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STRUCTURAL STABILITY FOR NONLINEAR
P(U)-LAPLACIAN PROBLEM WITH FOURIER BOUNDARY
CONDITION

STANISLAS OUARO! AND NOUFOU SAWADOGO?*

ABSTRACT. We study a nonlinear elliptic p(u)—Laplacian problem with Fourier
boundary conditions and L' — data. The existence and uniqueness of weak so-
lutions and the structural stability result are established.

1. INTRODUCTION
In this paper, we consider the following nonlinear Fourier boundary value problem

b(u) — diva(z,u, Vu) = f in Q (11)
a(z,u,Vu)n+Iu=g on 99, '
where Q C RY (N > 3) is a bounded open domain with Lipschitz boundary 952,
7 is the outer unit normal vector on 02 and A > 0.
The operator diva(z,u, Vu) is called p(u)-Laplacian. It is more complicated
than p(z)-Laplacian in the term of nonlinearity. A prototype of this operator is
div(\VuV’(“)_Q.Vu). The variable exponent p depend both on the space variable
x and on the unknown solution w.

This paper is inspired by recent works of Andreianov, Bendahmane and Ouaro
(see [2]). These authors studied the existence and uniqueness of weak solutions
for the following problem

b(u) — diva(z,u, Vu) = f in
u=20 on 0,

and the structural stability of weak solutions u,, for the problem

b(uy) — diva, (z, up, Vu,) = f, in Q
Uy =0 on 0f,

where (a,(z, z,€))nen verifies the classical Leray-Lions hypotheses with variable
exponent p,(x, z) such that
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1 <p_ <pul,.) <py <400 and f, is a sequence of data weakly convergent
to fin LY(Q2). In this paper, we consider the following basic assumptions on the
data for the study of the problem (1.1).

(Ay) f and g are some functions such as f € L'(Q), g € L'(9Q) and g # 0.

(Az) b is nondecreasing surjective and continuous function defined on R such that
b(0) = 0.

Problem (1.1) is adapted into a generalized Leray-Lions framework under the
assumption that a : Q x (R x RY) — RY is a Carathéodory function with:

(As) a(z,2,0) =0 for all z€ R, anda.e. z € ;

(As) (a(z,2,€) —alz,z,1)).( —n) > 0 forall,n € RV, £ # 1, as well as the

growth and the coercivity assumptions with variable exponent

(45) |az, 2, &) " < ¢y (| + M(z)) and

1
(Ag) a(x, z,£).£ > 52|§|p(z,z)'
Here, ¢ and Oy are positive constants and M is a positive function such that

M e LHQ).
p: QxR — [p_,ps] is a Carathéodory function, 1 < p_ < p; < +oo and
Pz, z) = M is the conjugate exponent of p(z, z), with
p(xa Z) —1
p_:=ess inf p(x,z) and p, :=ess sup p(z,z2).

(z,2)EQXR (z,2)EQXR
We assume that p_ > N and for all M > 0
p is log-Hélder continuous in (x,z) uniformly on Q x [—M, M]. (1.2)

This paper is interested in Fourier type boundary conditon, so we cannot work in
the space Wy "O)(Q), but in the space WP(2()(Q). We are facing serious dif-
ficulties when we want to apply the theory of monotone operators in the Banach
space W1P(-u0)(Q) to prove the existence of weak solutions. Therefore, we use the
technic of pseudo-monotone operators in Banach spaces, the Poincaré Wirtinger
inequality and Young measure associated to a weakly convergence method of
sequence of gradients of solution (cf [9, 11]) to obtain some useful convergence
results. Indeed, we define an approximation problem, and we prove that this
problem has a solution u,, which converges to u, a weak solution of problem (1.1).

The interest of the study of this kind of problem is due to the fact that they
can model various phenomena which arise in the study of elastic mechanic (see
[1]), electrorheological fluids (see [16]) or image restoration (see [3]).

Here, we consider a Fourier boundary condition which bring some difficulties to
treat the term at the boundary.

We were inspired by the work of Ouaro and Tchousso (see [11]), where the au-
thors defined for the first time a new space by taking into account the boundary.
For the next part of the paper (section 2), we introduce some preliminaries re-
sults. In section 3, we study the existence and uniqueness of weak solution with
L'—data f and g. In section 4, we study the continuous dependence of weak
solutions.
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2. PRELIMINARIES

We will use the so-called truncation function

i |s| < & 1 if s>0

Ty(s) := 5 , 1 o= ,  where signg(s):=<0 if s=0
ksigno(s) if |s| >k .

—1if s <O.

The truncation function possesses the following properties.

Ti(=s) = =Ti(s), |Tk(s)| = min{|s|, k},

: 1 :
kgrfoo Ti(s) = s and Ilgll)l%) ETk(S) = signo(s).

We also need to truncate vector valued-function with the help of the mapping

A, i A <m
B : RY — RN Ry (N) = A where m > 0.
m— if |A| > m,
A

For a Lebesgue measurable set A C €2, x4 denotes its characteristic function and
meas(A) denotes its Lebesgue measure. Let u : @ — R be a function and k € R,
we write {Ju| < k} or [|u| < k| for the set {z € Q : |u(z)] < k}, (respectively,
Za =<, >)
As the exponent appearing in (1.1) depend on x and on u(z), we must work in
Lebesgue and Sobolev spaces with variable exponent.
For the study of problem (1.1) we need the Sobolev spaces W7()(Q), where

m(.) =p(,u(.).
Definition 2.1. Let 7 : Q@ — [1,400) be a measurable function.
(1) L™(Q) is the space of all measurable function f :  — R such that the
modular

Py (f) = /Q |f|”(w)dac < 400.

If p, is finite, this space is equipped with the Luxembourg norm

Il =int {200 o (§) <1}

In the sequel, we will use the same notation L™ () for the space (L™ (Q))V
of vector-valued functions.

(2) WHm)(Q) is the space of all functions f € L™)(Q) such that the gradient
of f (taken in the sense of distributions) belongs to L™)(€2). The space
W )(Q) is equipped with the norm

[ellwrxo@) = llullpzo@) + VUl Lo @)

When 1 < p_ < x(.) < py < +oo, all the above spaces are separable and
reflexive Banach spaces.

We denote 7, (x) := p(x, u,(x)).
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Proposition 2.2. (See [, Proposition 2.3])
For all measurable function ©: Q — [p_, py], the following properties hold.

(i) L™(Q) and WHm)(Q) are separable and reflevive Banach spaces.
(i) L™O(Q) can be identified with the dual space of L™ (Q), and the following
Holder type inequality holds:

Vf e L™(Q),g € L7V(Q), ’ / Fada| < 2|\l o 191l o @
Q

(iii) One has pr()(f) = 1 if and only if || f|| =0 () = 1; further,

if () < 1, then £, @) < px0 (1) < 11220y

ifﬂn(.)(f) > 1, then ||f||Lﬂ'()(Q < Pn()( ) < ||f| L7(Q

In particular, if (fo)nen is a sequence in L™ (), then an||L7r()(Q) tends to zero
(resp., to infinity) if and only if p)(fn) tends to zero (resp., to infinity), as
n — 400.

For a measurable function f € W™ (Q) we introduce the following notation:

peo () = [ 170tz [ V570

Replacing p(x) by 7(z) in [7, Proposition 2.2], we obtain the following result that

is fundamental in this paper.

Proposition 2.3. ( See [18, 19] ) If f € W'™0(Q), the following properties hold:
(i) HfHWM<»>(Q) > 1= Hf”;;w»( a) < PLa( )(f) < HfHW1 () ( Qy

(1) [ fllwrroo < 1= Hf|€;1,n<.>( Q) < PLa( () < ILFI5 WLT()(Q
(i) [|fllwrrorqy < 1 (respectively = 1;> 1) < p1)(f) < 1 (respectively =
I;>1).

The following lemma prove that the space Wm()(Q) is stable by truncation.
Lemma 2.4. If u € W5 O(Q) then T(u) € W0 (Q).
Now, we give the embedding results.

Proposition 2.5. (See [, Proposition 2.4])

Assume that ™ : Q — [p_,py] has a representative which can be extended into a
continuous function up to the boundary 02 and satisfying the log-Holder conti-
nuity assumption:

3L >0, Vz,y € Az #y, —(loglz—y|)|n(z)—7(y)| < L. (2.1)
(i) Then, C=(RQ) is dense in WH™()(Q).
(ii) WHmO(Q) is embedded into L™ )(Q), where 7*(.) is the Sobolev embedding

exponent defined as in (2.2) below. If q is a measurable variable exponent

such that ess ing(w*(.) —q(.)) > 0, then the embedding of W™ (Q) into
S
L1)(Q) is compact.
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For a given 7(.), a function taking values in [p_,p.], 7*(.) denotes the optimal
Sobolev embedding defined for any x € ) by

Nmla) if m) <N
ey )N —7(z) 59
() = any real value if w(x)=N (2.2)
+00 if  m(x) > N.
Put
(N —1)r(z) _
w(2) = (r(2))’ ={ N —n(x) if (@) <N (2.3)
+0o0 if 7w(z)> N.

