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MEASURE OF NONCOMPACTNESS AND SECOND ORDER
EVOLUTION EQUATIONS

MOUFFAK BENCHOHRA!'* AND NOREDDINE REZZOUG!

ABSTRACT. In this article, we provide sufficient conditions for existence of mild
solutions for second order semi-linear functional evolution equations in Banach
spaces using the concept of a measure of noncompactness and Schauder’s fixed
point theorem. For illustration we give an example.

1. INTRODUCTION

This paper is concerned with the existence of mild solutions for the following
second order evolution equation

y'(t) — At)y(t) = f(t,y(t)), a.e. t €[0,T7, (1.1)

y(0) = yo, ¥'(0) = y1, (1.2)
where {A(t)}o<t<too is a family of linear closed operators from FE into E that
generate an evolution system of linear bounded operators {U(t,s)} for 0 < s <
t < 400, f:]0;T] x E — E be a Carathéodory function and (E,|-|) a real
Banach space.

Evolution equations arise in many areas of applied mathematics [2, 11], this
type of equations has received much attention in recent years [l]. There are
many results concerning the second-order differential equations, see for exemple
Fattorini [7], and Travis and Webb [13]. Among useful for the study of abstract
second order equations is the existence of an evolution system U(t,s) for the
homogenous equation

y'(t) = A(t)y(t), for t>0.

For this purpose there are many techniques to show the existence of U(t, s) which
has been developed by Kozak [10].

In this paper we use the technique of measures of noncompactness. It is well
known that this method provides an excellent tool for obtaining existence of
solutions of nonlinear differential equation. This technique works fruitfully for
both integral and differential equations. More details are found in Akhmerov et
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al. [3], Alvares [1], Banas and Goebel [5], Guo et al. [8], Kamenskii et al. [9],
Olszowy [11], Olszowy and Wedrychowicz [12], and the references therein.

The organization of this work is as follows. In Section 2, we recall some defi-
nitions and facts about evolution system. In Section 3, we give the existence of
mild solutions of the problem (1.1)-(1.2). In Section 4 we present an example to
illustrate our main result.

2. PRELIMINARIES

Let E be a Banach space with the norm |- | and C([0;T], E) be the Banach
space of continuous functions y mapping [0; 7] into F with the usual supremum
norm

lyll = sup [y(t)].
te[0;T]

Denote by L>([0;7T7],[0,00)) the Banach space of essentially bounded measur-
able functions 7 : [0;7] — [0, 00) with the norm
[l = nf{e >0 [y(t)] < ¢, ae. t€[0;T]},

and by Bp the closed ball centered 0 and radius R in C([0;T], E).
B(FE) denotes the Banach space of linear bounded operators on E.

Definition 2.1. A map f:[0,7] x E — Eis said to be Carathéodory if

(i) t — f(t,y) is measurable for all y €E,
(ii) y — f(t,y) is continuous for almost each t € [0, T7.

In what follows, let {A(t), t > 0} be a family of closed linear operators on the
Banach space E with domain D(A(t)) dense in £ and independent of ¢.

In this work the existence of solution the problem (1.1)-(1.2) is related to the
existence of an evolution operator U(t, s) for the following homogeneous problem

y'(t) = Al)y(t)  te[0;T]. (2.1)
This concept of evolution operator has been developed by Kozak [10].

Definition 2.2. A family U of bounded operators U(t,s) : E — E, (t,s) € A :=
{(t,s) € [0;T] x [0;T] : s < t}, is called an evolution operator of the equation
(2.1) if the following conditions hold:
(D1): For any © € E the map (t,s) — U(t,s)x is continuously differen-
tiable and
(a): forany t € J, U(t,t) = 0.
(b): for all (t,s) € A and for any = € F
2U(t, s) ‘t =T
(Ds): For all (t,s) € A, if € D(A(t)), then £U(t, s)x € D(A(t)), the map
(t,s) r—) U(t )x is of class C? and
(a): atz ( s)x = AU, s).
(b): 52U, ) U(t,s)A(s)x
(C) 888t ( |t:s 0.

: 8tU(zf,s)ng:S = z and
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(Ds): For all (t,s) € A, ZU(t,s)z € D(A(t)), and there exist

8;928tU<t s)x such that

(a): 8t285U(t s)r = At)Z)U(t, s).
Moreover the map (t,s) — A(t) & (t)U(t, s)z is continuous.
(b): 8328t U(t,s)x = %U(t, s)A(s)z.

8t26 Ult, s)x,

Throughout this paper, we will use the following definition of the concept of
measure of noncompactness [5].

