Gulf Journal of Mathematics
Vol 4, Issue 3 (2016) 15-27

HEMI-SLANT SUBMERSIONS FROM ALMOST PRODUCT
RIEMANNIAN MANIFOLDS

MEHMET AKIF AKYOL* AND YILMAZ GUNDUZALP2

ABSTRACT. In this paper, we introduce hemi-slant submersions from almost
product Riemannian manifolds onto Riemannian manifolds. We give an examp-
le, investigate the geometry of foliations which are arisen from the definition
of a Riemannian submersion. We also find necessary and sufficient conditions
for a hemi-slant submersion to be totally geodesic.

1. INTRODUCTION

The theory of smooth maps between Riemannian manifolds has been widely
studied in Riemannian geometry. Such maps are useful for comparing geometric
structures between two manifolds. In this point of view, the study of Riemanni-
an submersions between Riemannian manifolds was initiated by O’Neill [21] and
Gray [12], see also [8] and [31]. Riemannian submersions have several appli-
cations in mathematical physics. Indeed, Riemannian submersions have their
applications in the Yang-Mills theory ([6], [33]), Kaluza-Klein theory ([7], [16]),
supergravity and superstring theories ([17], [20]), etc. Later such submersions
were considered between manifolds with differentiable structures, see [3]. Furt-
hermore, we have the following submersions: semi-Riemannian submersion and
Lorentzian submersion [8], Riemannian submersion [12], almost Hermitian sub-
mersion [32], contact-complex submersion [19], quaternionic submersion [18], etc.

Recently, B. Sahin [26] introduced the notion of anti-invariant Riemannian sub-
mersions which are Riemannian submersions from almost Hermitian manifolds
such that the vertical distributions are anti-invariant under the almost complex
structure of the total manifold. Besides there are many other notions related
with that of anti-invariant Riemannian submersions. see:([1], [2], [1], [5], [9],
(L0}, [11], [13], [14], [15], [22], [23], [24], [25], [28], [29], [30]). In particular, B.
Sahin [27] introduced the notion of semi-invariant Riemannian submersions and
slant submersions when the base manifold is an almost Hermitian manifold. He
showed that such submersions have rich geometric properties and they are useful
for investigating the geometry of the total space. On the other hand, as a gener-
alization of semi-invariant submersions and slant submersions, Tagtan, Sahin and
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Yanan [31] introduced the notion of hemi-slant submersions. They showed that
such submersions have rich geometric properties and they are useful for investi-
gating the geometry of the total space. The present work, we define and study
the notion of hemi-slant submersions from almost product Riemannian manifolds.
The paper is organized as follows. In section 2, we recall some notions needed for
this paper. In section 3, we define hemi-slant submersions from an almost prod-
uct Riemannian manifold onto a Riemannian manifold. We also investigate the
geometry of leaves of the distributions. Finally we give necessary and sufficient
conditions for such submersions to be totally geodesic.

2. PRELIMINARIES

In this section, we define almost product Riemannian manifolds, recall the
notion of Riemannian submersions between Riemannian manifolds and give a
brief review of basic facts of Riemannian submersions.

Let M be a m-dimensional manifold with a tensor F' of a type (1,1) such that

FP=1(F#1I). (2.1)

Then, we say that M is an almost product manifold with almost product structure
F. We put

1 1
P=SI+F), Q=5(I~F)
Then we get
P+Q:I7 P2:P7 Q2:Q7 PQ:QP:07 F:P_Q

Thus P and () define two complementary distributions P and ). We easily see
that the eigenvalues of F' are +1 or —1. If an almost product manifold M admits
a Riemannian metric g such that

g(FX,FY) = g(X,Y) (2.2)

for any vector fields X and Y on M, then M is called an almost product Riemanni-
an manifold, denoted by (M, g, F'). Denote the Levi-Civita connection on M with
respect to g by V", Then, M is called a locally product Riemannian manifold
[34] if F'is parallel with respect to v ie.,

VyF =0, XeI(TM). (2.3)

Let (M,g) and (N,¢') be two Riemannian manifolds. A surjective C*°—map
m: M — N is a C*°—submersion if it has maximal rank at any point of M.
Putting V, = kerm,,, for any € M, we obtain an integrable distribution V),
which is called vertical distribution and corresponds to the foliation of M deter-
mined by the fibres of 7. The complementary distribution H of V, determined by
the Riemannian metric g, is called horizontal distribution. A C°°—submersion
m: M — N between two Riemannian manifolds (M, g) and (N,¢’) is called a
Riemannian submersion if, at each point x of M, m,, preserves the length of the
horizontal vectors. A horizontal vector field X on M is said to be basic if X is
m—related to a vector field X’ on N. It is clear that every vector field X’ on N
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has a unique horizontal lift X to M and X is basic.