Proposition 2.6. (See [11, Proposition 2.3])

Let m(.) € C(Q) and p— > 1. If ¢ € C(0N) satisfies the condition:
1 <q(z) <7%x), VreoQ,
then, there is a compact embedding
WhTO(Q) < L1O(09).
In particular there is compact embedding
W Q) — L7O(0Q).

Young measures and nonlinear weak-* convergence.

Throughout the paper, we denote by d. the Dirac measure on R? (d € N), con-
centrated at the point ¢ € R%.

In the following theorem, we gather the results of Ball [(], Pedregal [15] and
Hungerbiihler [12] which will be needed for our purposes (we limit the statement
to the case of a bounded domain ). Let us underline that the results of (ii),(iii),
expressed in terms of the convergence in measure, are very convenient for the
applications that we have in mind.

Theorem 2.7.

(i) Let @ € RN N € N, and a sequence (vy)nen of Ri-valued functions,
d € N, such that (v,)nen 1S equi-integrable on Q. Then, there exists a
subsequence (ng)ken and a parametrized family (Vi) zcq of probability mea-
sures on R? (d € N) , weakly measurable in x with respect to the Lebesgue

measure in §2, such that for all Carathéodory function
F: QxR =Rt €N, we have

lim i F(z,v,, )dr = /Q/Rd F(z, \)dv,(\)dz, (2.4)

k—+o0

whenever the sequence (F(.,v,(.)))nen s equi-integrable on €. In partic-
ular,

o(z) = /R N () (2.5)
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is the weak limit of the sequence (v, )gen 1 L'(£2).
The family (v;)zeq 1S called the Young measure generated by the subse-
quence (U, ken-

(i) If Q2 is of finite measure, and (V;)zecq is the Young measure generated by
a sequence (Vp)nen, then vy, = Oyy) for a.e. v € Q & v, converges in
measure in §) to v as n — +00.

(iii) If 2 is of finite measure, (un)nen generates a Dirac Young measure (0y(z))zecn
on R and (v,)nen generates a Young measure (Vy)zcq on R, then

the sequence (U, Vn)nen generates the Young measure (dy(zy @ Vg)zeq ON
Rd1+d2.

Whenever a sequence (v,)neny generates a Young measure (V)zcq, following
the terminology of [10] we will say that (v,),en nonlinear weak-* converges, and
(V2)zeq is the nonlinear weak-* limit of the sequence (v,)nen. In the case where
(Un)nen possesses a nonlinear weak-* convergent subsequence, we will say that
it is nonlinear weak-* compact. ([!, Theorem 2.10 (i)]) It means that any equi-
integrable sequence of measurable functions is nonlinear weak-* compact on (2.

Lemma 2.8. (See |1, Theorem 3.11] and [2, Step 2 of proof of Theorem 2.6]).
Assume that (uy,)nen converges a.e. on §) to some function u, then

Ip(z,un () — p(z,u(z))| converges in measure to 0 on €,
and for all bounded subset K of RY,

sup |a(z, uy(z),§) — a(z,u(x),§)| converges in measure to 0 on Q. (2.6)
¢eK

We recall some notations. For any v € W'™)(Q), we denote by 7(u) the trace
of u on 02 in the usual sense. We will identify at boundary u and 7(u).

3. WEAK SOLUTION

Let f, = T, (f), then (f,)nen+ is a sequence of bounded function which strongly
converges to f in L'(Q) such that || f||21() < ||f]|11(). We consider the following
problem

1 1
T (b(uy)) — diva(z, un, Vu,) — =42, up, + —|un P+ 2u, = f, in O
n n

(3.1)
(a(x,un, Vu,) + %|Vun\p+_2Vun).77 + AT (uy) = gn on 01,
where v
d (|0uy,|"* 2 ou,

i=1
In this part, we prove that the problem (3.1) admits at least one weak solution
u,. We define the following reflexive space

E = WhPH(Q) x LP+(09).
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Let
Xo={(u,v) € E: v=r1(u)}.
In the sequel, we will identify an element (u,v) € X, with its representative
u € WHP+(Q) (since WP+ (Q) s LP+(09)).

Theorem 3.1. There exists at least one weak solution w, for the problem (3.1)
in the sense that u, € Xy and for all v € X,

/Tn(b(un))vd:c + /a(x,un,Vun)Vvdx—i-/ AT, (up )vdo
0 0 o9
1

+ —/ [|wn | Punv + |V, [P+ >V, Vo] da
Q

n

= /fnvdx+/ gnvdo. (3.2)
Q o0

For the proof of Theorem 3.1, we apply the following Lemmas.

Lemma 3.2. (see [13, Remark 2.12]). Let V be a separable reflexive Banach
space and A, M: V — V' such that

(i) A is an operator pseudo-monotone;
(ii) M is a bounded hemicontinuous and monotone operator;

then A + M is pseudo-monotone.

Lemma 3.3. (See [I7, Corollary 2.2]). If an operator A is of type (M), bounded
and coercive on a separable Banach space to its dual, then A is surjective.

Let
< Apu,v >=< Au,v > 4+ < Guu,v >,
where

< Au,v >= /Qa(x,u, Vu).Vvde, < Guu,v >= %/Q|Vu|p+_2Vqudx

and
< Buu,v >= / T,.(b(u))vdx + )\/
with u,v € Xg. Set g’n =A,+B,. ’

1
T, (u)vdo + —/ |u|P+ 2uvdzr,
Q nJo

Proof. The proof of Theorem 3.1 is done in three steps.

Step 1: C,, is bounded.
By using Hoélder type inequality and assumption (As) with constant exponent p,,
we deduce that A is bounded. Moreover,

|<Gnu,v>|:

1
—/ |Vu[P+2VuVudz
nJa

< / V| Volda
Q

pi
< IVl o V0l )
< Cé“UHWl*IH—(Q)'
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So, A, is bounded. Additionnaly, using the same argument as in [5, Proof of
Lemma 4.2], we prove that the operator B,, is bounded. Therefore, C,, is bounded.

Step 2: C, is of type (M).
ur —u in Xy
Let (ug)ren be a sequence in Xy such that Chup = x in X
lim sup <Cnuk,uk> < <X,u>.

k—+4o0

We will prove that y = C,u.
As T, (b(ug))ug > 0, AT, (ug)ug > 0 and |ug [P+ > 0 by Fatou’s Lemma, we deduce
that

1
lim inf (/Tn(b(uk))ukdx—l—)\/ Tn(uk)ukda—i-—/ ]uk]mdx)
k—ro0 Q 90 nJo
1
> /Tn(b(u))ud:c—i—)\/ Tn(u)uda—l——/ |ulP+ da.
Q o0 n Jo

One the other hand, thanks to Lebesgue dominated convergence Theorem and
the fact that |ug [P+ 2wy, — |u[P+2u in LP% (), we have

1
lim (/Tn(b(uk))vdx—i—/\/ Tn(uk)vda—i——/ |uk|p+_2UkUdl’>
k—o0 Q 90 n Jo
1
:/Tn(b(u))vdx—i-)\/ Tn(u)vda—i-—/ |ulP+?uvdz,
Q 0 nJa

for any v € Xj. Since, uy — u a.e. in 9Q and |T,,(ux)v| < n|v|. Therefore, for k
goes to 0o,

1
Buuy, — Tp,(b(w)) + AT, (u) + =|ulP*%u in X,
n
Thus, it follows that
1
Ajup — x — (Tn(b(u)) + AT, (u) + E|u|p+_2u) in X{, as k — oo.

It remains to prove that A, is of type (M). For this, we first show that G, is
bounded monotone and hemicontinuous.

From Step 1, GG, is bounded. Let us prove that G,, is monotone.

For all u,v € WP+(Q), we have

1
< Guu— Guu,u —v >= 5/ (|VuP+2Vu — [Vo|P+7*Vo) (Vu — Vo) dz > 0,
Q

since & — |£[P+72¢ is increasing for p, > 2.

Moreover, G, is hemicontinuous. Indeed, let f : t € R — f(t) =< G, (u+tv),v >
and t,t9 € R such that t — .

Let us set w = u+tv € WP+ (Q) and wy = u + tov € WHP+(Q). Then,

Jw — w0||W1’p+(Q) = [|(t - tO)UHleH(Q) = |t — t0|||v||W1*p+(Q) — 0.
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So w — wy in WHP+(Q), as t — to, which implies that Vw — Vwg in LP+ ()
and we infer that

VwlP+=2Vw — [V [P+ 2V, in LP4(Q) as t — to.
Therefore,
1f(t) = f(to)] = | <Gulu+tv),v>—<Gplu+tow),v>|
Y ——

IA

< IVl Vo — [V Vol L, o [VV]lr4 @) = 0.

L+
Then, we deduce that f is continuous, namely the operator (z,, is hemi-continuous.

Now, we are going to prove that A is pseudo-monotone.

