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EIGENVALUE ESTIMATES FOR MAGNETIC SCHRODINGER
OPERATORS IN A WAVEGUIDE

BEN SOROWEN* AND MARTIN KARUHANGA?

ABSTRACT. We present an upper estimate for the number of negative eigenval-
ues below the essential spectrum for the magnetic Schrodinger operator with
Aharonov-Bohm magnetic field in a strip.

1. INTRODUCTION

The study of quantum waveguides has attracted much interest in the recent years
largely because of their physical importance. They represent many important ap-
plications in nanophysical devices as well as flat electromagnetic waveguides ( see,
e.g.,[11] and the references therein). Several interesting results on the spectral
properties of these quantities have been obtained, including results on the ex-
istence of eigenvalues below the essential spectrum [9, 16, 19]. Some of these
results largely depend on the geometry of the waveguide and the conditions im-
posed at the boundary. Many authors have obtained results on both qualitative
and quantitative spectral properties (see, e.g., [9, 12, 13]). The work in this
paper is dedicated to the quantitative properties of the discrete spectrum of a
Schrodinger operator representing a charged quantum particle whose motion is
confined in a straight infinite strip interacting with Aharonov-Bohm magnetic
field.

According to the Celebrated Cwikel-Lieb-Rozenblum (CLR) inequality [3, 18, 20],
the number of negative eigenvalues of the Schrédinger operator Hy := —A — V|
V > 0on L*(R"), n > 3 is estimated above by ¢ [, V"/2dg, where c is a constant
that depends on the dimension n. For n = 1, the analogue of the CLR inquality
exists for potentials that are monotone on R, or R_ (see, e.g., [7]), otherwise,
the operator Hy has at least one negative eigenvalue, (see, e.g., [15] and the ref-
erences therein). In the critical case n = 2, the CLR inequality fails, because if
Jg2 Vidz > 0, then the operator —A — aV on L*(R?) has at least one negative
eigenvalue for any a > 0 ( see, e.g.,[3, 0, 22]). One other less obvious reason is the
failure of the Hardy inequality in dimension two which is one of the important
tools in the proof of the CLR inequality. There are several estimates in dimension
two of the CLR type and best estimates known so far involve the weighted L!
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norms and Orlciz norms of the potential ( see, e.g. [I1, 22] ). However, these
estimates are not optimal in some sense. When an additional magnetic field is
introduced, the situation improves due to the diamagnetic effects, indeed, it is
shown in [17] that the magnetic Schrédinger operators do not have weakly cou-
pled eigenvalues. The question of whether it is possible to establish an analogue
of the CLR inequality for two-dimensional magnetic Schrodinger operators has
been answered in [2] in the case of the Aharonov-Bohm magnetic field and in [16]
for a reasonably large class of magnetic fields. In the present paper, we obtain
an anologue of the CLR inequality for an Aharonov-Bohm magnetic Schrodinger
operator in a two-dimensional strip when the Neumann data is given at the op-
posite sides of the boundary. Below, is the precise description of the operator
studied therein.

Let Q := {(z1,22) € R* : 1, € R,0 < 23 < d},d > 0. Consider the Schrodinger
operator Hg in L?(2) initially defined on the domain C'*(Q) given by

oo (15 a) "

with homogeneous Neumann boundary conditions maintained at xo = 0 and
o = d, where A is a magnetic vector potential for the Aharanov-Bohm magnetic
field B, given by

A(xl,xz):\ll.( e R ) (1.2)

2 279 2
T+ xsy xy + s

and
d
U= —/ A(zy, x9)dz
d Jo
is the magnetic flux. The Magnetic field B : R> — R? is given by
B(.ﬁEl,.Z'Q) =VxA=0.

We will obtain an upper estimate for the number of negative eigenvalues of the
operator

Hpy = Hg —V,V >0on L*(Q), (1.3)

where V is an additional electric potential.