We recall that the sections of V, respectively H, are called the vertical vector
fields, respectively horizontal vector fields. A Riemannian submersion 7 : M — N
determines two (1,2) tensor fields 7" and A on M, by the formulas:

T(E,F) = TgF = HVyzVF + VY, HF (2.4)
and
A(E,F) = AgF = VV,,,HF + HV, ,HF (2.5)

for any E, F € T'(T M), where V and H are the vertical and horizontal projections
(see [8]). From (2.4) and (2.5), one can obtain

VoW =Ty W + Vi W (2.6)
Vo X =Ty X +H(Vy X); (2.7)
ViV =V(VyV) + AxV; (2.8)
VyY = AxY + H(VyY), (2.9)
for any X,Y € I'((kerm,)*) and V,W € T'(kerm,). Moreover, if X is basic then
H(Vy X) =V(VyV) = AxV. (2.10)

We note that for U,V € I'(kerm,), Ty V coincides with the second fundamental
form of the immersion of the fibre submanifolds and for X,Y € ['((kerm,)t),
AxY = %V[X , Y] reflecting the complete integrability of the horizontal dist-
ribution H. It is known that A is alternating on the horizontal distribution:
AxY = —AyX, for X,Y € T((kerm,)*) and T is symmetric on the vertical
distribution: Ty V = Ty U, for U,V e I'(kerm,).

We now recall the following result which will be useful for later.

Lemma 2.1. (see [8],[21]). If 7 : M — N is a Riemannian submersion and
X, Y basic vector fields on M, m—related to X' and Y' on N, then we have the
following properties
(1) H[X,Y] is a basic vector field and m,H|X,Y]| = [X',Y'] o m;
(2) H(VYY) is a basic vector field m—related to (V. Y"), where V"' and V"
are the Levi-Civita connection on M and N,
(3) [E,U] € I'(kerm,), for any U € I'(kerm,) and for any basic vector field E.

Let (M, gar) and (N, gn) be Riemannian manifolds and 7 : M — N is a smooth
map. Then the second fundamental form of 7 is given by

(VI )(X,Y) = Vo xm,Y — m(VxY) (2.11)

for X, Y € I'(TM), where we denote conveniently by V the Levi-Civita connec-
tions of the metrics gy and gy. Recall that 7 is called a totally geodesic map if
(Vr)(X,Y) =0for X,Y € I'(T'M) [3]. It is known that the second fundamental
form is symmetric.
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3. HEMI-SLANT SUBMERSIONS

In this section, we define hemi-slant submersions from an almost product Rie-
mannian manifold onto a Riemannian manifold, investigate the integrability of
distributions and obtain a necessary and sufficient condition for such submersions
to be totally geodesic map.

Definition 3.1. Let (M, gar, F') be an almost product Riemannian manifold and
(N,gn) a Riemannian manifold. A Riemannian submersion 7 : (M, gy, F) —
(N, gn) is called a hemi-slant submersion if the vertical distribution kerm, of 7
admits two orthogonal complementary distributions D? and D+ such that D? is
slant and D+ is anti-invariant, i.e, we have

kerm, = D’ @ D*. (3.1)

In this case, the angle 6 is called the hemi-slant angle of the submersion. Sup-
pose the dimension of distribution of Dt (resp. D?) is my (resp. msy). Then we
easily see the following particular cases.

(a) If mg =0, then M is an anti-invariant submersion [10)].

(b) If m; =0 and € = 0, then M is an invariant submersion [!1].

(c) If my = 0 and 6§ # 0, 7, then M is a proper slant submersion with slant
angle 0 [11].

(d) If 0 = 7, then M is an anti-invariant submersion.

(e) If my # 0 and 6 = 0, then M is an semi-invariant submersion.

