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MEASURE OF NONCOMPACTNESS AND SECOND ORDER
EVOLUTION EQUATIONS

MOUFFAK BENCHOHRA1∗ AND NOREDDINE REZZOUG1

Abstract. In this article, we provide sufficient conditions for existence of mild
solutions for second order semi-linear functional evolution equations in Banach
spaces using the concept of a measure of noncompactness and Schauder’s fixed
point theorem. For illustration we give an example.

1. Introduction

This paper is concerned with the existence of mild solutions for the following
second order evolution equation

y′′(t)− A(t)y(t) = f(t, y(t)), a.e. t ∈ [0, T ], (1.1)

y(0) = y0, y
′(0) = y1, (1.2)

where {A(t)}0≤t<+∞ is a family of linear closed operators from E into E that
generate an evolution system of linear bounded operators {U(t, s)} for 0 ≤ s ≤
t < +∞, f : [0;T ] × E → E be a Carathéodory function and (E, | · |) a real
Banach space.

Evolution equations arise in many areas of applied mathematics [2, 14], this
type of equations has received much attention in recent years [1]. There are
many results concerning the second-order differential equations, see for exemple
Fattorini [7], and Travis and Webb [13]. Among useful for the study of abstract
second order equations is the existence of an evolution system U(t, s) for the
homogenous equation

y′′(t) = A(t)y(t), for t ≥ 0.

For this purpose there are many techniques to show the existence of U(t, s) which
has been developed by Kozak [10].

In this paper we use the technique of measures of noncompactness. It is well
known that this method provides an excellent tool for obtaining existence of
solutions of nonlinear differential equation. This technique works fruitfully for
both integral and differential equations. More details are found in Akhmerov et
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al. [3], Alv́ares [4], Banaś and Goebel [5], Guo et al. [8], Kamenskii et al. [9],
Olszowy [11], Olszowy and Wȩdrychowicz [12], and the references therein.

The organization of this work is as follows. In Section 2, we recall some defi-
nitions and facts about evolution system. In Section 3, we give the existence of
mild solutions of the problem (1.1)-(1.2). In Section 4 we present an example to
illustrate our main result.

2. Preliminaries

Let E be a Banach space with the norm | · | and C([0;T ], E) be the Banach
space of continuous functions y mapping [0;T ] into E with the usual supremum
norm

‖y‖ = sup
t∈[0;T ]

|y(t)|.

Denote by L∞([0;T ], [0,∞)) the Banach space of essentially bounded measur-
able functions γ : [0;T ]→ [0,∞) with the norm

‖γ‖∞ = inf {c ≥ 0 : |γ(t)| ≤ c, a.e. t ∈ [0;T ]} ,
and by BR the closed ball centered 0 and radius R in C([0;T ] , E).
B(E) denotes the Banach space of linear bounded operators on E.

Definition 2.1. A map f : [0, T ]× E → Eis said to be Carathéodory if

(i) t→ f(t, y) is measurable for all y ∈E,
(ii) y → f(t, y) is continuous for almost each t ∈ [0, T ].

In what follows, let {A(t), t ≥ 0} be a family of closed linear operators on the
Banach space E with domain D(A(t)) dense in E and independent of t.

In this work the existence of solution the problem (1.1)-(1.2) is related to the
existence of an evolution operator U(t, s) for the following homogeneous problem

y′′(t) = A(t)y(t) t ∈ [0;T ]. (2.1)

This concept of evolution operator has been developed by Kozak [10].

Definition 2.2. A family U of bounded operators U(t, s) : E → E, (t, s) ∈ ∆ :=
{(t, s) ∈ [0;T ] × [0;T ] : s ≤ t}, is called an evolution operator of the equation
(2.1) if the following conditions hold:

(D1): For any x ∈ E the map (t, s) 7−→ U(t, s)x is continuously differen-
tiable and

(a): for any t ∈ J, U(t, t) = 0.
(b): for all (t, s) ∈ ∆ and for any x ∈ E, ∂

∂t
U(t, s)x

∣∣
t=s

= x and
∂
∂s
U(t, s)x

∣∣
t=s

= −x.

(D2): For all (t, s) ∈ ∆, if x ∈ D(A(t)), then ∂
∂s
U(t, s)x ∈ D(A(t)), the map

(t, s) 7−→ U(t, s)x is of class C2 and

(a): ∂2

∂t2
U(t, s)x = A(t)U(t, s)x.

(b): ∂2

∂s2
U(t, s)x = U(t, s)A(s)x

(c): ∂2

∂s∂t
U(t, s)x

∣∣
t=s

= 0.
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(D3): For all (t, s) ∈ ∆, ∂
∂s
U(t, s)x ∈ D(A(t)), and there exist ∂3

∂t2∂s
U(t, s)x,

∂3

∂s2∂t
U(t, s)x such that

(a): ∂3

∂t2∂s
U(t, s)x = A(t) ∂

∂s
(t)U(t, s)x.