Let us set

al(u,v,w):/a(a:,u,Vv)dex.
Q

Then, w +— a;(u, v, w) is continuous on W1P+(Q), thus
s (1, v,w) = (A(u,v),w), Afu,v) € (WP ()
and verify
A(u,u) = Au.

Let us prove that A is of type of Calculus of variation.

e As A(u,.) is bounded, we prove that v +— A(u,v) is hemi-continuous from
WEP(Q) — (Whr+(Q))'.

Since a(x,u, V(vy + Avy) — a(z,u, Voi) in LP+(Q) as A — 0 and u, vy, vy €
Whr+(Q) then, ai(u, vy + Mg, w) — a1 (u, vy, w) as A — 0.

In the same manner we prove that u — A(u, v) is hemi-continuous from W+ (Q) —
(W24 ().

Moreover, for all u,v € W1P+(Q), we have

< Alu,u) — Au,v),u —v> = <Au,u),u—v>—<Au,v),u —v >

= a(u,u,u —v) —a(u,v,u —v)

— /Qa(as, u, Vu)V(u — v)dz
— / a(x,u, Vo)V (u — v)dz
0
— /Q (a(z,u, Vu) — a(z,u, Vv))V(u— v)dz > 0.

e Let us suppose that uy — w in WP+ (Q) and < A(ug, ug) — Alug, w), up —u >—
0. We prove that

Yo e WHH(Q), Alug,v) — A(u,v) in (WHP(Q))".



10 S. OUARO, N. SAWADOGO

Let’s set
/ Frdr = <A(uk, ug) — Alug, u), up — u>
As u, — u, we have )
a(z, ug, Vo) — a(z,u, Vo) in LP+(Q),
(see [13, Lemma 2.2 with m = 1]). Therefore, A(ug,v) — A(u,v) in (WHP+(Q))".
e Now, we suppose that u, — u in WHP+(Q) and A(ug,v) — O in (WLP+(Q))".

We prove that
(A(ug,v), up) — (O, u).

Then, by using [13, Lemma 2.1], we obtain that a(z,ux, Vv) — a(z,u, Vov) in
LP+(Q) and thus, ay (ug, v, up) — a(u, v, ).
Therefore,

< A(ug,v), up >= ay(ug, v,up) >< A(u,v),u > and O = A(u,v).

Hence, A is of Calculus of variation type. Finally, by using [13, Proposition 2.6],
we deduce that A is pseudo-monotone.

Therefore, it follows from Lemma 3.2 that A, = A+ G,, is pseudo-monotone. So
the operator A, is of type (M) (see, [13, Proposition 2.5]) and we immediately
have

1
Aut G = x = (T (b(u)) + AT () + —[ul* ~?u).
Therefore, we obtain C,u = y.

7

For more understanding regarding operator of "type (M)”, ”calculus of varia-
tion type” and ”pseudo-monotone”, see [17, 13].

Step 3: (), is coercive.
Using (Ag) with constant exponent p,, we get

< Chu,u > = /a(a:,u,Vu).Vud:v+/Tn(b(u))ud:v
0

Q

+ A / T (ede -+ [ [l + ]

= /|Vu|p+d1'+ /|u|p+da:
> C here Cy = -
> Callul[7* wips g Where Cg = min o
We deduce that
< Chu,u >
—— — 00, as Hu||W1,p+(Q) — 00.
||U’||W1’p+(Q)

Then, according to Lemma 3.3, C), is surjective.
Thus, for any F,, =< T,,(f), Tn(g) >C E' C X|), there exists at least one solution
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u, € X of the problem
< Chup,v >=< F,,v> forall veX,.

Therefore, u, is a weak solution of the problem (3.1). O

Remark 3.4. If u, is a weak solution of the problem (3.1), then u,, € W1™0)(Q),
since WP+(Q) «— Wt™0)(Q) continuously. Moreover, a(z,u,, Vu,) satisfies
(As) — (Ag) with variable exponent m,(z) := p(x, u,(z)).

Now, we can introduce the notion of weak solution.

Definition 3.5. A measurable function v € W0 (Q) for 7(.) = p(.,u(.)) is
called weak solution of the problem (1.1) if b(u) € L), u € L'(99) and
for all p € Wh™)(Q),

/b(u)gpdx+/a(x,u,Vu)Vgpdx+/ ugodaz/fgpda:+/ gpdo.  (3.3)
Q Q o0 Q o0

These integrals are well defined. For the first term of the left-hand side and
the first term of the right-hand side of the above equality, we use the fact that
¢ € L>®(Q), since p € WHO(Q) ¢ WhP-(Q) — C(Q), for p_ > N. For the
second term of the left-hand side of (3.3), we use the growth assumption (As)

to prove that a(z,u, Vu) belongs to L™ (Q). Moreover, as ¢ € C(Q), then
@ € L*(00), so, the third term of the left-hand side and the second term of the
right-hand side of (3.3) are well defined.

One of the main Theorem of this paper is the following.

Theorem 3.6. Assume that (A1) — (Ag) and (1.2) hold. Then, there exists at
least one weak solution to the problem (1.1).

To prove the above theorem, we need the two following Lemmas.

Lemma 3.7. Assume that (As) — (Ag) hold with variable exponent m,(.). If u,
is a weak solution of (3.1), then we have

/Q (b)) de < 11z + gl o (3.4)

/{99)\|Tn(un)}da < | fller) + llgllzr o0 (3.5)

and

[unllwre— gy < const(p_, Q, f, g). (3.6)
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Proof. By taking v = Ty(u,), for all k& > 0, in the weak formulation (3.2), we
obtain

/QTn(b(un))Tk(un)dx + /Qa(x,un,Vun).VTk(un)dx—i—/m AT, (un) Ty (uy,)do
1

+ - / [[wn [P+ 2un Ty (un) + [V [P+ 2Vu, VT (u)] de
Q

_ /anTk(un)dfb’Jr/mgnTk(un)dU- (3.7)

Since all the terms of the left hand-side of (3.7) are nonnegative, we deduce that

/QTn(b(un))Tk(un)dx < /anTk(un)dx + /aQ 9T (uy)do
k(A2 + gl o) (3.8)

IN

and

IN

< k(IIfller + lglleion)- (3.9)
Dividing (3.8) and (3.9) by k and letting k goes to 0, we have

| Tutbtun))signalun)dz <1 Flxe + lalson,
Q

and
| T )signotun)de < 117y + ol
Therefore, ’
[ o))l < 1)+ ol on, (3.10)
and
| AT )l < s + gl (3.11)

From the relation (3.10), the sequence (T},(b(uy)))nen+ is uniformly bounded in
LY (). Thus, we deduce that (b(uy,))nen+ is uniformly bounded in L'(Q). But b
is continuous nondecreasing and surjective, then (uy,)nen+ is uniformly bounded
in L'(€2). So, there exists a positive constant Cy such that

/ |u,|dx < Cy.
Q

1
Uy 1= ————— < Q).
U, meas(@) /Qundx < const(£?)

Moreover, from Poincaré-Wirtinger inequality:

/ |t — @, |P~dx < const(p_, Q)/ |Vu,|P-de,
Q 0

Hence,
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where u,, is given by the above inequality, we deduce that

pP—

/\un\p dx < const(p /|Vun|p dx +

/ U, dT
Q

Thus

/ |un [P~ dx < 05/ \Vu,|[P~dx + Cg, (3.12)
Q Q

where C5 = const(p_,Q2) and Cg = const(p_, Cy, Q) are the positive constants.
Furthermore, as W1P-(Q2) — C(Q), there exists a positive constant C; such that

p—
||un| L2 (Q) S Hunl whp— (Q)’

which implies that

and [|un 7 g0y < Crllunlly, (3.13)

[T @) < Crllumlly, Wi ()

whr=(Q)

Using (Ag) with variable exponent p(z, u,(z)) on a(z, u,, Vu,) and Theorem 3.1,
the sequence u,, satisfies

1
/ Ta(b(un) Jundas + / AT (u)undo + = / [V, [ Oda
Q 02 o

20
1
+ —(/|Vun|p+dx+/|un|p+dx)
n\Ja Q

< /fnundx+/ Gn Uy do. (3.14)
Q o0
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Applying Young’s inequality on the right hand side of (3.14) and using (3.13),

we get

/ foundr  +
Q

IN

IN

IN

IN

/gnunda

Q

/ Fllunldz + / gllnldo
Q o0

1Al @yl 2= @) * g1l 00 |l 2os o0

ACoCH(Cs + 1) b o=
(D Wl (e ) Tl

40207(05 + 1) p_ p_
(AN () i

1 (40207(05 +1)
p—

p; pL 1 Y=

— p_
||g||L1 (09) + D 40207(05 + 1)||un||L°°(aﬂ)

)

1 (ACyCH(Cs + 1)) - 1 b
)
)

