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SOME RESULTS ON UNIQUENESS OF ENTIRE FUNCTIONS
SHARING A POLYNOMIAL

PULAK SAHOO!'* AND BISWAJIT SAHA?

ABSTRACT. In this paper, we study the uniqueness problem on entire functions
that share a nonconstant polynomial in which multiplicities are not taken into
consideration. The results of the paper improve and generalize the recent
results due to Liu - Yang [9].

1. INTRODUCTION AND PRELIMINARIES

In this paper, a meromorphic function will mean meromorphic in the whole
complex plane. We assume that the reader is familiar with standard notations
and fundamental results of Nevanlinna value distribution theory as described in
[7, 13]. For a nonconstant meromorphic function f, we denote by T'(r, f) the
Nevanlinna characteristic function of f and by S(r, f) any quantity satisfying
S(r,f) = o{T(r, f)} as r — oo outside of a possible exceptional set E of finite
linear measure. The meromorphic function a is called a small function of f if
T(r,a) = S(r, f).

We say that two nonconstant meromorphic functions f and g share a small
function a IM (ignoring multiplicities), when f —a and g — a have the same zeros.
If f —a and g — a have the same zeros with the same multiplicities, then we say
that f and g share @ CM (counting multiplicities). A finite value zj is called a
fixed point of f(z) if f(z9) = zo.

To answer a familiar question posed by Hayman [6] in 1959, the following result
was proved by Fang - Hua [1] in 1996.

Theorem A. Let f and g be two nonconstant entire functions, n > 6 be a positive
integer. If f"f" and g"g' share 1 CM, then either f(z) = c1e®, g(z) = cpe™,
where c1, ¢o and c are three constants satisfying (cic2)" e = —1 or f = tg for
a constant t such that t"™! = 1.

In 2002 Fang [3] proved the following results considering kth derivative of f"
and ¢" which may be taken as an extension of Theorem A.

Theorem B. Let f and g be two nonconstant entire functions, and let n, k be two
positive integers with n > 2k +4. If (f")*) and (¢")* share 1 CM, then either

Date: Received: Nov 3, 2015; Accepted: Mar 14, 2016.
* Corresponding author
**The first author is thankful to DST-PURSE programme for financial assistance.
2010 Mathematics Subject Classification. Primary 30D35.
Key words and phrases. Uniqueness, Entire function, Weighted sharing.
30



SOME RESULTS ON UNIQUENESS OF ENTIRE FUNCTIONS ... 31

f(z) = e, g(z) = cee™*, where ¢, ¢ and ¢ are three constants satisfying

(—=1)*(c1e0)"(ne)?* =1 or f =tg for a constant t such that t" = 1.

Theorem C. Let f and g be two nonconstant entire functions, and let n, k be
two positive integers with n > 2k + 8. If [f*(f — 1)]® and [g"(g — 1)]® share 1
CM, then f =g.

Natural question arises: Is it possible to replace the value sharing with fixed
point sharing in Theorems A-C 7 Afterwards research works concerning the above
question have been done by many mathematicians such as Fang - Qiu [5], Lin -
Yi [3], Qi - Yang [10], Sahoo [I 1], Zhang [11]. Here we recall the following results
proved by Qi - Yang [10] in 2010.

Theorem D. Let f and g be two transcendental entire functions, n, m and k be
three positive integers with n > 2k +m* + 4, A and pu be constants that satisfy
N+ |pl # 0. If [fPOf™ + w)]® and [g"(Ag™ + p)]*®) share = CM, then the
following conclusions hold:

(i) If \u # 0, then f%(z) = g%(z), where d = ged(n, m); especially when d = 1,
f=y.

(ii) If \pw = 0, then either f = tg for a constant t that satisfies t"*™ =1 ork =1
and f(z) = cre g(z) = coe™ for three constants 1, ¢y and ¢ that satisfy

A+ 1) (eaea)™ ™ [(n 4 m)e? = —1,

where
«_ Jm o f A£O;
" _{ 0 ifr=0.

In 2011 Dou - Qi - Yang [2] studied the uniqueness problem on entire functions
sharing fixed point concerning some general differential polynomials and proved
the following results which may be treated as a generalization of Theorem D.