Moreover, the map (t, s) 7−→ A(t) ∂
∂s

(t)U(t, s)x is continuous.

(b): ∂3

∂s2∂t
U(t, s)x = ∂

∂t
U(t, s)A(s)x.

Throughout this paper, we will use the following definition of the concept of
measure of noncompactness [5].

Definition 2.3. Let E be a Banach space and ΩD the family of all nonempty
and bounded subsets D of E. The measure of noncompactness is the map

µ : ΩD → [0; +∞)

satisfying the following properties:

(i1) µ(D) = 0 if D is relatively compact,
(i2) µ(D) = µ(D) ; D the closure of D,
(i3) µ(C +D) ≤ µ(C) + µ(D),
(i4) µ(aD) = |a|µ(D),
(i5) µ(convD) = µ(D) ; convD the convex hull of D.

We will use a measure of noncompactness µ in the space C([0;T ] , E) which
was considered in [5]. Denote by ωT (y, ε) the modulus of continuity of y on the
interval [0, T ], i.e.

ωT (y, ε) = sup {|y(t)− y(s)| ; t, s ∈ [0, T ], |t− s| ≤ ε} .
Moreover, let us put

ωT (D, ε) = sup
{
ωT (y, ε); y ∈ D

}
ωT
0 (D) = lim

ε→0
supωT (D, ε).

Finally, we define

µ∗(D) = ωT
0 (D) + sup

t∈[0;T ]

µ(D(t)),

where µ is regular measure of noncompactness in E and

D(t) := {y(t) : y ∈ D}.

µ∗(D) is the measure of noncompactness in the space C([0;T ] , E).

Lemma 2.4. [5] If {D}+∞n=0 is sequence of nonempty, bounded and closed sub-
sets of E such that Dn+1 ⊂ Dn(n = 0, 1, 2, . . .)and if lim

n→∞
µ(Dn) = 0, then the

intersection

D∞ = ∩+∞n=0Dn

is nonempty and compact.



74 M. BENCHOHRA, N. REZOUG

Lemma 2.5. (Cauchy formula). If f : R+ → R+ is a continuous function, then

∫ t

a

∫ s1

a

∫ s2

a

· · ·
∫ sn

a

f(sn+1)dsn+1dsn · · · ds1 =
1

n!

∫ t

a

f(s)(t− s)nds

for each t ≥ a.

Lemma 2.6. ([5]). If µ is a regular measure of noncompactness, then

|µ(D1)− µ(D2)| ≤ µ(B(0, 1))dH(D1, D2)

for any bounded subset D1, D2 ∈ E, where dH is Hausdorff distance between D1

and D2.

Theorem 2.7 (Schauder fixed point theorem). [6] Let E be a Banach space, D
compact convex subset of E and N : D → D continuous map. Then N has at
least one fixed point in D.

3. Main result

Definition 3.1. A function y ∈ C([0;T ] , E) is called a mild solution to the
problem (1.1)-(1.2) if y satisfies the integral equation

y(t) = − ∂

∂s
U(t, 0)y0 + U(t, 0)y1 +

∫ t

0

U(t, s)f(s, y(s))ds. (3.1)

To prove our results we introduce the following conditions:

(H1): There exists a constant M ≥ 1 such that

‖U(t, s)‖B(E) ≤M.

(H2): There exists a constant M̃ ≥ 0 such that∥∥∥∥ ∂∂sU(t, s)

∥∥∥∥
B(E)

≤ M̃.

(H3): (A1) There exist integrable function p : [0;T ]→ R+ and a continuous
nondecreasing function ψ : [0,∞)→]0;∞) such that:

|f(t, u)| ≤ p(t)ψ(|u|) for a.e t ∈ [0;T ] and each u ∈ E.

(A2) There exists a measurable function γ ∈ L∞([0;T ],R+) such that for
any nonempty set D ⊂ E we have :

µ(f([0;T ]×D)) ≤ γ([0;T ])µ(D).

(H4): There exists a constant R > 0 such that

M̃ |y0|+M |y1|+Mψ(R) ‖P‖L1 ≤ R.

Theorem 3.2. If assumptions (H1)− (H4) are satisfied, then the problem (1.1)-
(1.2) admits at least one mild solution.
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Proof. Consider the operator N : C([0;T ], E)→ C([0;T ], E) defined by

(Nu)(t) = − ∂

∂s
U(t, 0)y0 + U(t, 0)y1 +

∫ t

0

U(t, s)f(s, y(s))ds.