We say that the hemi-slant submersion 7 : (M, gy, F') — (N, gn) is proper if
D+ # {0} and 6 # 0, 5. As we have seen from above argument, anti-invariant
submersions, semi-invariant submersions and slant submersions are all examples
of hemi-slant submersions. Now, we present an example of proper hemi-slant
submersions in locally product Riemannian manifolds and demonstrate that the
method presented in this paper is effective. Note that given an Euclidean space
R® with coordinates (xy,...,xg), we can canonically choose an almost product
structure F' on R® as follows:

F(a1, as, a3, as, as, ag, ar, ag) = (—ag, —a1, aq, az, —ag, —as, ag, ay),
where aq, ...,ag € R.
Example 3.2. Let m be a submersion defined by
T R® — R*
(21, ..., T8) (71 cosa — xysina, o sin 3 — w3 cos 3, mﬁ”, ””6\%‘”8).

Then it follows that

kerm, = span{V} = sin adx; + cos adxy, Vo = cos fOxs + sin S0z,
V3 = —0x5 + 0x7, Vj = —0xg + Oz}
and
(kerm,)* = span{H, = cos adx, — sin adzy, Hy = sin f0xy — cos O3,
1 1

=7 NG

(8x5 + 8x7), H4 = (81:6 + 8138)}
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Thus it follows that D’ = span{Vi, Vo} with the slant angle cosf = sin(8 — )
and D+ = span{V3,V,}. Also by direct computations, we get

g(Hy, Hy) = g'(m.Hy, m Hy) and g(Hy, Hy) = ¢ (7. Ha, 7. Ha),
g(H37H3> = g/<7T*H3,7T*H3) and g<H4, H4) = gl(ﬂ'*H4,7T*H4)

which show that 7 is a Riemannian submersion. Thus 7 is a proper hemi-slant
submersion.

Let 7 be a hemi-slant submersion from an almost product Riemannian manifold
(M, gur, F') onto a Riemannian manifold (NN, g ). Then for V' € I'(ker 7,), we put

V—PV+aV, (3.2)
where PV € D? and QV € D+ and write
FV =V +uwV, (3.3)

where ¢V € T'(kerm,) and wV € ['((kerm,)*). Also, for any X € I'((kerm,)t),
we have

FX = BX +CX, (3.4)

where BX € I'(kerm,) and CX € I'((kerm,)t). We denote the complementary dis-
tribution to wD? ® FD* in (ker 7,)* by p. It is invariant distribution of (kerm,)*t
with respect to F. Then, the horizontal distribution (kerm,)* is decomposed as

(ker m,)* = wD? © FD*+ @ p. (3.5)
From (3.3), (3.4) and (3.5) we have
oD’ = D’ ¢D* = {0}, BwD’ = D’ BFD* = D*.
On the other hand, using (3.3), (3.4) and the fact that F> = I, we obtain
P +Bw=1I C*+wB=1, wp+Cw=0, BC+ ¢B=0.
Then by using (2.6), (2.7), (3.3) and (3.4) we get
(Vi o)V = BT,V — TywV (3.6)
(Vpw)V =CTyV —TyoV (3.7)
for U,V € I'(ker7.), where
(Vo o)V = VoV — ¢V, V
and . )
(VUCL)>V = vaU — WVUV

The proof of the following theorem is exactly the same as that one for hemi-slant
submersions, see Theorem 3.4 of [22]. So, we omit it.

Theorem 3.3. Let w be a Riemannian submersion from a locally product Rie-
mannian manifold (M, gy, F') onto a Riemannian manifold (N, gn). Then 7 is
a hemi-slant submersion if and only if there exists a constant [0,1] and a distri-
bution D on kerm, such that

(a) D ={V € kerm, | $*V = AV},

(b) for any W € kerm, orthogonal to D, we have ¢W = 0.