Definition 2.3. Let F be a Banach space and )p the family of all nonempty
and bounded subsets D of E. The measure of noncompactness is the map

p: Qp — [0;+00)

satisfying the following properties:

(i1) u(D) = 0if D is relatively compact,

(i) (D) = p(D) ; D the closure of D,

(is) #(C+ D) < p(C) + (D),

(ia) p(aD) = |a|u(D),

(i5) p(convD) = p(D) ; convD the convex hull of D.

We will use a measure of noncompactness p in the space C([0;7], E) which
was considered in [5]. Denote by w?(y, e) the modulus of continuity of y on the
interval [0, 7], i.e

wh(y,e) = sup {|y(t) — y(s)|;t,5 € [0, T, [t — s| < e}
Moreover, let us put

wh'(D,e) = sup {w” (y,¢);y € D}
wi (D) = lim supw’ (D, ¢).
e

Finally, we define

(D) = wy (D) + S 1(D(t)),

where g is regular measure of noncompactness in £ and
D(t) :={y(t) : y € D}.
w*(D) is the measure of noncompactness in the space C([0; 7], E).

Lemma 2.4. [5] If {D}Jr o is sequence of nonempty, bounded and closed sub-
sets of E such that Dpy1 C Dyp(n = 0,1,2,...)and if lim u(D,) = 0, then the
n—oo

ntersection
__ ~too
Dy =nN2D,

1s nonempty and compact.
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Lemma 2.5. (Cauchy formula). If f : R, — R, is a continuous function, then

/at / / - / f(snsa)dsnyadsy - dsi = % / F(s)(t — 5)ds

for each t > a.

Lemma 2.6. ([5]). If p is a regular measure of noncompactness, then

[1(D1) — (Do) < u(B(0,1))dr (D1, Dy)

for any bounded subset D, Dy € E, where dy is Hausdorff distance between D
and Ds.

Theorem 2.7 (Schauder fixed point theorem). [6] Let E be a Banach space, D
compact convex subset of E and N : D — D continuous map. Then N has at
least one fized point in D.

3. MAIN RESULT

Definition 3.1. A function y € C([0;T], E) is called a mild solution to the
problem (1.1)-(1.2) if y satisfies the integral equation

) =~ U0+ Ut O+ [ U (spleds. (3)

To prove our results we introduce the following conditions:
(Hy): There exists a constant M > 1 such that

1U(E,9)l| By < M.
(H,): There exists a constant M > 0 such that

o B
v < M.
HaSU(t,s) <M

B(E)

(Hs): (A;) There exist integrable function p : [0; 7] — R4 and a continuous
nondecreasing function 1) : [0,00) —]0; 00) such that:

|f(t, )] < pt)(|u]) for a.e t € [0;T] and each u € E.

(As) There exists a measurable function v € L*°([0; T, R ) such that for
any nonempty set D C E we have :

p(f([0; 71 x D)) < ([0; T (D).
(H,): There exists a constant R > 0 such that

Mlyo| + Mys| + My(R) || P||,« < R.

Theorem 3.2. If assumptions (Hy) — (Hy) are satisfied, then the problem (1.1)-
(1.2) admits at least one mild solution.
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Proof. Consider the operator N : C([0;T], E) — C([0;T], E) defined by
o t
(Nu)(t) = —5-U(t,0)y0 + U(t, 0}y +/ U(t,s)f(s,y(s))ds.
0

Let s,t € [0;T] with t > s. Then we have

(¥0)0) = (V)E)] < |00~ U, O]+ U180~ U, O

O0s

+ /0 Ut 7) = Uls, Tl gy 1f (7 y(7) d7

n / VU ) 1790 7
< (LU0, e) +7 (U Owe)
L oATWe) / p(r () )dr

+ s | D)yt < s < T |t 5| < 3t

where

T (ZU(t,0)yo,e) = sup {| ZU(t,0)y0 — LU (s,0)yo| it < s < T, |t —s| < e},
WI(U(t,0)yo,€) = sup {|U(t,0)yo — U(s,0)yo|;t < s < T, |t —s| < e},

AT(U, &) = sup {||U(t,r) —U(s, ")l gy i T St <s<T|t—s| < g} .

Putting
QT,e) = @T(%U(t,o)%ﬁ)—i—wT(U(t,O)yo,é)
L AT / p(r ) (ly(r)])dr
n Msup{/ PPy )drst < s < TJt — 5| < }
We have
(N)(t) — (Ny)(s)] < QT )

wl'(Ny,e) < QT ¢). (3.2)
The assumptions (H;) — (Hy) yield that
lim QT ¢) = 0.
e—0

We define
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D ={yeC(0:7),E): |y| < R and limQ(T,) =0}
E—
The set D is nonempty convex and closed.