Let s, t ∈ [0;T ] with t > s. Then we have

|(Ny)(t)− (Ny)(s)| ≤
∣∣∣∣ ∂∂sU(t, 0)y0 −

∂

∂s
U(s, 0)y0

∣∣∣∣+ |U(t, 0)y0 − U(s, 0)y0|

+

∫ s

0

‖U(t, τ)− U(s, τ)‖B(E) |f(τ, y(τ)| dτ

+

∫ t

s

‖U(t, τ)‖B(E) |f(τ, y(τ)| dτ

≤ ω̃T (
∂

∂s
U(t, 0)y0, ε) + ωT (U(t, 0)y0, ε)

+ AT (U, ε)

∫ s

0

p(τ)ψ(|y(τ)|)dτ

+ M sup

{∫ t

s

p(τ)ψ(|y(τ)|)dτ ; t ≤ s ≤ T, |t− s| ≤ ε

}
,

where

ω̃T ( ∂
∂s
U(t, 0)y0, ε) = sup

{∣∣ ∂
∂s
U(t, 0)y0 − ∂

∂s
U(s, 0)y0

∣∣ ; t ≤ s ≤ T, |t− s| ≤ ε
}
,

ωT (U(t, 0)y0, ε) = sup {|U(t, 0)y0 − U(s, 0)y0| ; t ≤ s ≤ T, |t− s| ≤ ε} ,

AT (U, ε) = sup
{
‖U(t, τ)− U(s, τ)‖B(E) ; τ ≤ t ≤ s ≤ T, |t− s| ≤ ε

}
.

Putting

Ω(T, ε) = ω̃T (
∂

∂s
U(t, 0)y0, ε) + ωT (U(t, 0)y0, ε)

+ AT (U, ε)

∫ s

0

p(τ)ψ(|y(τ)|)dτ

+ M sup

{∫ t

s

p(τ)ψ(|y(τ)|)dτ ; t ≤ s ≤ T, |t− s| ≤ ε

}
.

We have
|(Ny)(t)− (Ny)(s)| ≤ Ω(T, ε)

i.e
ωT (Ny, ε) ≤ Ω(T, ε). (3.2)

The assumptions (H1)− (H4) yield that

lim
ε→0

Ω(T, ε) = 0.

We define
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D =
{
y ∈ C([0;T ], E) : ‖y‖ ≤ R and lim

ε→0
Ω(T, ε) = 0

}
.

The set D is nonempty convex and closed.

Now, we have

|Ny(t)| ≤
∥∥∥∥ ∂∂sU(t, 0)

∥∥∥∥
B(E)

|y0|

+ ‖U(t, s)‖B(E) |y1|+ ‖U(t, s)‖B(E)

∫ t

0

p(s)ψ(|y(s)|)ds

≤ M̃ |y0|+M |y1|+M

∫ t

0

p(s)ψ(R)ds

≤ M̃ |y0|+M |y1|+Mψ(R) ‖P‖L1

≤ R. (3.3)

The conditions (3.2) and (3.3) ensure that the operator N transforms the set
D into itself.

Step 1. N continuous.
Let (yn)n∈N be a sequence in D such that yn → y in D. We have

|Nyn(t)−Ny(t)| ≤M

∫ t

0

|f(s, yn(s))− f(s, y(s))| ds.

Since f is Caratheory we obtain by the Lebesgue dominated convergence theorem
that

lim
t→+∞

‖N(yn)−N(y)‖ = 0.

We deduce N is continuous.

Step 2. D∞ = ∩+∞n=0Dn is compact.

In the sequel, we consider the sequence of sets {Dn}+∞n=0 defined by induction
as follows :

D0 = D, Dn+1 = convN(Dn) for n = 0, 1, 2, · · · and D∞ = ∩+∞n=0Dn

this sequence is nondecreasing, i.e. Dn ⊂ Dn+1 for each n.

Claim 1. lim
n→+∞

ωT
0 (Dn) = 0.

This is a consequence from the equicontinuity of the set D on compact intervals.

Claim 2. lim
n→+∞

µT (Dn) = 0.

Set
αn(t) = µ(Dn(t)).

In view of Lemma 2.4 and Lemma 3.2 we have

|αn(t)− αn(s)| ≤ µ(B(0, 1))Ω(T, |t− s|)
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which proves the continuity of αn(t) on [0, T ].
Using the properties of µ, Lemma 2.6 and (H3)(A2) we get

αn+1(t) = µ(CovN(Dn)) = µ(N(Dn)) = µ

({∫ t

0

U(t, s)f(s, y(s))ds : y ∈ Dn

})
≤ ‖U(t, s)‖B(E)

∫ t

0

µ {(f(s, y(s))) : y ∈ Dn} ds

≤ M

∫ t

0

γ(s)αn(s)ds.