Moreover, as p_ < m,(.), we have

p— ( b-

P P L@

1 (40207(05 +1) ||9||

p’, P L1(09Q)

o a1 Unll e 1

202(05 +1) lenlliy (3.15)
/|Vun]p‘d:r; < meas(Q) +/ |V, ™ d. (3.16)

Q Q

Combining (3.12) and (3.16), we get

/ |, [P~ dx < Csmeas(QY) + 05/ Vi, | dx + Cg.
Q Q

We infer from above inequality and (3.16) that

lenllyingy = [ lluaP= + Pl

< (C5+1)mea5(Q)—|—CG—|—(C’5+1)/ V[ Odz. (3.17)
Q
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Furthermore, using (3.15) and (3.17), we obtain

/

4C5,C7(Cs + 1
/fnundx—i—/ Gnupdo < — < 2Cr(Ch )> ||f||L1(Q)
Q i) p- b-

/
p_

4C5C+(Cs + 1)>
+ 1
(e 1915 o

meas(§2) Cs 1 / 0
o™ d
Y o0, T T, f, IVl e

(3.18)
Combining (3.14) and (3.18), we get
1
/ T (b(uy,))u,dx +/ AT (wp ) updo + _/ ’Vun|7l'n(~)daj
Q a0 2Cy Jq
1 p
+ E||Un| V[-/FI'Z’+(Q) < (s, (3.19)
where
1 (4CoCH(C5 + 1)\ 7=, oot 4C5CH(Cs + 1)
Cs = p_,_( D HfHLl(Q) p/_ D HQHLl(aQ
meas(§2) N Cs
205 205(Cs + 1)
Thus, we deduce from (3.19) that
/ IV, |™dx < Cy. (3.20)
Q
Now, using (3.17) and (3.20), we infer
HunHWLp*(Q) S const(p,,Q, fa g) (321)
0

Lemma 3.8. (uy,),en+ converges a.e. in 02 to v.

Proof. Since (tuy)nen+ is uniformly bounded in W= (Q), then, up to extraction
of a subsequence still denoted (uy)nen+ , it converges a.e. in € (and also weakly
in WhHP=(Q)) to a limit w.

We know that the trace operator is compact from W'(Q) into L'(99). Obvi-
ously, Wtr-(Q) < W1(Q) because p_ > 1. Therefore, u,, — u in L'(9Q) and
a.e. in 0€2. Thus, v = ujpn has definite meaning. O

The following assertions are based on the Young measure and nonlinear weak—*
convergence results (see [0, 12, 15]).

Assertion 1.
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The sequence (Vi )nen- converges to a Young measure v,(\) on RY in the sense
of the nonlinear weak-* convergence, and

Vu:/ Advg (). (3.22)

Proof. As (up)nen+ is uniformly bounded in W= (Q), then, up to extraction of
a subsequence still denoted (uy,)nen+ , U, converges a.e. in € (and also weakly in
WhP=(Q)) to a limit u.

Therefore, Vu,, weakly converges to Vu in LP~(2). Now, we prove that (Vu,)nen
is equi-integrable.

(IVun|P~)nen being bounded, is equi-integrable. As p_ > 1, then for all subset
E C Q, we obtain

/|Vun]dx < /(1+\Vun|p—)da:.
E E

Therefore, for meas(E) small enough, (Vu,),en is equi-integrable on €. Then,
using the representation of weakly convergent sequences in L'(Q) in terms of
Young measures (See, Theorem 2.7-property (2.5)), we can write

Vu:/ Adv, ().
RN

Assertion 2.
IA|"() is integrable with respect to the measure v,(\)dz on RY x Q, moreover,
u € WHO(Q).

Proof. We know that 7, converges in measure to w. Using Theorem 2.7-[(ii), (iii)],
(T, Vuy )nen converges on R x RY to the Young measure p, = Orn(z) @ Vg
Thus, we can apply the weak convergence property (2.4) of Theorem 2.7 to the
Carathéodory function

Fp: (2, 00,2) € Q% (RxRY) = (V)
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with m € N, where h,,, is defined in the preliminaries. We have

/ Ny (N = / ) dpta (Mo, Nz
QxRN Ox (RxRN)

- // 'T )\07 )d:ux()\m)\)d
RxRN
= lim | Fy(x,m (), Vu,(x))dx

n—oo 0

lim |h (V)™ dz

n—oo

lim / |V, ™ da
n—oo

IN

<

Since h,,(A) — A, as m — oo and as m +— h,,(\) is increasing, using Lebesgue
convergence Theorem, we deduce from the above inequality that

l/ A dy, (N dz < Cy.
QxRN

Hence, |A\|™®) is integrable with respect to the measure v,(A)dz on RY x €.
Now, we prove that Vu € L™ (). Using (3.22), Jensen inequality and the last

inequality, we get
/Am@)
RN

/|Vu|7r(‘)da::/
0 0

Thus, Vu € L™(Q). Moreover, u € L™ ().
Indeed, v € Wh-(Q) C LOO(Q) C L™(Q) for p_ > N. Hence, u € WH™)((Q).

()
MS/ A O dy, (\)dz < oo
QxRN

]
Assertion 3
The sequence ®,, defined by ®,, := a(x, u,, Vu,) is equi-integrable on €.
Proof. By using (As) with exponent 7,(.), we obtain
la(z, up, V)™ < O (| V™ + M(z)).
The above inequality give us
|a(z,un, V)| < C((1+ [Vu,|™0) (z)) = %0
()
< (1 +./\/l(:1:))”n<> + |V, |0)
< C(1+ M(z) 4 [Vu, ™0,
For all set £ C €2,
/ la(x, uy,, Vuy,)|dz < C’/ (1+M(x))dx+Chp |Vun!7rn(')_1 [IXEl Lm0 @),
E E L™ ()(Q)
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where Cyp = const(p_). The first term of the right hand side of the above
inequality is small for meas(E) small enough, since 1 + M € L*().
According to Proposition 2.2, we obtain

1 1
IxEllLmo@ < maX{Pwn()(XE)”;pwn(.)(XE)”‘}

— max {(meas(E))pl, (meas(m)pi}.

Analogously,

1

Jour

L™n()(Q)

_1 1
< max { (pﬂl()(|vun‘ﬂ'n()—1) o > 7 (pﬂl()ﬂvunlﬂ'n()—l) (p/)> }

1 1
(") -
= max{(/ ]Vun\”"(')dx) " (/ ]Vun\”"(‘)dx) }
Q Q

Using (3.20), / la(z, upn, Vu,)|dz become small for meas(E) small enough.
E
Hence, (®,,)nen is equi-integrable. O

Assertion 4
The weak limit ® of ®,, (or a subsequence) belongs to L™ () and we have

O(x) = / a(x,u(x), N\)dv,(N). (3.23)
RN
Proof. Set ®,, = a(x,u(x), Vu,) with Vo, = Vu,xs,, where

S, = {g; €, |n(z) — m(@)| < %}

We prove that @, is equi-integrable on €.

We applied (As) with variable exponent 7(.) on ®,,.
Let E C 2, we have

/E]a(x,u(x),an)\dx < C'/E(1+M(x)—|—|an|”(‘)_1)dx

< C</E(1+M(:c))d:c—|—/msn |Vun]”(‘)1dx).

The first term of the right hand side of the last inequality is small for meas(E)
small enough.
For all z € S, () < m,(z) + %, thus

ENSy, E
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and

/ [V |7~ DR gy :/ 1V, [ Odz < oo,
Q Q

which is equivalent to saying |Vu,|™0~2 € L™ (Q). Now, using Holder type
inequality,
) dz

/ ‘Vunrr(.)*ldx < /(1+‘Vun|7rn(.)
ENSy, E

< meas( +2HVU”HL”M) HXEHLQM() . (3.24)

NI

According to Proposition 2.2,

1 1
IxEll 200 < max { (P2rn(y) (XE)) #=, (P2mn () (XE)) P* }

— max { (meas(E)) =, (meas(E)) +}

The right-hand side of (3.24) is uniformly small for meas(E) small, and the equi-
integrability of ®,, follows. Therefore, (up to a subsequence) ®,, weakly converges
in L'(Q) to ®, as n — oo.

Now, we prove that ® = ®; more precisely, we show that @, — @, strongly
converges in L'(Q) to 0.

From (3.20), / |V, | dz is uniformly bounded, which implies that / |Vu,|dz

/ |V, |de < /(1 + |V, @) dx
Q Q

By Chebyschev inequality, we have

is finite, since

fQ |Vun|dx

meas({|Vu,| > L}) < 7

Therefore, sup meas({|Vu,| > L}) tends to 0 for L large enough. Since ®,, —®,, is
neN
equi-integrable, then for all 5 > 0, there exists 6 = §(/3) such that for all A C Q,

meas(A) < § and / D, — &, |dz < g
A

fQ |Vu,|dx

7 < 0, 80

Therefore, if we choose L large enough, we get
meas({|Vu,| > L}) < §. Hence,

/ D, — P, |dz < é
([Vun|>L} 4

By lemma 2.8, we also have

meas({x € sup la(z, un(2), \) — a(z, u(x), \)| > 0}) — 0,
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as n — 00.
Thus, by the above equi-integrability, for all o > 0, there exists no = ng(o, L) € N
such that for all n > ny,

|®,, — @, |dx < é

AJ}EQ; Sup||<L |a(a:7un(:v),/\)—a(x,u(:t),)\)\Zg} 4

Using the definition of ®,, and én, we have
d, — ®, = a(x, u,(z), Vu,) — a(z,u(x), Vu,) on S,.