2. PRELIMINARIES

Let H be a complex Hilbert space and ¢ be a Hermitian form with domain
D(q) C H. Set

Neg(q) := sup{dim ¢ | q[u] < 0,Vu € \{0}}, (2.1)

where £ is the linear subspace of D(q) ( see, e.g., [1, Theorem 10.2.3]). If ¢ is the
quadratic form associated with a self adjoint operator T with no essential spec-
trum in interval (—oo,0), then Neg(q) gives the number of negative eigenvalues
of T repeated accordingly to their multiplicities [7, Section 2.1].
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Let A€ L} (R?) and V € L}, (R?). We will understand that the operator Hg—V
is self—adjomt whose Friedrichs extension is given by the quadratic form

/Q (|(%v + A)ul* — V\u|2> dr, ueC>®Q),

provided the form is closable and bounded from below.

Let
Wi(z1) = [[V(z1, )z = sup [V(z1)] (2.2)
O<xzo<d
so that
||W||L1(R7Loo(07d)) = ||V||L1(R,L°°(0,d)) < Q. (23)

The operator Hg w = (%V+A)2 — W, is lower-semi bounded self adjoint operator
with essential spectrum [0, 00) [, Lemma 5.6.1]. Since Hpy > Hpw, then

Neg(HBy) S NGg(HByw), (24)

where Neg(.) is the number of negative eigenvalues of the operator. Therefore to
estimate the number of negative eigenvalues of the operator Hp y, its enough to
estimate the number of negative eigenvalues of the operator Hp yy.

Now,

1
Hpw = (gv + AP —W

24
= A+ TV AP -

0? * 24 (0 0
:————+—..(—+ )+\A|2

dx?  0x3 dry Oy
—_8_2_’_% 9 — 0’ +% 0 _|_|A|2_
n oz? i Ory O3 1 0o
Thus ) 52
0 2A 0 2A 0
Hpw = — AP ) - w. 2.5
Bw 83: i Ony ( 83:'2 i Oy + ’) (25)
Since — <> 7 + %8—@ + A2 = (lai A> (2.5) can now be written as,
2 24 0 19 2
Hpw=——+—— -——4+A| -W. 2.
Bw 8:17%—1_ i 8m1+(i6m2+ ) W (2:6)
Define the operator
10
=-—+4 A 2.7
Let A be an eigenvalue of Q and f be the corresponding eigenfunction . Then
1 3
of == f - Af = (2.8)
so that L
——=\=-A)f.

) dIL‘Q
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On separating variables and integrating, we obtain

/%df _ /z’()\ = AV,

implying that

Inf=iA—A)xs+ ¢, (2.9)
where ¢y, is a constant of integration,
f(x2) = ce’P 22 ¢ =1ng¢ (2.10)
To determine ¢, A and f, we use the following boundary conditions.
— f'(0) = f'(d) = 0. (2.11)
Differentiating (2.10) with respect to xo gives
f(z5) = i(\ — A)ce'MDe2, (2.12)
Now putting the boundary conditions (2.11) into (2.12), we obtain
i(A=XNc=0

and
i\ — A)ce'*D1 =0
It follows that
A=A or PN =, (2.13)

Since /A=A £ 0 then A = A. So from (2.10), we have f(x3) = c¢. Normalizing

f(z) = ¢ gives ¢ = \/La. Let ¢ = mingez |V — k| and assume without loss of

generality that A = ¢, we have
1 .
fi(xs) = ﬁel“k“)“. (2.14)
Using the decomposition

L*(Q) = L*(R,dz;) ® L*((0,d), dxy),

we have

Q) = (LZ(R, dr)) ® [%D (2.15)

kEZ

where [.] denotes the linear span, since {ei(kk—%@)ﬂ@} is a complete orthonormal
keZ

system of eigenfunctions in L?((0,d), dxs). It follows from (2.6) that
0% 20 0
Hpw=—-725+—7—+(k+¢)?’ W= H,®1 2.16
v =gt gy T he) 69( k®k>, (2.16)
keZ
where ,
0 2¢ 0