20 MEHMET AKIF AKYOL, YILMAZ GUNDUZALP
Moreover, in this case A = cos? 8, where 0 is the slant angle of 7.

Thus, from Theorem 3.3, for any Z € D?, we conlude that

¢*7 = cos’ Z. (3.8)
On the other hand, for any Z, W € DY, using (2.1), (3.3) and (3.8), we get
g (dZ, ¢W) = cos® Ogn (Z,W). (3.9)
Also, using (2.1), (3.3) and (3.8), we find
g (WZ,wW) = sin® Oga (Z, W). (3.10)

Next, we easily have the following lemma:

Lemma 3.4. Let (M, gy, F') be a locally product Riemannian manifold and (N, gn)
a Riemannian manifold. Let 7w : (M, gy, F) — (N,gn) be a hemi-slant submer-
ston. Then we have

(a)
AxBY + HVYCY = CHV LY +wAxY
VVYBY + AxCY = BHV LY + ¢AxY,

TydV + Ay U = CT,V +wVyV
VoV + TywV = BT,V + ¢ViV,

AxoU + HV ) wV = CAxU + wVVyU
VVioU + AywU = BAxU + ¢VV U,
for X,Y € T'((ker m,)*) and U,V € T'(ker .).

We now examine the integrability conditions for the anti-invariant distribution
D+ and the slant distribution DY.

Theorem 3.5. Let w be a purely hemi-slant submersion from a locally product
Riemannian manifold (M, gar, F') onto a Riemannian manifold (N, gn). Then the
anti-invariant distribution D+ is integrable if and only if we have

an (V7 (U, FVY — (V) (V, FU),CZ) = gu(Ty FV — Ty FU, BZ)
for U,V € T(D*Y) and Z € T(DY).
Proof. For U,V € T(D*) and Z € T'(DY), using (2.1), (2.2) and (3.4), we get
9([U.V), Z2) = g (Vg FV.62) + gu (Vi FV,wZ) = gu(Vy FU, 67
— gu(Vy FU,wZ).
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Since 7 is a hemi-slant submersion, from (2.7) and (2.11), we get
w([UV], 2) = gy (TuFV, 02) + gn (Vi FV), mwZ) = gu (Ty FU, 62)
— gn(m(Vy FU),wZ)
=gu(TyFV =Ty FU,¢Z) + gn (V) (V, FU) — (V) (U, FV),wZ)
which proves assertion. O

Theorem 3.6. Let m be a purely hemi-slant submersion from a locally product
Riemannian manifold (M, gr, F') onto a Riemannian manifold (N, gn). Then the
slant distribution DY is integrable if and only if we have

g (TwwoZ — TzwopW , U) = gy (Vm)(Z,wW) — (V) (W, wZ), FU)
for Z,W € T'(D?) and U € T(D4).
Proof. For Z,W € T'(D%) and U € T'(D4), using (2.1), (2.2) and (3.4), we get
gu([Z, W), U) = gu (Vo wW, FU) + gar(Vy FoW,U) — gy (ViywZ, FZ)
—gu(Vw FoZ,U).
If we take into account that 7 is a hemi-slant submersion, then from (2.7), (2.11)
and (3.9), we get
m([ZW1,U) = gn (7. (Vz0W), . FU) + cos® 0gs (V2 W, U) + ga (V w8W , U)

— v (T (ViywZ), T FU) — cos® 0gu1 (Viy Z,U) — ga (Vyywé Z,U)
= gn(Vm) (W, wZ) — (V) (Z,wW), FU) + cos® 0gp ([Z, W], U)
+ gy (TzwopW — Tywwo Z, U)

or

sin? gy ([Z, W],U) = gn(Vm) (W ,wZ) — (V) (Z,wW), FU)
+ g (TzwoW — TywwoZ, U)
which proves assertion. O

Now, we investigate the geometry of the leaves of the distributions D+ and D?.

Theorem 3.7. Let w be a purely hemi-slant submersion from a locally product
Riemannian manifold (M, gy, F) onto a Riemannian manifold (N, gn). Then D+
defines a totally geodesic foliation on M if and only if

gn(Vr) (U, FV), mwZ) = gu(ToV,wo2)
and

gn(Vr) (U, FV), 1.CX) = gu(Tu F'V, BZ)
for U,V € (DY), Z € T(D?) and X € T((kerm.)*).