Now, we reason on

Sn,L,o = {.17 € Q; sSup |a(x>un($)7)‘) - a(x,u(a:),)\)] <0, ’vun‘ < L}

[A<L
We get
[ - tude < [ s fa(eun(e). ) - oo u(e) Vo
SnﬂSn L,o Sn,L,a‘ |A|§L
< omeas(Q).

We observe that

@n—cbn]da:—/ yén—<1>n|d:c+/ D, — ®,|dz
Sn Snmsn,L,o Sn\sn,L,o

and
S\ Sn.po C {x € Q; sup |a(z,up(x),\) — a(x,u(x), )| > O’} U {\Vun| > L}.
[A<L
Consequently, by choosing 0 = o(f3) < m, we get
3
/ D, — @ |d:c<ﬁ+ﬁ+§ ZB’

for all n > ng(o, L). By lemma 2.8, we also have
meas({z € Q,|r(x) — m,(z)] > 3}) — 0 for n large enough; which means that
meas(Q2\ S,) converges to 0 for n large enough. Thus,

/ D, — D, |dx = / D, |dx <
Q\Sh, Q\Sh,

Therefore, for all § > 0 there exists ng = no(5) such that for all n > no,
/ &, — B, dz < 8.

2 -
Hence, ®,, — ®,, strongly converges to 0 in L'(€). We prove that

p
-

d(x) :/ a(z,u(z), \dvg(\) ae. z€Q and ® € L™W(Q).
RN
Notice that
lim / |Vu,|(1 = xs,)de = lim |Vu,|dz =0,

n——+00 Q n—-+00 Q\S,,
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since (Vuy,)nen is equi-integrable and meas(€2 \ S,,) converges to 0 for n large
enough.

Therefore, (Vu,)nen and Vu,xs, converge to the same Young measure v, ().
Moreover, by applying the Theorem 2.7-(i) to the Carathéodory function

F(z, (Mo, A\)) := a(z, Ao, A), we infer that

d(z) = P(z) = /}RN a(x,u(z), N)dv,(\) ae. x € Q.

Using (As), it follows that |a(z,u(x),\)|™") < C(M(z) + [A[™)). Thus, with

Jensen inequality, it follows that

/Q|<I>(a:)|”'(‘)d$ = /Q /R{Na(ac,u(x),)\)d,/m()\)
/QX]RN la(z, u(x), \)[" Vdv,(\)dz

()
dx

IA

< C’/ (/\/l(x) + |)\|”('))dyw()\)dm < 0.
QOXRN

Hence, ® € L™0)(Q). O

Assertion 5

/@.Vudxz/ a(x,u(x), A).Advy(N)dz. (3.25)

QxRN

Proof. For all ¢ € C*(Q), we have

/Tn(b(un))godx + / )\Tn(un)goda+/a(x,un,Vun).Vgodx
Q o0 Q
1
+ —/ [V [P+ 72V, Vo + |u, [P+ 2unp) da
0

n

= /fngodx+/ gnipdo. (3.26)
Q o0

Letting n goes to oo in (3.26), we obtain

/b(u)gpdm+/ Augde%—/CI).Vgpdx—/fgodI—i—/ gpdo. (3.27)
Q o9 Q Q 09

Indeed, (ty,)nen+ is uniformly bounded in the space W1P-(Q) and p_ > N. Then,
by embedding result (W'-(Q) — L*(Q)), (un)nen+ is uniformly bounded in
L>(Q). Thus, as b(.) is continuous, then (b(u,))nen+ is uniformly bounded in
L>(Q). Otherwise, T, (b(uy,,)) converges to b(u) a.e. in Q. Therefore, thanks to
Lebesgue dominated convergence Theorem, T}, (b(u,,)) converges to b(u) in L'().
For the third term of the left hand side of (3.26), we use the fact that

a(x, u,, Vu,) = &, weakly converges to & and Vo € L>(Q).

The fourth term of the left hand side of (3.26) goes to 0 for n large enough, since

1
EHU/”‘ ?;;LP.;_(Q) S C(8'



22 S. OUARO, N. SAWADOGO

We know that (u,)nen- is uniformly bounded in W1P- () and WP-(Q) — C(Q)
for p_ > N. Therefore, (u,)nen+ is uniformly bounded in L*>(0f2) and

AT (un) o] < Alug|l].
We also recall that AT, (u,,)¢ — Auyp a.e. in 02, which implies that

lim AT (uy)pdo = / Aupdo,

n= Jon o0

thanks to Lebesgue dominated convergence Theorem.
We are now interested to the right-hand side of (3.26). For the first term of the
right-hand side of (3.26), we have

lim fncpd:r;—/f@dx,
Q Q

n—oo

since f,, strongly converges to f in L'(Q) and ¢ € L*°(f2). In same manner, for
the second term of the right-hand side of (3.26), we get

lim Jnpdo = / gedo.
99 Q

n—oo

The relation (3.27) is then justified.
One the other hand, by the density argument we can replace ¢ with u, in (3.26)
to get

/Tn(b(un))undx—l—/ AT (up ) updo + /a(x,un,Vun).Vundx
Q o0 Q
1
+ —/ (V[P + Jun[P] de
nJao

- /fnundx —I—/ gnundo. (3.28)
Q o0
u € WHO(Q) ¢ Whr-(Q) € C%(Q) and p(.,.) is locally uniformly log-Hélder

continuous, then the exponent 7(.) verifies (2.1). Therefore, C*°(€2) is dense in
W), so, we change ¢ by u in (3.27) to obtain

/b(u)udx—i—/ /\u2d0—{—/<I>.Vudx:/fuda?—l—/ gudo. (3.29)
Q o9 Q Q o9

The sequence (T, (b(wy,))un)nen 18 nonnegative. T,,(b(u,))u, is also measurable
and converges a.e. in  to b(u)u. By Fatou’s Lemma, we get

liminf/Tn(b(un))unde/b(u)udm. (3.30)
In the same manner,

liminf/ )\Tn(un)undUZ/ \u*do. (3.31)

n=eo Jon 0

Moreover, the sequence (f,u,)nens converges a.e. in € to fu and

| fratin] < [f1ltn]| 2o (@)
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(Un)nen+ 18 also uniformly bounded in L*>°(£2). Applying Lebesgue dominated
convergence Theorem, we get

n—oo

lim fnundx:/fud:c. (3.32)
Q Q

By adopting the same approach as before, we have

lim gnundaz/ gudo. (3.33)
o Jon Gig)

By combining (3.30), (3.31) (3.32) and (3.33), we obtain

liminf(/fnunda:+/ gnunda) —/b(u)ud:z:—/ \uldo
n—oo Q o0 Q o0

> liminf(/fnundx+/ gnunda—/Tn(b(un))undx—/ )\Tn(un)unda).
n—o0 Q o0 9) o0

By using (3.28), (3.29), the above inequality and the definition of ®,,, we get

1
/ ®.Vudz > lim inf / (cpn.vun+—[|vun|p++|un|p+})dm > lim inf / ®,,.Vu,dz.
Q Q n Q

n—oo n—oo
Hence,

/@.Vudx Zliminf/(I)n.Vundx. (3.34)
Q Q

n—oo

By [!, Lemma 2.1], m — a(x, u,, hyp(Vuyg)).hpm(Vu,) is increasing and converges
to a(x, un, Vu,).Vu, for m large enough. Then,

a(x, Up, iy (Vug)) b (Vuy) < alz, un, V). Vi,

Therefore, by using (3.34) and Theorem 2.7, we have

/@.Vuda; > liminf [ ®,.Vu,dx
Q

n—o0 QO

> lim [ a(x,un, hpn(Vug)). by (Vuy,)de

_ /Q 0Py () B () (V) (3.35)

Using Lebesgue dominated convergence Theorem in (3.35), as m goes to oo, we
get (3.25). O

Assertion 6
The “div-curl” inequality holds.