Theorem E. Let P(2) = 2™+, 12" ' +...4+a12+ag or P(z) = C, where ay,
A1y ym—1, am(F# 0), C(#£ 0) are complex constants. Suppose that f and g be two
transcendental entire functions, and let n, k and m be three positive integers with
n > 2k +m** +4. If [f*P(f)]® and [g"P(g)|*® share = CM, then the following
conclusions hold:

(1) If P(2) = @nz™ + ap12™ ' + ... + a1z + ag is not a monomial, then either
f =tg for a constant t that satisfies t* = 1, whered = (n+m,...,n+m—i,...,n),
Qi # 0 for some v = 0,1,2,....m; or f and g satisfy the algebraic equation
R(f,g) =0, where

R(wy,wy) = wi(amwy® + ... + aywy + ag) — wy (amwy' + ... + ajws + ag).

(ii)) When P(z) = C or P(z) = a,,2™, then either f = tg for a constant t that
satisfies "7 =1, or f(2) = bie?”, g(z) = bye " for three constants by, by and
b that satisfies 4a2,(b1b2)" ™ ((n +m)b)? = —1, or 4C?(byby)"(nb)* = —1, where
m** is defined by
— { m if P(z) # C;
10 ifP(z)=C.
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One may now ask the following question :
Question 1. What are the IM analogous of Theorems D and E ?

Recently Liu - Yang [9] answered the above question by proving the following
results.

Theorem F. Let f and g be two transcendental entire functions, and let n, m
and k be three positive integers with n > 5k +4m* + 7, X\ and p be constants that
satisfy |A| + || # 0. If [f(Nf™ + w)]® and [g"(Ag™ + u)]*) share z IM, then
the conclusions (i) and (ii) of Theorem D hold.

Theorem G. Let P(2) = ap2™ + Gy 12™ ' + ... +a12 +ag or P(2) = C, where
ag, A1,. 01, Ay (#0), C(# 0) are complex constants. Suppose that f and g be
two transcendental entire functions, and let n, k and m be three positive integers
with n > 5k + 4m™ + 7. If [f"P()]® and [¢"P(g9)|*) share z IM, then the
conclusions (1) and (i) of Theorem E hold.

Regarding Theorems F and G the following question is inevitable which is the
motive of the authors.

Question 2. What can be said if the fixed point sharing in Theorems F and G
1s replaced with sharing a nonconstant polynomaial ¢

In this paper we will concentrate our attention on the above question. We
will prove the following two theorems first one of which improves and generalizes
Theorem F and second one improves and generalizes Theorem G. The following
are the main results of the paper.

2. MAIN RESULTS

Theorem 1. Let f and g be two transcendental entire functions, P (z) be a non-
constant polynomial of degree p, and let n, k and m be three positive integers with
n > 5k + 2p + 4m* + 5. Suppose that either k, p are co-prime or k > p when
p > 2. IF[fr (A f™ 4 )% — P oand [g"(\g™ + p)]®) — Py share the value 0 IM,
where X\, p are constants satisfying || + |p| # 0, then the following conclusions
hold:

(i) If \u # 0, then f%(z) = g%(z), where d = ged(n, m); especially when d = 1,
=g

(ii) If \u = 0, then either f = tg for a constant t that satisfies "™ =
L or f(2) = b1e"@) ) g(z) = bye Q) where Q(2) is a polynomial without
constant such that Q'(z) = Pi(z), by, by and b are three constants satisfying
w2 (nb)%(b1be)™ = —1 or A2((n + m)b)?(byby)" ™ = —1.

Theorem 2. Let f and g be two transcendental entire functions, Pi(z) be a
nonconstant polynomial of degree p, and let n, k and m be three positive integers
with n > 5k+2p+4m*™ +5. Let P(2) be defined as in Theorem G. If [f*P(f)]*) —
Py and [¢"P(g)]®) — P, share 0 IM, then the following conclusions hold:

(i) If P(2) = amz™ + am_12™" 1 + ... + a1z + ag s not a monomial, then either
f =tg for a constant t that satisfies t* = 1, where d = (n+m, ....,n+m—i,...,n),
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i # 0 for some i = 0,1,2,....m; or f and g satisfy the algebraic equation

R(f,g) =0, where
R(wy,ws) = wi(anw + ... + a1wy + ag) — wg (anpwy* + ... + ajwe + ag).