Proof. From the definition of a hemi-slant submersion, it follows that the anti-
invariant distribution D+ defines a totally geodesic foliation on M if and only
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if gu(VV,Z) =0 and gy(VyV,X) = 0 for U,V € I'(D+), Z € T(D?) and
X € I((kerm,)t), from (2.1) and (2.2), we get

au(ViV, Z) = gu(Vy V,FOZ) + gar(Vy FV,wZ).
Since 7 is a hemi-slant submersion, using (2.6), (2.11) and (3.9) we get
gu(Vi V. Z) = gu (Vi V,cos* 02) + gu (Vi V.woZ) + gy (m. (Vi FV), mwZ)
or
sin® 0gur (Vo V, Z) = gu(TyV,wo Z) — gn((Vr) (U, FV), mwZ).  (3.11)
On the other hand, by using (3.4) we have
au(Vy V. X) = gu (Vi FV,BX) + gy (Vyy FV,CX).

If we take into account that 7 is a hemi-slant submersion, then by using (2.7)
and (2.11) we get

g (Vi V, X) = gu(Ty FV, BZ) — gn((V,)(U, FV), m.CX). (3.12)
Thus proof follows from (3.11) and (3.12). O
For the leaves of D? we have the following result.

Theorem 3.8. Let m be a purely hemi-slant submersion from a locally product
Riemannian manifold (M, gy, F) onto a Riemannian manifold (N, gn). Then D’
defines a totally geodesic foliation on M if and only if

N (VT ) (Z, wW), 7 FU) = gu(TzwoW, U)
and
an (VT ) (Z, wpW ), 7. X) + gn (V) (Z, W), 1.CX) = g (T2 BX, wW)
for ZW e T(D?), U € T(D*) and X € T'((kerm,)?t).

Proof. The slant distribution D? defines a totally geodesic foliation on M if and
only if gy (Vy; W,U) = 0 and gy (Vy; W, X) =0 for Z, W e T'(D?), U e T(D*)
and X € I'((kerm,)t), from (2.1) and (2.2), we get

g(Vy W,U) = gu(Vy FOW,U) + ga(Vy wW, FU).
Since 7 is a hemi-slant submersion, using (2.6), (2.11) and (3.9), we obtain
gV W,U) = gai(Vy cos® OW,U) + gar(Vy woW, U) + g (m.(Vy W), 7, FU)
or
sin® 0gu (Vo W, U) = gu(TywoW, U) — gy (Va)(Z,wW), 7 FU).  (3.13)
On the other hand, by using (3.3) and (3.4) we get
g (Vg W, X) = gur(Vy oW, FX) + gar (Vi wW, BX) + ga (HV 5 wW, CX).
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Using (2.6), (2.7), (3.3), (3.9) and if we take into account that 7 is a hemi-slant
submersion, we obtain

g(Vy W, X) = cos® g (Vy W, X) + g (1 (Vi woW), 7. X)
+ g (TzwW, BX) + g (7. (Vi wW),CX)

or
sin” 0g(V, W, X) = gu(TzwW, BX) + g (V) (Z,wgW), mX)  (3.14)
+ g (V) (Z,wW), m.CX).
Thus proof follows from (3.13) and (3.14). O]

From Theorem 3.7 and Theorem 3.8, we have the following result.

Theorem 3.9. Let 7 : (M, gy, F) — (N, gn) be a purely hemi-slant submersion
from a locally product Riemannian manifold (M, gy, F') onto a Riemannian mani-
fold (N, gn). Then the fibers of w are the locally product Riemannian manifold of
leaves of D+ and DY if and only if

gn(Vr)(U, FV), mwZ) = gu(TyV,wdZ)
and
gn(Vm)(Z, woW ), 1. X ) + gy (V) (Z, wW), mCX) = gy (T7BX, wW)
for any U,V € T(D1), Z,W € T(D?) and X € I'((kerm,.)*).

For the geometry of leaves of the horizontal distribution ((kerm,)t), we have
the following theorem.

Theorem 3.10. Let 7w : (M, gy, F) — (N, gn) be a purely hemi-slant submer-
sion from a locally product Riemannian manifold (M, gy, F) onto a Riemannian
manifold (N, gn). Then the distribution (kerm,): defines a totally geodesic foli-
ation on M if and only if

Ax,BX; +HVy,CX, € D(FD* @ 1), YWy, BXy + Ax,CX, € T(D4)
for any X1, Xy € T((kerm,)*t).