/Q . (a(z,u(z),N) — a(z, u(z), Vu(z)) (A = Vu(z))dv,(N)dz < 0.
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Proof. We have

/QXRN(a(:I:, u(z), A) — a(z,u(x), Vu(z))) (A = Vu(x))dv,(N)dx

- /MN a(z, u(z), A).Adv, (A)de — /Q . a(z, u(z), \).Vu(z)dv,(\)dz

- /Q ox a(z,u(x), Vu(z)) Mdvy(\)dz

+ /Q ox a(z, u(z), Vu(x)).Vu(z)dv,(N)dz

- l;wﬁmm“x%”“m%@ﬁm-gé(;éNM%ummAMwmw)vm¢mx
- [ ateate). Futen. ([ i )i

n /ﬂ a(m,u(x),Vu(x)).Vu(w)( /R i dux)dx

= / a(z,u(z), ). Adv,(N)dx — / O .Vudr < 0.
QxRN Q

We pass from the first equality to the second equality by using Fubini Theorem
and from the second inequality to the third one, by using (3.22) and the fact that
v, is a probability measure on RY. Finally, (3.23) and (3.25) give us the desired
inequality. O

Assertion 7
®(z) = a(z,u(x), Vu(x)) a.e. x € Q and Vu, converges to Vu in measure on 2,
as n — 00.

Proof. From Assertion 6 and relation (A4), we deduce that
(a(z,u(z),N) — a(z,u(z), Vu(z))) (A = Vu(z)) =0 ae. z€Q, IeRM
Thus, A = Vu(z) a.e. x € Q wrt v, on RY; therefore v,(Vu(r)) = 1 and dy, = v,.
By using (3.23), we get
O(z) = / a(z,u(z), \)dv,(A\) = a(z,u(x), Vu(x)) a.e. x €.
RN

Thus, the Theorem 2.7-(ii) show that Vu, converges in measure to Vu. O
Lemma 3.9. u is a weak solution of the problem (1.1).

Proof. We first prove that b(u) € L'(Q) and u € L*(99).
Using Lemma 3.7 and Lemma 3.8, it follows from Fatou’s Lemma that

[ w)lds < timint [ (2, 000))]ds < |10, + ol
Q n—oo Q

and

/ lu|do < liminf/ T3, ()| do < 1f 122 + lgllz200)
o - a0 -

n—oo )\
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Hence, b(u) € L'(Q) and u € L'(99).

Now, by using Assertion 4, Assertion 7 and thanks to the density argument
(C*(€)) is dense in the space W™ (Q)), we can take ¢ in W™)(Q) as test
function in (3.27) to get

/b(u)@dﬂc%—/ /\ugoda—i-/a(x,u, Vu)Vgpdx:/fgodx+/ gpo.
Q o9 Q Q o9

Hence, u is a weak solution of (1.1). O

Now we state the uniqueness result of weak solution. This result uses the same
arguments that [2, Theorem 2.8].

Theorem 3.10. Assume that b is strictly increasing.

Assume that (As), (Ay), (As), (Ag) and (1.2) hold, and M taken constant in (As).
Moreover, a satisfies:

for all bounded subset K of R x RY | there exists a constant C(K) such that

a.e. x €, forall (z,n),(Z,n) € K,
la(z, z,n) — alz, 2,n)| < C(K)|z = 2. (3.36)

Finally, suppose the following regularity property:
forall fe L>®(Q) and g € L*=(00N)
there exists a weak solution of (1.1),
which is Lipchitz continuous on Q. (3.37)

Then, for all f € LY(Q) and g € LY (0Q) the problem (1.1) admits a unique weak
solution.

Remark 3.11. As in [2, Theorem 2.8], the condition (3.37) goes back to idea of [3].
Moreover, in the Theorem 3.10 the relation (3.36) is used to obtain the inequality
(3.43) below.

Proof. The existence has already been proved. Now, we show the uniqueness.
For more details see [2, Proof of Theorem 2.8].

Let u be a Lipschitz continuous weak solution of (1.1) with f € L>*(Q),g €
L>(09) and v be a weak solution, with f € L(Q),§ € L}(d9).

The function ¢ := —Ti(u — v) is an admissible test function in the weak formu-

lation of u and v. Indeed, as 2 is open bounded domain with smooth boundary
09, the space of Lipschitz functions C%'(Q) and W1*°(Q) are homeomorphic
and they can be identified. Moreover, ¢ belongs to Wh1(Q2) N L>°(Q)) and even
¢ € L>*(09). As u is bounded, we have

b= %Tk(u )= %Tk(u T (0) (3.38)

with
1
|| <1 and V¢ = ZV(U — U)X[|u7v|<k]- (3.39)
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Firstly, we use the fact that Vu is bounded and assumption (A,) of this theorem
to get
la(z,u, Vu)| < C(|VuPtrD) 41) € Lo(Q).

Thus, ¢ € WHHQ) N L>(Q) is admissible as a test function in the weak formula-
tion for the solution u which belongs to W>(Q). Secondly, if v € W20 (Q),
then by (3.38), Lemma 2.4 and because u € WiP+(Q) c Wirtv0)(Q) we obtain
¢ € WHpLrO)(Q) N L>®(Q) as test function in the weak formulation for the solu-
tion v.

Hence, ¢ is necessary both an admissible test function for v and v. Thus, with
this test function defined in (3.38) and (3.39), we have

/b(u)lTk(u—v)dm + / /\ulTk(u—v)da
Q k oo K

1
S CCXO 08 (RS
Q
1 1
= /f—Tk(u—v)dx+/ g=Ti(u —v)do (3.40)
o k o k

and

1 1
/ b(v)=Ti(u —v)dr + / M=T(u — v)do
Q k oo Kk

1
+ E/a(x,v,Vv)-V(u—v)X[omv<k1d1‘
Q

~1 1
= =T, u—vdx—i—/ g—
/Q gkl =) o0’k

Subtracting (3.40) and (3.41), we get

/Q (b(u) — b(v))%Tk(u —v)dzr + / AMu — v)%Tk(u —v)do

Ty(u —v)do. (3.41)

o9
+ %/Q (a(z,u, Vu) = a(z,v, V).V (u = ) X0<u—v| <k dT
— /Q(f— f)%Tk(U_”)dx
1
+ /dg (9= 9) 7 T(u = v)do. (3.42)

Let’s denote by I the third term of left hand side of (3.42). We know that

(a(x,u, Vu) — a(z,v, Vu))V(u—v) = (a(z,u,Vu) —a(z,v, Vu))V(u—v)
+ (a(z,v,Vu) —a(z,v,Vv))V(u —v).

-

g

>0

We have
1
=1+ / (a(:c,v, Vu) — a(z,v, Vv))EV(u — V) X[0<|u—v|<k) AT,
Q
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where
1
Iy = / (a(x,u, Vu) — a(z,v, VU))EV(U — V) X[0<|u—v|<k) AT
Q

Let’s show that I, — 0 as k — 0. Since u is bounded, then v is also bounded on
the set [0 < |u — v| < k]. Thus, it follows from (3.36) that

1
I] < —/ la(z,u, Vu) — a(x,v, Vu)||Vu — Vu|dz

k [0<|u—v|<k]
1

< E/ C(|lull =@y, [|Vul| L)) [u — v||[Vu — Vo|da

[0<|u—v|<k]
< Ol [Vl o) / Vu— Volde 0,  (3.43)
[0<|u—v|<k]

as k — 0. Note that limy_,omeas([0 < |u—v| < k]) = 0 and |Vu — V| € L}(Q).
For the first term of the left hand side of (3.42), one has

lim [ (b(u) — b(v))%Tk(u —v)dr = / b(u) — b(v))signy(u — v)dx

= / |b(u) — b(v)|dx. (3.44)
In the same manner

1
lim | A(u— "U)ETk(u —v)do = / Au = v) signg(u — v)do
o)

= / Au — v|do, (3.45)
o0
. 1 .
tin [ (7= ) Tlu =)o = [ |f = flas (3.46)
and
1

I —§)=Ti(u —v)do = — §|do. 3.47
iy | (9= 8)3Tilu—v)do = | |g—gldo (3.47)

Finally, one makes k goes to 0 in (3.42) and taking into account inequalities
(3.43), (3.44), (3.45), (3.46) and (3.47) , we get

[ =iar + [ A= tldo

1
+ }CIH(IJ (a(az v, Vu) — a(z,v Vv))EV(u — V) X[0< u—ov|<k]dT

= [1r=flae+ [ lg=ilar (3.48)

Since, the three integral of left-hand in (3.48) are nonnegative, we deduce that

/|b ) — b(v \d:c—i—)\/ |u—v|da</|f f|da:+/ lg — g|do.  (3.49)
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Let us take a sequence (f;)ien C L®(Q2) and (g;)ien C L°(092) and let (u;)ien
be the corresponding sequence of Lipschitz continuous weak solutions. By (3.49),
we have

/Q |b(u) — b(v)|de + /\/(99 lu — vldo < /Q [|b(u) — b(w;)| + |b(v) — b(uZ)de
+ )\/an [|u—w| + |v — w]do
< /Q [1f = fil +1f = fil]dz

+ /6 [lg = gil +19 — gil] do, (3.50)
Q

so that at the limit as i — oo in left hand-side of (3.50) and using the density
argument (L>®°(€) and L>(99Q) are dense (respectively) in L'(Q2) and L'(99)),
we infer that

b(u) =b(v) a.e. in Q and u=wv a.e. on 0.

Hence,
u=1v ae. in Q and v =1v a.e. on Of).

