generated (Lemma 2.4). If
dim(X) = 1, then E is extremely generated if and only if h°(E) = rank(E) + 1
(Lemma 2.5). We prove the following result.

Proposition 1.3. Set n := dim(X). Fiz an integer x such that 2 < x < n.
There is a pair (E, W), where E is a rank n vector bundle on X, W is an (n+x)-
dimensional linear subspace of H*(E) spanning W and egw 1is not decomposable
of and only if there is a rank x vector bundle on X which is not partially filtrable.

2. THE PROOFS

Remark 2.1. Let X be an integral projective variety X and E a rank r > 2
vector bundle on X. There is a birational morphism f : Y — X such that f*(F)
has a rank 1 subbundle (take a an ample line bundle R on X, and blow up the
zero-scheme of a non-zero section of £ ® R®' ¢t > 0). In characteristic zero we
may take Y smooth by the resolution of singularities.

Remark 2.2. A vector bundle E is totally extremely generated if it is extremely
generated and no proper linear subspace of H°(E) spans E.

Remark 2.3. Let E be a rank r spanned vector bundle on X which is not totally
extremely generated and E # OF. Let W C H°(E) be a linear subspace such
that ey is surjective and ey = fog with g : W ® Ox — F, F' a vector bundle,
f:F — E, g, f surjective and neither g nor f an isomorphism. A surjection of
vector bundles is an isomorphism if and only if the two vector bundles have the
same rank. Notice that the surjection g (resp. f) is not an isomorphism if and
only if dim(W) > rank(F') (resp. rank(F') > r).
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Lemma 2.4. Let E be a rank v spanned vector bundle on X with h°(E) = r + 1.
Then E is totally extremely generated.

Proof. Since h°(E) = r + 1, E is not trivial. Apply Remark 2.3. O

Remark 2.5. Let G be a vector bundle on X with rank(G) > dim(X). Then G
has a rank 1 subbundle (apply [2, Theorem 2] to a twist of G by a power of an
ample line bundle). Hence G is partially filtrable.

Lemma 2.6. Let E a spanned vector bundle and take a linear subspace W C
H°(E) such that W spans E. There are a vector bundle F' on X and surjections
g:W®0Ox = F and f: F — E such that dim(W) > rank(F') > rank(E) if and
only if the bundle ker(egw) is partially filtrable.

Proof. If F, f, and g exist, then ker(g) is a proper subheaf of ker(eg ) with
ker(egw)/ker(g) = F/E and hence both ker(g) and ker(egw)/ker(g) are non-
zero and locally free. Hence ker(egw) is partially filtrable. Now assume that
ker(eg w) is partially filtrable, say it is an extension of the vector bundle B by
the vector bundle A C ker(egw ). Let i : ker(egw) — W @ Ox be the inclusion.
Set j :=i|A and write F':= W ® Ox/j(A). There is a surjection g : F' — E with
ker(h) = B and ep w factors through g. O

Lemma 2.7. Let E be a spanned vector bundle on X. If h°(E) > rank(E) +
dim(X), then E is not extremely generated.

Proof. Use Lemma 2.6 and Remark 2.5. O

Corollary 2.8. Let R be an ample line bundle on X. Let F' be a vector bundle
on X. Then there is an integer to such that F'® R®" is spanned, but not extremely
spanned for all t > t.

Proof. Set n := dim(X) and r := rank(F’). There is an integer ¢, such that
F ® R®" is spanned and h°(F @ R®") > r +n+ 1 for all t > ;. Fix any integer
t >ty and set £ := F ® R®. Set G := ker(eg). By construction G has rank
> n+ 1. Hence it is partially filtrable (Remark 2.5). Apply Proposition 2.7. O

Remark 2.9. Let X be an integral projective variety such that any extension of
two line bundles splits; by Lefschetz-Noether theorem this is is the case if X
is a either a smooth complete intersection and dim(X) > 3 or X is a general
complete intersection surface not of multidegree (2,2), 3 or 2. Then no rank 2
indecomposable vector bundle on X is partially filtrable. If dim(X) = 2, then
there are many indecomposable rank two vector bundles (e.g. the stable ones
with respect to any polarization). Now assume n := dim(X) = 3,4. Take a
stable rank 2 vector bundle F' on P™ (if n = 4 take the Horrocks-Mumford ’s
bundle) and take the pull-back by a suitable finite map X — P".