(ii) When P(z) = C or P(z) = a,2™, then either f = tg for a constant t
that satisfies t"*™" = 1, or f(2) = b1e"@) | g(2) = be Q) where Q(z) is
a polynomial without constant such that Q'(z) = Py(2), by, by and b are three
constants satisfying C?(nb)?(b1by)™ = —1 or a2,((n + m)b)?(byby)" ™™ = —1.

We now give the following definitions and notations which are used in the
paper.

Definition 1. [7] Let a € C U {oco}. For a positive integer p we denote by
N(r,a; f |< p) the counting function of those a-points of f (counted with proper
multiplicities) whose multiplicities are not greater than p. By N(r,a; f |< p) we
denote the corresponding reduced counting function.

Analogously we can define N(r,a; f |> p) and N(r,a; f |> p).

Definition 2. Let a be any value in the extended complex plane, and let k be an
arbitrary nonnegative integer. We denote by Ni(r,a; f) the counting function of
a-points of f, where an a-point of multiplicity p is counted p times if p < k and
k times if p > k. Then

Ni(roa; f) = N(r,a; f) + N(r,a; f |>2) + ... + N(r,a; f |> k).

Clearly Ny(r,a; f) = N(r,a; f).
Here we present some lemmas which will be needed in the sequel.

Lemma 1. [I5] Let f be a nonconstant meromorphic function, and p, k be two
positive integers. Then

N, (r,0; f*) < T (r, f) = T(r, f) + Npsi(r, 0 f) + S(r, f), (2.1)

N, (r,0; ™) < kN(r, 005 f) + Npyi(r, 05 f) + S(r, f). (2.2)

Lemma 2. [1]| Let f and g be two nonconstant meromorphic functions that share
the value 1 IM and
f// 2]('/ g// 2g/

Fof-17 g g-1

Then

T(r,f) < No(r,0; f) + Na(r,0;9) + No(r,00; f) + Ny(r,00;9) + 2N(r,0; f) +
N(r,0;9) + 2N(r,00; f) + N(r,00; g) + S(r, f) + S(r, 9).

Similar inequation holds for g also.

Lemma 3. [12] Let f be a nonconstant meromorphic function and let a,,(z)(# 0),
an-1(2), ... , ag(z) be small functions of f. Then

T(ryanf™ + an 1 f" '+ ... +arf +ag) =nT(r, f) + S(r, f).
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Lemma 4. [7] Suppose that f is a nonconstant meromorphic function, k > 2 is
an integer. If

N(r,00; f)+ N(r,0; f) + N(r,0; f) = § (r, f7’) ,

then f = e®*t where a(#£ 0), b are constants.

Lemma 5. [l 1] Let f and g be two nonconstant entire functions and let n, k
be two positive integers. Suppose that Fy = (f"P(f))*® and G, = (g"P(g))®
where P(2) = 2™ + aym12™ 1+ .+ a1z + ag, ag(#0), ay, ... ,am_1, @pn(#0)
are complex constants. If there exist two nonzero constants ¢, and co such that
N(r,c1; F1) = N(r,0;G1) and N(r,co;Gy) = N(r,0; F}), then n < 2k +m + 2.

Lemma 6. Let f and g be two nonconstant entire functions, n, m and k be three
positive integers. Suppose that F1G1 = PZ, where Fy, Gy are defined as in Lemma
5 and Py(z) is defined as in Theorem 1. Then n < k + 2p.

Proof. If possible, we assume that n > k + 2p. From FyG; = P, we have

(f"P(f)®(g"P(g))* = PL.

Let zy be a zero of f with multiplicity /. Then z is a zero of (f"P(f))*) with
multiplicity nl — k. Since g is an entire function and n > k + 2p, it follows that
2o is a zero of P? with multiplicity at least 2p + 1, which is absurd. Thus f has
no zeros. We put f = e®, where « is a nonconstant entire function. Now

(amf"er)(’“) =tn(a, ", ..., oz(k))e(mLm)o‘7 (2.3)

(aof”)(k) =to(c/, ", ..., oz(k))e”a, (2.4)

where t;(c/,a”,...,a®) (i = 0,1,...,m) are differential polynomials in o/, o”, . .
., a® . Obviously

ti(e, o .,a®) £0
for:=0,1,2,...,m, and
(f"P(FH® #0.
Therefore from (2.3) and (2.4) we obtain
tm(a/ 0, .. a®)em™ 4 to(o, .. a®) £0. (2.5)