Since b is assumed strictly increasing. O

4. CONTINUOUS DEPENDENCE FOR THE WEAK SOLUTION

Here, we are interested to the stability result of weak solutions to the problems
b(uy,) — diva,(x, u,, Vu,) = f, in = Q
(£n)
(T, Upy VUuyp).m + Au, = g, on 08
(@n)nen is a sequence of diffusion flux function such that a,(z,z,§) satisfies
(As) — (Ag) with variable exponent p, : Q@ x R — [p_,p;] and (M,)nen is

equi-integrable on 2. In the sequel, we make the log-Holder continuous and
convergence hypothesis.

Pn: QxR —[p_,py],with p_ >N and VM > 0, (4.1)
pn is log-Holder continuous in (x, z) uniformly on  x [—M, M]. '
For all bounded subset K of R x R,

: (4.2)
SUp(, erek |an(-s 2,§) —al., 2,€)] = 0 in measure on Q.
For all bounded subset K of R,

. (4.3)

SUp,ck |on(., 2) — p(., 2)| converges to zero in measure on (2.

Finally, assume that
(fn)nen is a sequence of data weakly convergent to f in L'(f) (4.4)
and
(gn)nen  is a sequence of data weakly convergent to g on L'(9Q).  (4.5)

The following structural stability result for weak solutions holds.
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Theorem 4.1. Let u, be a weak solution of (P,).
Assume that a(x, z, ) satisfies (As) — (Ag) with a variable exponent p(x,z). As-
sume that (As) and (1.2) hold. Assume that (a,)nen is a sequence of diffusion
flux functions of the form an,(x, z,§&) such that (As) — (Ag) hold with p,(z,z), C
independent of n and with a sequence (My)nen equi-integrable on §). Further-
more, let us consider the assumptions (4.1)-(4.5).

Then, there ezists a measurable function v € C(§2) such that w, converges to u
a.e. in Q and a.e. on 0N), and Vu, converges to Vu a.e. in £, asn — oo (up
to extraction of subsequence). The function u is a weak solution of the problem
(1.1) associated to a(.,.,.), f and g.

The proof is organized in several steps and we reason up to an extracted sub-
sequence of (uy,)nen still denoted (uy,)nen-

Claim 1. Let u, be a weak solution of (P,). Then,

(i) the sequence (b(uy,))nen is uniformly bounded in L*(£2);
(ii) there exists a positive constant C'(f, g, p—) such that

/ Ve < C(f, g, p-).
Q

Moreover, (u,)nen is uniformly bounded in W1P-(Q).

Proof. (i) Taking ¢ = Tj(u,) as a test function in a weak formulation of the
problem (P, ), where a, replace a, we get

/b(un)Tk(un)d:ﬁ—i-/ My Ty (uy)do + /an(x,un,Vun)VTk(un)da:
Q o0 Q

= /fnTk(un)dx—l—/ 9Ty (uy,)do.
Q a9

Since all the terms of the left-hand side of the above equality are nonnegative,
we deduce that

/Qb(un)Tk(un)d:L' §/Q|fnTk(un)|d:U—|—/Q |gn T (up,)|do < k‘/Q|fn|al:15+k:/8Q |gn|do.

Since the sequences (f,,)neny and (g, )nen converge, respectively weakly in L(Q)
and in L'(09), then the right-hand side of the above inequality is uniformly
bounded. So, there exists a positive constant C' such that

/ b(un)Ti(uy)dr < kC.

Dividing the above inequality by & and letting k goes to 0, we get

/Q |b(un)|dx < C. (4.6)

(ii) From above inequality, we deduce that (uy, ),y is uniformly bounded in L*(),
since b is continuous and onto. Thus, from Poincaré-Wirtinger inequality, we
obtain

/ |un [P~ dx < const(p_, Q)/ |Vu, |P~dz + Co, (4.7)
Q Q
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where Cj depends on meas(€2) and p_.

Moreover, using (Ag) with variable exponent p,(z, u,(x)) on a,(z,u,, Vu,) (See
the reasoning that lead to (3.19) in the proof of Assertion 1.), the sequence (uy,)nen
satisfies the standard estimation

1
/b(un)undx—i-/ )\uida+—/ |V, |[Pr @@ dy < O (4.8)
0 o) 203 Ja

with C that depends on f, g, meas(2) and p_ but no on n. From the above
inequality we deduce that

/ |vun|pn(-7un(-))dl~ < C(f,g,.9,p_). (4.9)
Q
Moreover, using (4.7), (4.9) and the fact that

/ |Vu, |P~de < meas(§2) +/ ‘Vun’pn(.,un(J)dx7
0 Q

we obtain
Hunsz)‘;l,p,(Q) = /Q [[unlP~ + |V, |P~]da
< (const(p—,Q) +1) {meas(Q) +/ |V, [P dz | 4 C
Q
< const(p_,Q, f,9). (4.10)
Therefore, (u,)nen is uniformly bounded in WP~ () O]

From (ii), up to a subsequence, u, converges a.e in € (and also weakly in
WhP-(Q)) to u and a.e on 9. For this, see the Lemma 3.7 and Lemma 3.8.

Claim 2. The sequence (Y, )nen converges to a Young measure v,(A\) on RY
in the sense of the nonlinear weak-* convergence, and one has

Vu = / Advg (). (4.11)
RN
Moreover, |A|™®) is integrable with respect to the measure v,dz on RY x Q and
Vu € L™(Q).
Proof. Writing
[Pn (2, un () =p (2, u(@))| < |pa(@; un () =p(a, un(2)) |+ [p(2, un(2)) =p(z, u(z))],

from a.e. convergence of w, to w, from assumption (4.3) and from the Lusin
Theorem applied to the map

p:Q—px,.) € C(R),
we deduce that p,(.,u,(.)) — p(.,u(.)) = m(.) in measure on 2. Now, using
the Theorem 2.7-[(ii), (iii)] (pn (-, un(.)), Vtun)nen converges on R x RY to Young
measure (i, = 0,(2) ® V.
Thus, we can apply the weak convergence properties of the Theorem 2.7-(i) to
the Carathéodory function
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Fro(z, 20, )) € QX (RXRY) — |hy, (V)| with m € N, where h,, is defined in the
preliminaries. Then, we obtain

/ B (N[ dy (N daz :/ [P (M) g (Mo, N)daz
QxRN Ox(RxRN)

= / / Fo(x, Ao, N)dpig (Ao, N)dx
Q JRxRN
= lim [ F.(z,pn(z, un(2)), Vu(z))de

n—o0

n—o0

Q
~ lim / o (V1 )P 005
Q

IN

lim [ |V, P @ @) dy
n—oo 0

< C(f,9,9,p-) (using (4.9)).

Since hp,,(\) — A, as m — oo, using Lebesgue convergence Theorem, as m +
hm()) is increasing, we deduce from last inequality that

/ A @dy, (N dz < C(f, 9.2 p_).
QxRN

Hence, |A\|™) is integrable with respect to the measure v,(\)dz on RY x Q.
Moreover, from the last inequality and Jensen inequality, we get

/\Vu\”(x)dx:/ / A, ()
Q Q RN

()
dr < / A @ dy, (N)dz < oo.
QxRN

Thus, Vu € L™0(9). O
Claim 3.
(a) The sequence (A, )nen defined by A, (z) = an(z, u,(x), Vu,(z)) is equi-
integrable.

(b) The weak limit A of (A,) belongs to L™ (Q) and one has
Ax) = / a(x,u(x), \)dv,(\) ae x €l (4.12)
RN

Proof. (a) Using (As), we have
| (2, i, Vi) [Pr ) < C (M, + [V [PrEnO)),

The sequence (|Vun|p"("“"(')))n€N
equi-integrable on €2, hence (|a,(z, un, Vun)|p;’("“"(')))neN is equi-integrable.
Otherwise, as p/, (., u,(.)) > 1, we have

| (2, Uy V)| < 1+ |an (2, Uy, Vg, ) [P0,
Thus, for all subset E C €2, we have

is uniformly bounded in L'(€) and M,, is also

/ |an (2, Up, Vuy,)|dx < meas(E) +/ | (2, 1y, Vit )[Pr G e,
B E
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Thus, for meas(E) small enough, we deduce that (A, ),en is equi-integrable.

(b) Set Vv, := Vu,xgs and consider auxiliary functions A, = a(z,u, Vu,),
where

5, = { €O Iple,u()) — pal un(a))] < %}

Let us prove that for all o > 0,

meas({z € Q,sup |a,(z,un, \) — a(z,u, )| > 0}) = 0, as n — oo,
AeK

where K is a bounded subset of RY. We know that
|an (2, U, N) — a(x,u, N)| < |an(x, un, N) — a(z, un, N)| + |a(z, un, ) — a(z, u, A)|.
Thus, it follows from Lemma 2.8 and (4.2) that

sup |a,(x, uy, A) — a(x,u, \)| = 0 in measure, as n — oo.
AEK

Now, using the same argument as in the proof of Assertion 4 to A, and A, instead
of ®, and ®,,, we get a wished result. O
Claim 4.
(a) / AVude > / a(z, u(z), \) Adva(A).
(b) The “div-curl” inequality holds:

/Q N (a(z, u(z), N) — a(z, u(z), Vu(z))) (A — Vu(z))dr,(A\)dz < 0. (4.13)

(¢) A(x) = a(z,u(z), Vu(x)) for a.e. x € Q, and Vu, converges to Vu in mea-
sure on {2, as n — +oo.