Hy = 2L (k+ ) — W (2.17)

or? i On

and 1y, is the identity on (2.14).
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For any u € L*(0,d), u has the representation

=”E1,$2 E U}g x1 fk $2

keZ

where
d

Ukz(ﬂfl) = U($1,$2)fk(332)d3?2-

2l S

Let HY be the completion of C°°(€)) with respect to the norm

2 1/2
; ||u||2) |

where ||.|| denotes the L?(2) norm. Thus for u € H}, the quadratic form of (2.17)
given by

Qe wlu] = Z(<—Ug($1)fk(fc2) + QTSOUZ(fﬂl)fk(M) + (k4 @) *ug (1) fr(22)

keZ

ol = (|7 +

— Wug(z1) fr(22), Uk(ml)fk(x2)>L2(07d)> :
Thus

= 37 (= o) o) o) )+ 22000 ), ) )

keZ

+ (k + @) (up(21) fr(22), ur (1) fr(22)) — W ug(21) fr(22), Uk(l'l)fk(@»)

= Z < /uk x1) fr(xo)ug (x1) fi.(x9)dxrdg + — / wy(21) fr(22)ug (21) fro.(22)dar da,

+ (k + )? /Q k(1) fro(x2)ug(x1) fr(xe)drrde — W /Q uk(xl)fk(x2)uk(x1)fk(x2)dx1dx2>.

It therefore follows that

vl = ([ (It 1+ pPluato)? = Whane) o). (215)

keZ
Lemma 2.1. [21, Theorem 1.1] Let Q € L}, (R) and consider the following self-
adjoint Sturm—Lzoumlle operator
d? c 9

where c is a constant.
If the operator (2.19) has n negative eigenvalues (counting multiplicities), then

1
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3. THE MAIN RESULT

Theorem 3.1. Let X = L'(R, L>(0,d)), A be the vector potential in (1.2). Then
the number of negative eigenvalues of the operator Hpy is estimated above by

! 1
NeglHlow) <3y ool I (31)

where Y indicates that all summands less than 1 are neglected.

Proof. The operator Hp w is defined via its quadratic form (2.18), that is,

vl = 35 ([ (e + Gt Pl = W usGon) ) o ) (32

kEZ

By the Hardy inequality [10, theorem 327], we have

et 2 3 [ (G + EEL ) = W o )

:—Z/ (\u 21) y2+4<k @ u(zy) —4W(x1)]u(:v1)|2)d:v1. (3.3)

The right hand of (3.3) is a quadratic form associated with a family of self-
adjoint Sturm-Liouville operators of the form

1 > Ak + p)? 9
Now, it follows from Lemma 2.1 that
1
Neg(7T(k)) < / W(xq)dx 3.5
9r) < s | W) 35)

Hence, by (2.1) and (3.3), we have

/ 1
Neg(Hpw) <3 N /R W () da. (3.6)

Substituting for W (see (2.4)) in (3.6) yields

/ 1
Neg(H < ess sup V(xy,x9)dx
9(Hpy) = ZkeZ V16(k +¢)2 +1 / 0<x22d (o1, 22}y

1

/
N ZkGZ V16[k + o2 +1

V1

O

Acknowledgement. The first author is grateful to the Regional Universities
Forum for Capacity Building in Agriculture (RUFORUM), Kyambogo University
and Mbarara University of Science and Technology for the support.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

EIGENVALUE ESTIMATES FOR MAGNETIC SCHRODINGER OPERATORS 71

REFERENCES

. A. Balinsky, W.D. Evans and R.T. Lewis, The Analysis and Geometry of Hardy’s inequality,
University text, Springer, Cham, 2015.

A. Balinsky, W.D. Evans and R.T. Lewis, On the number of negative eigenvalues of
Schrodinger operators with an Aharonov—Bohm magnetic field, Proc. Royal. Soc. Series
A: Mathematical, Physical and Engineering Sciences, 457, (2001), 2481-2489.