Now, we have

Mol < || o

|90’
B(E)

+ U 9)l gy |y1|+||U(t>8)||B(E)/Op(S)w(ly(S)l)dS

IN

MW+MM+MAMWWMS

Mlyo| + Mly| + My (R) || Pl s

R. (3.3)
The conditions (3.2) and (3.3) ensure that the operator N transforms the set

D into itself.

Step 1. N continuous.
Let (yn)nen be a sequence in D such that y,, — y in D. We have

[Nya(t) — Ny(t)] < M/Ot £ (s,un(s)) = f(s,y(s))| ds.

Since f is Caratheory we obtain by the Lebesgue dominated convergence theorem
that

<
<

lim [|[N(y.) — N(y)|| = 0.

t——4o0
We deduce N is continuous.

oo

Step 2. D, = N2 D, is compact.

In the sequel, we consider the sequence of sets {Dn}:i% defined by induction
as follows :

Dy=D, D, = convN(D,) forn=0,1,2,---and Do, = N2 D,

this sequence is nondecreasing, i.e. D, C D, for each n.

Claim 1. lim wl(D,)=0.

n——+o0o
This is a consequence from the equicontinuity of the set D on compact intervals.

Claim 2. lim p’(D,)=0.
n—+oo
Set

an(t) = p(Dn(t))-

In view of Lemma 2.4 and Lemma 3.2 we have

o (£) — ()] < (B0, 1))AT |t — s])
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which proves the continuity of a,(¢) on [0, T].
Using the properties of p, Lemma 2.6 and (H3)(As) we get

anal®) = CooN (D) = (D) =n ({ [ Uit uo)as iy e D, )
< UGy [ 10661 9 € Dy} s

< M/Otv(S)a

Using Lemma 2.5 we derive

¢
ant1(t) < Mn“/ ’Y(Sl)/ 52/ / Y(Snt1)0(Snt1)ds1dsy - - - ds,ds, 41

S Mn+1 TL+1/ / / / Qp Sn+1 d$n+1d5n d32d81

Mn+1 n+1
< / io(5)ds,
0

n!

where 7(t) = esssup {y(s) : s < t}.
Thus, we get

lim a,(t) = 0.

n—-+4o0o

Then
lim u(D,(t)) = 0.

n—-+o0o

Form Claim 1 and Claim 2 we conclude

lim wg(D,)+ lim sup u(D,(t)) = 0.

n—4o00o n—-4o00 tG[O T]

Lemma 2.4 implies that D, = N2 D, is nonempty, convex and compact.
Thus by Schauder’s fixed point theorem the operator N : D, — D, has at least
one fixed point which is a mild solution of problem (1.1)-(1.2). O

4. AN EXAMPLE

Consider the second order Cauchy problem

( 0%z(t,7) 0%z(t,7) 0z(t,T)
o~ oz AT
t
VT e .
+e e ZQ(th)dT, te0,T], T €l0,n], (4.1)
2(t,0) = z(t,m) = t € 10,17,
0z(0, 7
\ E% = (1) T € [0, 7]

where a : [0; 7] — R is a Holder continuous function.
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Let E = L*([0,7],C) the space of 2-integrable functions from [0, 7] into C,
and H?([0,7],C) denotes the Sobolev space of functions z : [0,7] — C such
that 2 € L2([O, 7], C). We consider the operator A,y(7) = y"(7) with domain
D(A;) = H*(R, C), infinitesimal generator of strongly continuous cosine function
C(t) on E. Moreover, we take As(t)y(s) = a(t)y'(s) defined on H'(]0, ], C),
and consider the closed linear operator A(t) = A; + As(t) which generates an
evolution operator U defined by

) =Y zalt, s){, wn)w,
neZ
where z, is a solution to the following scalar initial value problem

2"(t) = —n22(t) + ina(t)z(t
{ Z(é))z 0, (22(3) = 1(> & (4.2)

Set
y(t)(r) = z(t,7), t €10, T], 7 € [0, 7],
fenin = [ 50
and

d _02(0,7)
7 0)(1) = ot T € [0, 7).

Consequently, (4.1) can be written in the abstract form (1.1)-(1.2) with A(¢)
and f defined above. The existence of a mild solutions can be deduced from an
application of Theorem 3.2.
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