Proof. We only give the proof of (a). The proofs of (b) and (c) are exactly the
same as the proofs of Assertion 6 and Assertion 7.

Let p € C*(Q). For n large enough, ¢ is an admissible test function in the weak
formulation of u,, and we have

/b(un)gpdx+/ Mg pdo + /an(x,un,Vun).Vgodx
Q Rlo) Q

/fngodx+/ gnpdo. (4.14)
Q o0

(tn)nen is uniformly bounded in the space WP~ (Q), so, it is uniformly bounded
in L>(Q). Then, (b(uy,))nen is uniformly bounded in L°°(Q2). Moreover, b(u,)
converges a.e. in ) to b(u). Therefore, thanks to Lebesgue dominated convergence
Theorem, we have

lim b(un)gpdx:/b(u)cpdx. (4.15)

One the other hand, W'?-(Q) < C(Q) for p_ > N, 50, (tUp)nen is uniformly
bounded in L>(0€2). We also note that u,, converges to u a.e. on {2 by Lemma 3.8
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and N|u, | < AJun| 200y |¢] € L'(9€). So, the Lebesgue dominated convergence
theorem give us

lim Auppdo = / Aupdo. (4.16)
o0 J o0 o0
Moreover, we have
lim | fopde = | fedz, (4.17)

since f, — f in L'(Q), as n tends to co and ¢ € L*>(Q)). Similary way with
(4.17), we obtain

n—oo

lim gngodaz/ gpdo. (4.18)
o0 o0

It remains to prove that

lim an(x,un,Vun)chdx—/AVgodx.

Let us prove that (a,(z, u,, Vu,)Ve)nen is equi-integrable. Let E be a subset of
), by using Young’s inequality, we have

/an(x,un,Vun).Vgodx < /|an(x,umVun)||Vg0|da:
E B

1 /
< —’an(aj,um §7un)|pn(.,un(,))dx
/E p%(-, un())

1
n / L gty
B Pa(un(.))

c / (Mo() + |V P60 do
E

IN

E

IN

c / (Mo (@) + [Vt [P0 ) de
E

Filvelsy EN{IVel>1)

< c / (Mo(@) + [V )Y de
E

- meas(E)—l—/ \Vp|P+dx (4.19)
B

By using Claim 1-(ii) and the fact that (M, )nen is equi-integrable,
(M, + |Vun|p"("“"(')))nGN is equi-integrable. Moreover, |Vp[P+ € L'(Q), since
V¢ is bounded. Thus, we deduce from (4.19) that

mealsi(rél)%o/Ean(x,un,Vun).Vgodx = 0.

Furthermore,
an(x, Up, Vu,).Vo - AVep ae. in (.
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By applying Vitali’s Theorem, we obtain
lim [ a,(z,u,, Vu,).Vedr = / ANV opdz. (4.20)

We can pass to the limit as n goes to oo in (4.14) and taking into account the
inequality (4.15), (4.16), (4.17), (4.18) and (4.20) to obtain

/b(u)godx—i-/ )\ugpda—i-/A.Vgpdx:/fgodx—l—/ gpdo. (4.21)
0 o9 Q 0 o9

By density argument, we can replace ¢ with w, in (4.14) to get
/ b(uy, ) u,dx +/ Muido + / an (T, Up, Vu,).Vu,de = / foupdx
Q o9 Q Q
+ / gnundo. (4.22)
o9
Since, C>=(Q) is dense in W1™)(Q), so we change ¢ by u in (4.21) and we have

/b(u)udx+/ )\uzd0+/A.Vudx:/fudl‘~l—/ gudo. (4.23)
Q o9 Q Q o9

By Fatou’s Lemma, we deduce

lim inf /Q by unda > / b(u)udz (4.24)

n—oo

Q
and
lim inf / Muido > / \utdo. (4.25)
Moreover,
lim fnundx—/fudx (4.26)
n—oo
Indeed,

/Q Frundz — /Q fouds + /Q fo (i, — ). (4.27)

For the first term of the right-hand side of the above equality, we have
lim [ f,udr = / fudzx,
Q Q

n—o0

since f, — f in L'(Q) and u € L>(Q). For the second term of the right-hand
side of (4.27), we have, for all R > 0

/]fn wy — )z < / nllltn = ullqoda + R uy — uldz
{lfnl>R} {lfn|<R}

< C’/ ]fn|dx—i—R/ |, — u|dx. (4.28)
{Ifn|>R} Q

For all R fixed, the second term of the right-hand side of above inequality tends
to zero as n — o0o. Since by Chebyschev inequality,
sup,, [|.fullz1@) _ C

I §§—>0, as R — oo

sup meas({|f,| > R}) <



FOURIER BOUNDARY CONDITION p(u)—LAPLACIAN PROBLEM 35

and because a weakly convergent in L'(€) sequence is equi-integrable on ), by
the choice of R the first term in the right-hand side of (4.28) can be made small
as desired. Hence, we deduce that f,(u, —u) goes to zero in L'(Q2). Thus, (4.26)
is justified. Analogously with (4.26), we obtain

lim gnunda:/ gudo. (4.29)
) o0

n—00

Combining (4.24), (4.25), (4.26) and (4.29), we have

liminf(/fnundx—i-/ gnunda) —/b(u)udm—/ \u?do

n—00 Q o0 Q o0

> liminf(/fnunda:—l—/ gnunda—/b(un)undx—/ Auida).
n—oo Q o0 Q oQ

By using (4.22), (4.23), the above inequality and the definition of A,,, we get

ANudz Zliminf/A Nu,dz. (4.30)

0 n—oo

By [I, Lemma 2.1], m > a, (2, Un, b (Vuy,)). b (Vuy,) is increasing and converges
to a,(x, Uy, Vuy,).Vu, for m large enough. Then,

A (2, Uy Py (V) B (V) < an (2, U,y V). Vi,
Therefore, by using (4.30) and the property (2.4) of the Theorem 2.7, we have

n—o0

/A.Vudas > liminf/An.Vundx
Q Q

> lm [ an(z,up, by (V)b (Vuy,)de

n—oo [¢)

= / a(x, u, by (N)).hp(N)dv, (N)dz. (4.31)
QxRN
Using Lebesgue convergence Theorem in (4.31), as m goes to oo, we get (a). O

Lemma 4.2. u is a weak solution of the problem (1.1).

Proof. Let u, be a weak solution of the problem (P,). By using (4.1) and the
fact that u, € WiPelunl)(Q) — Wir-(Q) — C%*(Q), C=(Q) is dense in the
space WhPnlun()) (). Therefore, for n large enough, we can choose ¢ in C*®(Q)
as a test function in the weak formulation of the problem (P,). Then, we obtain

/b(un)wdx—i-/ My odo + /an(x,un,Vun).Vgodaz
Q a0 Q

/fncpdm+/ gnipdo. (4.32)
Q 00

Firstly, we can prove that u € Wtu()(Q), thanks to Claim 2 and the fact that
u € W= (Q) — L>(Q) — LPCrO)(Q). Moreover, b(u) € L'(Q) and u € L'(99),
since b(u,) strongly converges to b(u) in L'(2) and u,, strongly converges to u in
L'(99), thanks to the reasoning that lead to (4.15) and (4.16).

Currently, we are looking at the third term of the left-hand side of the above
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equality. We know that (a,(z, u,, Vu,)Ve)nen is equi-integrable, by (4.19).
In addition, it follows from Claim 3-(b) and Claim 4-(c) that

(2, U, Vu, )V — a(z,u, Vu)Vp a.e. in

Therefore, by using Vitali’s Theorem, we get

lim an(x,un,Vun)Vgodx:/a(x,u, Vu)Vdz.

Finally using (4.15), (4.16), (4.17), (4.18), (4.32) and the above equality, we get
(3.3) for u with all test function in C'*°(€2). O

Remark 4.3. Under the assumptions (3.36) and (3.37), the whole sequence (uy,)nen
converges to u a.e. in  and a.e. on 02 and the whole sequence (Vuy,)nen
converges to Vu a.e. on {2, as n — oc.

Indeed, by Claim 1, we deduce that (u,)nen converges to u a.e. in 2 and a.e. on
OS2, up to extraction of subsequence. From Claim 4-(c), (Vu,)nen converges to
Vu a.e. on (), up to extraction of subsequence.

Now, by Lemma 4.2 and the uniqueness of the weak solution to (1.1) assured in
Theorem 3.10, we conclude that all convergent subsequences of (uy, )nen, (Vi )nen
converge to the same limits u, Vu respectively.
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