M. S. Birman and A. Laptev, The negative discrete spectrum of a two-dimensional
Schrodinger operator. Commun. Pure Appl. Math. 49, 9 (1996), 967-997.

M. Sh. Birman and M. Z. Solomyak, Spectral theory of self-adjoint operators in Hilbert
space, Kluwer, Dordrecht etc., 1987.

F. Calogero, Upper and lower limits for the number of bound states in a given central
potential, Comm. Math. Phys., 1 (1965), 80-88.

K. Chadan, N. N. Khuri, A. Martin and T. T. Wu, Bound states in one and two spatial
dimensions, J. Math. Phys. 44, 2 (2003), 406-422.

G. Cox, C. K. Jones and J. L. Marzuola, A Morse index theorem for elliptic operators on
bounded domains, Commun. Partial. Differ. Equ., 40, 8 (2015), 1467-1497.

M. Cwikel, Weak type estimates for singular values and the number of bound states of
Schrodinger operators, Ann. Math.,106 (1977), 93-100.

P. Docus and P. Exner , Curvature induced bound states in quantum waveguides in two
and three dimensions, Rev. Math. Phys., 7, 1 (1995), 73-102.

G. H. Hardy, J. E, Littlewood, and G. Pdlya, Inequalities, Cambridge University Press,
1988.

N. E. Hurt, Mathematical Physics of quantum wires and devices. Mathematics and its
Applications, 506, Kluwer.Dordrecht, 2000.

M. Karuhanga, Eigenvalue bounds for a class of Schrodinger operators in a strip, J. Math.,
2018(2018), 8 pages.

M. Karuhanga, On the discrete spectrum of Schrédinger operators with Ahlfors regular
potentials in a strip, J. Math. Analy. Appl., 475, 1 (2019), 918-938.

M. Karuhanga and E. Shargorodsky, On negative eigenvalues of two-dimensional
Schrodinger operators with singular potentials, J. Math. Phys., 61, 5 (2020), 051509.

M. Karuhanga and E. Shargorodsky, Counting negative eigenvalues of one-dimensional
Schrodinger operators with singular potentials, Gulf J. Mathematics, 7, 2 (2019), 5-15.

H. Kovarik, Eigenvalue bounds for two-dimensional magnetic Schrodinger operators, arXiv
preprint arXiv1103.5194, 2011.

A. Laptev and T. Weidl, Hardy inequalities for magnetic Dirichlet forms. In mathematical
results in quantum mechanics, Springer (1999), 299-305.

E. Lieb, Bounds on the eigenvalues of the Laplace and Schrédinger operators, Bull. Amer-
ican Math. Soc., 82, 5 (1976), 751-753.

W. Renger and W. Bulle, Existence of bound states in quantum waveguides under weak
conditions, Lett. Math. Phys., 35 (1995), 1-12.

G. V. Rozenblum, The distribution of the discrete spectrum for singular differential oper-
ators, Dokl. Akad. Nauk SSSR, 202 (1972), 1012-1015.

K. M. Schmidt, A short proof for Bargmann-type inequalities, Proc. Royal. Soc. Series A:
Mathematical, Physical and Engineering Sciences 458, 2027 (2002), 2829-2832.

E. Shargorodsky, On negative eigenvalues of two-dimensional Schrodinger operators, Proc.
London Math. Soc., 108, 2 (2014), 441-483.

! DEPARTMENT OF MATHEMATICS, KYAMBOGO UNIVERSITY, P.O Box 1, KAMPALA,

UGANDA

Email address: sorowenben@kyu.ac.ug



72 B. SOROWEN, M. KARUHANGA

2 DEPARTMENT OF MATHEMATICS, MBARARA UNIVERSITY OF SCIENCE AND TECHNOL-
0GY, P.O Box 1410, MBARARA, UGANDA
Email address: mkaruhanga@must.ac.ug



	1. Introduction
	2. Preliminaries
	3. The main result
	References