Using Lemma 2.5 we derive

αn+1(t) ≤ Mn+1

∫ t

0

γ(s1)

∫ s1

0

γ(s2)

∫ s2

0

· · ·
∫ sn

0

γ(sn+1)α0(sn+1)ds1ds2 · · · dsndsn+1

≤ Mn+1γ̃n+1

∫ t

0

∫ s1

0

∫ s2

0

· · ·
∫ sn

0

α0(sn+1)dsn+1dsn · · · ds2ds1

≤ Mn+1γ̃n+1(t)T n

n!

∫ t

0

α0(s)ds,

where γ̃(t) = ess sup {γ(s) : s ≤ t} .
Thus, we get

lim
n→+∞

αn(t) = 0.

Then

lim
n→+∞

µ(Dn(t)) = 0.

Form Claim 1 and Claim 2 we conclude

lim
n→+∞

ωT
0 (Dn) + lim

n→+∞
sup

t∈[0;T ]

µ(Dn(t)) = 0.

Lemma 2.4 implies that D∞ = ∩+∞n=0Dn is nonempty, convex and compact.
Thus by Schauder’s fixed point theorem the operator N : D∞ → D∞ has at least
one fixed point which is a mild solution of problem (1.1)-(1.2). �

4. An example

Consider the second order Cauchy problem

∂2z(t, τ)

∂t2
=
∂2z(t, τ)

∂τ 2
+ a(t)

∂z(t, τ)

∂t

+e−t
∫ t

0

z(t, τ)

1 + z2(t, τ)
dτ, t ∈ [0, T ], τ ∈ [0, π],

z(t, 0) = z(t, π) = 0 t ∈ [0;T ],
∂z(0, τ)

∂t
= ψ(τ) τ ∈ [0, π]

(4.1)

where a : [0;T ]→ R is a Hölder continuous function.
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Let E = L2([0, π],C) the space of 2-integrable functions from [0, π] into C,
and H2([0, π],C) denotes the Sobolev space of functions x : [0, π] → C such
that x′′ ∈ L2([0, π],C). We consider the operator A1y(τ) = y′′(τ) with domain
D(A1) = H2(R,C), infinitesimal generator of strongly continuous cosine function
C(t) on E. Moreover, we take A2(t)y(s) = a(t)y′(s) defined on H1([0, π],C),
and consider the closed linear operator A(t) = A1 + A2(t) which generates an
evolution operator U defined by

U(t, s) =
∑
n∈Z

zn(t, s)〈x,wn〉wn,

where zn is a solution to the following scalar initial value problem{
z′′(t) = −n2z(t) + ina(t)z(t)
z(s) = 0, z′(s) = 1.

(4.2)

Set

y(t)(τ) = z(t, τ), t ∈ [0, T ], τ ∈ [0, π],

f(t, y)(τ) = e−t
∫ t

0

z(t, τ)

1 + z2(t, τ)
dτ,

and
d

dt
y(0)(τ) =

∂z(0, τ)

∂t
, τ ∈ [0, π].

Consequently, (4.1) can be written in the abstract form (1.1)-(1.2) with A(t)
and f defined above. The existence of a mild solutions can be deduced from an
application of Theorem 3.2.
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[4] J. C. Alvárez, Measure of noncompactness and fixed points of nonexpansive condensing
mappings in locally convex spaces, Rev. Real. Acad. Cienc. Exact. Fis. Natur. Madrid 79
(1985), 53-66.

[5] J. Banas̀ and K. Goebel, Measures of Noncompactness in Banach Spaces. Lecture Note
in Pure App. Math. 60, Dekker, New York, 1980.

[6] J. Dugundji and A. Granas, Fixed Point Theory, Springer-Verlag, New York, 2003.
[7] H. O. Fattorini, Second Order Linear Differential Equations in Banach Spaces, North-

Holland Mathematics Studies, Vol. 108, North-Holland, Amsterdam, 1985.
[8] D. Guo, V. Lakshmikantham and X. Liu, Nonlinear Integral Equations in Abstract Spaces,

Kluwer Academic Publishers Group, Dordrecht, 1996.
[9] M. Kamenskii, V. Obukhovskii and P. Zecca, Condensing Multivalued Maps and Semilinear

Differential Inclusions in Banach Spaces, in: de Gruyter Series in Nonlinear Analysis and
Applications, Berlin, 2001.

[10] M. Kozak, A fundamental solution of a second-order differential equation in a Banach
space, Univ. Iagel. Acta Math. 32 (1995), 275-289.



SECOND ORDER EVOLUTION EQUATIONS IN BANACH SPACES 79

[11] L. Olszowy. Solvability of some functional integral equation. Dynam. System. Appl. 18
(2009), 667-676.
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