Since « is an entire function, we have T'(r,a)) = S(r, f) for j = 1,2, ..., k, and
hence T'(r,t;) = S(r, f) for i = 0,1,2,...,m. Therefore using (2.5), Lemma 3 and
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the second fundamental theorem for small functions we deduce that
mT(r, f) T(rtme™ + ...+ t1e®) + S(r, f)
N(r,0;t,e™ + ..+ t1€%) + N(r,0; tpe™ + ... + t1e® + to)
+5(r, f)
N(r,0;tme™ D 4 1)+ S(r, f)
(m = 1T (r, f) + S(r, f),

a contradiction. Hence n < k 4 2p. This proves the lemma. 0

IA

IA A

Lemma 7. [10] Let f and g be two nonconstant entire functions, n, m and k be
three positive integers, and let Fy = [f*(Af™ + u)]® and Gy = [g"(Ag™ + p)]®
where [N + |p| # 0, and A\ = 0. If there exist two nonzero constants ¢; and
cy such that N(r,ci; Fy) = N(r,0;G3) and N(r,cy;Ga) = N(r,0; F), then n <
2k +m* + 2.

Lemma 8. Let f and g be two nonconstant entire functions, n, m and k be three
positive integers with n > 5k + 2p + 4m* + 5. Further assume that either k, p
are co-prime or k > p when p > 2. Suppose that 3Gy = P?, where Fy, Gy are
defined as in Lemma 7, |\ + |p| # 0 and Py(2) is same as in Theorem 1. Then
f(2) = b1e"9G) | g(2) = bye ™R3 where by, by and b are three constants satisfying
A2 ((n + m)b)2(bibe)™™™ = —1 or p*(nb)%(bibs)" = —1 and Q(z) is same as in
Theorem 1.

Proof. We discuss the following two cases separately.
Case I. Let A\ = 0. Noting that |\|+ |u| # 0, we take p = 0, A # 0 and therefore
m* = m. The case y # 0, A = 0 can be proved similarly. First we assume that
k = 1. Then F,Gy = P? gives

(Y (g™ = PR (26)

Since f and g are entire functions and n > 5k + 2p + 4m + 5, it follows from (2.6)
that f and g have no zeros. We put

f=e", g=-¢é", (2.7)
where e and /3 are two nonconstant entire functions. Therefore from (2.6) we get
A (n 4 m)?a/flemtmiath) — p2, (2.8)

From (2.8) it follows that a,  must be polynomials and o + § = C, where C' is
a constant. Thus deg(a) = deg(3). Therefore o/ + ' =0 and

)\2(71 + m)QO/B/e(n-i-m)C _ P12
Simplifying we obtain o/ = bP;(z) and ' = —bPy(z), where b( 0) is a constant.
This gives a = bQ(z) + d; and 8 = —bQ(z) + dy, where Q(z) is a polynomial
without constant such that '(z) = Pi(z) and d;, dy are constants. Therefore
f= blebQ(Z), g= [)264@(2)7
where by, by and b are three constants satisfying
A2((TL + m)b)2(b1b2)”+m =—1.
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Next we assume that k > 2. Then from FyGo = P? we obtain
AfTME (Agrtm)® = PP (2.9)
Since f and g are transcendental entire function, from (2.9) we obtain
N(r, 0; (Af"™)®) = Oflogr}.
From this and (2.7) we see that
N (r, 00; Af™F™) 4+ N (r, 0; A\f™™) + N(r, 0; (A f*™)®) = O{log r}.

Suppose that « is a transcendental entire function. Then by Lemma 4 we deduce
that « is a polynomial, a contradiction. Next we assume that «, 3 are polynomials
of degree p; and ps respectively. If p; = p = 1, then

_ _Az+B Cz+D
f =€ ’

) g=e€

where A(#0), B, C(# 0) and D are constants. So from (2.9) we obtain
)\Q(Ac)k(n + m)?ke(n+m){(A+C)z+(B+D)} _ P12,

which is not possible. Hence max{p;,p2} > 1. We assume that p; > 1. Then

(Afrtm)B) = Qremt™e and (Ag"t™)*) = Q™8 where @y, Q2 are polyno-

mials of degree k(p; — 1) and k(pa — 1) respectively. Therefore from (2.9) we

obtain « + 8 = ky, a constant, and therefore p; = py and k(p; — 1) = p. This

shows that p > k > 2, contradicting with the assumption that k£, p are prime to
each other.