Proof of Proposition 1.3: Assume the existence of a rank x vector bundle G on X
which is not partially filtrable. By tensoring G with a large power of the dual of
an ample line bundle we may assume that GV is spanned and that h°(GY) > z+n.
Hence there is an (n+x)-dimensional linear subspace V of H°(G") such that egv -

is surjective. Dualizing egv y we get an inclusion j : G — (’)?2("”) with a locally
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free cokernel. Set E : coker(j) and let W C HY(E) be the image of the map

a: HY(OL™™) 5 HO(E) induced by the surjection associated to the cokernel of
j. Since V' C H°(GY), « is injective and hence dim(WW) = n + . Apply Lemma
2.6. Conversely, gives £ and W with egw not decomposable, Lemma 2.6 gives
that coker(eg w) is not partially filtrable. O

Proof of Theorem 1.2: For any ample line bundle H on X and any integer ¢, let

M (X co; H) be the coarse moduli scheme of rank 2 H-semistable sheaves F on
X with det(F) = Ox and c3(F) = co.

First assume that X is a minimal surface and that X has Kodaira dimension
> 1. By [J] there is ¢; > 0 and H such that canonical divisor of M (X;cy; H)
is nef. For large ¢, we may also assume that a general point of a (component

of) M(X;co; H) is an H-stable vector bundle E. We claim that general F €
M (X cy; H) in not partially filtrable. E is locally free. Assume that F is partially
filtrable. Since det(F) = Ox, there is L € Pic(X) such that F is an extension of
L by LV. Since E is H-stable, it is indecomposable and hence h!'((L#?)) > 0.
Since stability is an open condition, a general extension of L by LY is H-stable.
Since M (X cy; H) has non-negative Kodaira dimension and E is general, E is
not contained in a rational curve. Hence h'((L®?)V) = 1. We get a contradiction,
because for ¢, > 0 we have dim(M (X;cy; H)) ~ 4cy > q(X).

Now assume that X has Kodaira dimension 0 and it is minimal. We take an
odd large integer ¢, and get that M (X;cy; H) has Kodaira dimension 0 ([10,
Corollary 1.2]). Hence we may again use the proof of the claim.

Now assume that X is not minimal. We use induction on the number of
blowing-downs needed to pass from X to its minimal model. Let v : X — X’
be the blowing down of a point. Assume to have found an ample line bundle H
on X' and a large integer c, such that M(X';cy; H) has non-negative Kodaira
dimension. Apply part 1 of [7, Theorem 1] to get a corresponding polarization
for X and then use the proof of the claim. 0

Proposition 2.10. There is rank 3 vector bundle on P3, which is not partially
filtrable.

Proof. Fix the union C' C P? of two disjoint conics. Since we(2) = Oc(1), we(2)
is spanned and h°(wc(2)) > 1. By the Hartshorne-Serre correspondence ([1])
there is a rank 3 vector bundle E on IP? fitting in an exact sequence

0— 03 = E—TIc(2) =0

Since c3(F) = deg(C) and c3(E) = deg(wc(2)), E has 1+ 2h + 4h* + 4h3 as its
Chern polynomial. Assume that F has a partial filtration and call 1 4+ ah and
14 bh+ch? the Chern polynomials of the bundles appearing in a partial filtration
of E. Weget a+b=2,4=c+aband 4 = ac. Hence a € {—4,-2,—1,1,2,4}
and ¢ = 4/a. If a = —4, then, b = 6, ¢ = 28, a contradiction. If @ = —2, then

b =4 and ¢ = 12, a contradiction. If a = —1, then b = 3, ¢ = 7, a contradiction.
If a =1, then b= 1 and ¢ = 3, a contradiction. If a = 2, then b =0 and ¢ =4, a
contradiction. If a = 4, then b = —2 and ¢ = 12, a contradiction. 0

Proposition 2.11. The rank 3 Tango bundle on P* is not partially filtrable.
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Proof. Since the Tango bundle F fits in an exact sequence ([%])
0— TPY(—2) = O — F — 0

and TP*(—2) has 1 — 3h + 4h® — 2h® + h* as its Chern polynomial (use a twist
of the Euler’s sequence of TP?), then E has 1 + 3h + 5h? + 5h? as its Chern
polynomial. Since 5 is prime, we easily see that 1 + 3h 4 5h% + 5h3 is irreducible
over Z and hence FE is not partially filtrable. O

Proposition 2.12. There is rank 3 vector bundle on P°, which is not partially
filtrable (in characteristic # 2).

Proof. We use one of the Horrocks bundles constructed in [5]. Let E be the parent
bundle of [5]. Use the last four lines of [5, §1]. O
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