Case II. Let Ay # 0. Since n > bk 4+ 2p +4m + 5 > k + 2p, using the argument
similar as in Lemma 6 we reach at a contradiction. This proves the lemma. [

Lemma 9. [10] Suppose that Fy and G are given as in Lemma 7 where A = 0.
Ifn > 2k +m* and Fy, = Gy, then f = tg for a constant t satisfying t"*™ = 1.

Lemma 10. [10] Suppose that Fy and Gy are given as in Lemma 7 where A # 0.
Ifn > 2k +m and Fy = Gy, then f4(z) = ¢g%(z) where d = gcd(n, m).

Proof of Theorem 2. We discuss the following three cases separately.
Case (i) Let P(2) = apnz™ + am_12™"1 + ... + a1z + ag, where ag(# 0), aq, .

Gm—1, Gm(# 0) are complex constants. We consider F' = % and

G = %. Then F' and G are transcendental meromorphic functions that

share the value 1 ignoring multiplicities. Let

F/l 2F/ G// 2G/
H‘(F_F—J_(@_G—J' (2.10)

If possible, we suppose that H # 0. Then using Lemma 3 and (2.1) we obtain
No(r,0; F) < Ny (r,0; (f*P(f))™) + S(r, f)
< T (r,(f"P(f)") = (n+m)T(r, f) + Nieya(r,0; f*P(f))
+S(r, f)
T(r, F) = (n+m)T(r, f) + Niya(r, 0; f*P(f))
+S(r, f)- (2.11)

IN
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In a similar manner we obtain
No(r,0;G) < T(r,G) — (n+m)T(r,g) + Ngs2(r,0;9"P(g)) + S(r, g). (2.12)
From (2.11) and (2.12) we get
(n+m){T(r.f)+T(r,g)} < T(r,F)+T(r,G)+ Niga(r,0; f*P(f))
+Niy2(r,0;g"P(g)) — Na(r,0; F)
—NQ(’I“,O;G)+S<?",f)+5(?”,g). (213)
Again from (2.2) we deduce that
N2<T70;F) SNk+2(7’,0;fnp(f))+5(’/’,f), (214)
and
Na(r,0; G) < Niya(r,0;9"P(g)) + S(r, 9). (2.15)
Using Lemma 2, Lemma 3, (2.2), (2.14) and (2.15) we obtain from (2.13)
(n+m){T(r,f)+T(r,g)} < Na(r,0; F)+ Na(r,0; G) + 2No(r, 00; F)
+2N,(r,00; G) + 3N(r,0; F) +3N(r,0; G)
+3N(r,00; F) + 3N(r, 00; G)
+Niio(r,0; f"P(f)) + Niio(r,0;g"P(g))
+S(r, f)+ S(r,g)
2Np42(r, 0; " P(f)) + 2Nk 42(1, 05 g" P(g))
+3Nk+1(7", 0; fnp(f)) + 3Nk+1(ra O; gnp(g>>
+S(r, f)+ S(r,g)
(5k +5m+ ) {T(r,f)+T(r,9)}
+S(r, f)+ S(r,g).

IN

IN

From this we get
(n — 5k —4m — 7>{T(T7 f) + T(Tag>} < S(T’, f) + S(T,g),

contradicting with the fact that n > 5k 4+ 2p + 4m + 5.
We now assume that H = 0. That is

F'2F N\ (G 2@ 0
Fr F—1 G G-1)

Integrating both sides of the above equality twice we get
1A
F-1 G-1

where A(# 0) and B are constants. Now we consider the following three subcases.

+ B, (2.16)

Subcase (i) Let B # 0 and A = B. Then from (2.16) we get

1 BG
=T (2.17)
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If B = —1, then from (2.17) we obtain

FG =1,
ie.,
(PO (g Plg)™ = P,
a contradiction by Lemma 6. If B # —1, from (2.17), we have G = ﬁ}%l)
and so N(r,Zt; F) = N(r,G). Now using (2.1) we deduce from the second

fundamental theorem of Nevanlinna

T(r F) < N@nﬁv+w(n§§if)+smF>

N(r,0; F)+ S(r, F)

<
< T(r, F) = (n+m)T(r, f) + Nea(r, 0; f* P(f) + S(r, f).

This gives
(n+m)T(r, f) < (k+m+1T(r f)+ S, f),

a contradiction as n > 5k 4+ 2p + 4m + 5.

Subcase (ii) Let B # 0 and A # B. Then from (2.16) we get G = (B_S%Fig;?_l)

and so N(r, 2L F) = N(r,G). Arguing similarly as in Subcase (i) we reach at
a contradiction.
Subcase (iii) Let B = 0 and A # 0. Then from (2.16) we can write = <F4=1

and G = AF — (A —1). Assuming A # 1, we have N(r, 22, F) = N(r,0;G)
and N(r,1 — A;G) = N(r,0; F). So by Lemma 5 we obtain n < 2k +m + 2, a
contradiction. Therefore A = 1 and thus F' = G. That is

[P P()]™ = [g"P(g)]*).

Integrating we get

P = [g"P()] %V + i,

where ¢, is a constant. If ¢,_; # 0, from Lemma 5 we obtain n < 2k + m, a
contradiction. Hence ¢;_; = 0. Repeating k-times, we obtain

fTP(f) = g"P(g).
That is

F (amf™ + amr ™+ o4 arf +ag)
= g (amg™ + am_19™ " + ... + arg + ag). (2.18)

Let h = g. If h is a constant, by putting f = gh in (2.18) we get
amgn+m<hn+m _ 1) 4 am_lgn—‘rm—l(hn—l-m—l _ 1) N aogn<hn _ 1) — 0’

which implies h? = 1, where d = (n +m,...,n+m —i,...n+ 1,n), ap_; # 0
for some i = 0,1,...,m. Thus f = tg for a constant ¢ such that ¢t = 1, d =
(n+m,..n+m—i,..n+1n), a,; #0 for somei=0,1,.. m.
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If h is not a constant, then from (2.18) we see that f and g satisfy the algebraic
equation R(f,g) =0, where

R(wq,wy) = wi(amw + ... + aqwy + ag) — wy (anwy' + ... + ajws + ag).

Case (ii) Now we assume that P(z) = a,,2™, where a,, (# 0) is a complex con-

. (amfn+m)(k) o (amgn+nL)(k)
stant. Let ' = ENACES and G = R
meromorphic functions that share the value 1 ignoring multiplicities. Proceeding
in a similar manner as Case (i) above we obtain either FG =1 or F = G.

If FG = 1, then

. Then F' and G are transcendental

(™) (ang™ ™)) = PE.

So by Lemma 8 we obtain f(z) = 01e"?®), g(z) = bye *?) where by, by and b
are three constants satisfying a2 ((n +m)b)?(biby)"™™ = —1 and Q(z) is same as
in Theorem 1. If ' = G, then using Lemmas 7 and 9 we obtain f = tg for a
constant ¢ such that ¢"*™ = 1.

Case (iii) Let P(z) = C. Taking F = (Cfn)(k), G =9 and arguing similarly

Pi(z) Pi(z)
as in Case (ii) we obtain either f(2) = b;e"@®) g(2) = bye @) where b, by and
b are three constants satisfying C?(nb)?(bibs)" = —1, Q(z) is same as in Theorem
1 or f = tg for a constant t satisfying " = 1. This completes the proof of the
theorem. 0J
Proof of Theorem 1. Let F' = w and G = W Then F

and G are transcendental meromorphic functions that share the value 1 ignoring
multiplicities. Then proceeding similarly as in Theorem 2 we obtain either F'G =
1 or F' = @. First we assume that Ay # 0. Then FG # 1, by Lemma 6. Hence
F = G and so by Lemmas 5 and 10 we obtain f¢(z) = ¢%(z) where d = ged(n, m).
Next we assume that Ay = 0. Let A # 0 and g = 0. Then if FG = 1, by Lemma
8 we have f(2) = b1e"?®) | g(2) = bye @) where by, by and b are three constants
satisfying A2((n+m)b)?(bibs)"™™ = —1 and Q(z) is same as in Theorem 1. Similar
result holds when p # 0 and A = 0. If ' = G, by Lemmas 7 and 9 we conclude
that f = tg for a constant ¢ that satisfies t"*™" = 1. This proves the theorem. [
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