Proof. Since M is a locally product Riemannian manifold, from (2.1) and (2.2)
we have V;XQ = FV;FXQ for X1, X, € T'((kerm,)t). Using (2.8), (2.9) and
(3.4) we have

Vi, Xo = F(Ax,BX; + VVy BX,)
+ F(HVy,CX5 + Ax,CX5).
Then by using (3.3) and (3.4) we get
Vi, Xo = BAx, BX, + CAx, BX5 + ¢VVy BX,

+ WYV BXy + BHV Yy, CXy + CHVy, CXo
+ ¢AXICX2 + wAchXg.
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Hence, we have V;Xg € I'((kerm,)?t) if and only if
B(Ax,BXs + HVy,CX2) + ¢(VVy, BXz + Ax,CX5) = 0.
Thus V;l X, € T'((kerm,)?t) if and only if
B(Ax,BX; + MV, CXy) = 0 and ¢(VVy, BXs + Ax,CX,) = 0,
which completes proof. O

In the sequel we are going to investigate the geometry of leaves of the vertical
distribution kerm,.

Theorem 3.11. Let w: (M, gy, F) — (N, gn) be a purely hemi-slant submer-
sion from a locally product Riemannian manifold (M, gy, F') onto a Riemannian
manifold (N, gn). Then the distribution (kerm,) defines a totally geodesic folia-
tion on M if and only if

Ty, 0Z + Awz, Zy € Ulkern,), N z,6Zs + Ty wZy € T((kerm,)?b)
for any Zy, Zy € I'(kerm,).
Proof. For any Z,, Zy € I'(kerm,), using (2.2), (2.6), (2.7) and (3.3) we get
Ny Zo = FV, FZ,
= F(Vy, 025+ V ywZs)
= F(Ty,0Zs + N 3,07 + Auz, Zy + Tz,wZs)
= BTy, 0Zo + CTy,0Z5 + OV 5,070 + WV 2,6 Zs
+ BA,2, 71+ CAuz, 21 + dT g wis + Wiy wZs.

From above equation, it follows that (kerm,) defines a totally geodesic foliation
if and only if

C(TrdZs + Ay Z1) +w(V 2,020 + TgwZs) = 0.
Thus VZ Zy € T'(kerm,) if and only if
C(Ty,0Z2 + Auz, Z1) = 0 and w(V 3,072 + Ty,wZs) = 0,
which completes proof. Il
From Theorem 3.10 and Theorem 3.11, we have the following result.

Theorem 3.12. Let w: (M, gy, F) — (N, gn) be a purely hemi-slant submer-

sion from a locally product Riemannian manifold (M, gy, F') onto a Riemannian

manifold (N, gy). Then the total space M is a locally product manifold of the

leaves of (kerm.)* and kerm,, i.e., M = Mernyr X Myerr., if and only if
Ax,BX, +HVy,CXy € D(FD* @ 1), VW, BXy + Ax,CX, € (D)

and

Ty, 07 + Awz, Zy € Ulkern,), V7,6 2y + Ty wZy € T((kerm,)?b)

for any X1, Xo € U((kerm,)t) and Zy, Z, € T'(kerm,), where M germyr and Myepr,
are leaves of the distributions (k:ewr*)L and kerm,, respectively.
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Now, we give necessary and sufficient conditions for a hemi-slant submersion to
be totally geodesic. The Riemannian submersion map 7 is called totally geodesic
map if the map m, is parallel with respect to V, i.e., Vr, = 0. A geometric
interpretation of a totally geodesic map is that it maps every geodesic in the
total space into a geodesic in the base space in proportion to arc lengths.

Theorem 3.13. Let 7 : (M, gy, F) — (N, gn) be a hemi-slant submersion from
a locally product Riemannian manifold (M, gy, F') onto a Riemannian manifold
(N, gn). s a totally geodesic map if and only if

W, wVi + CHV wVy = 0,
C(TydW + Auw' V) + w(Vy oW + TywW) = 0,
C(TyBX + AexV) +w(VyBX +TyCX) = 0,
for any Uy, Vy € T(Dy), W € T(Dy), U € T'(kerm,) and X € T'((kerm,)t).

Proof. For X, X, € T'((kerm,)?t), since 7 is a Riemannian submersion, from
(2.11) we obtain

(Vﬂ'*>(X1,X2) = 0.
For Uy, V; € T(D4), using (2.3) and (2.11) we have

(Vi) (U1, Vi) = —m(FVy,wVi).
Then from (2.6) we arrive at
(Vi) (Ur, Vi) = = (F(Ti,wVi + HV VL)),
Using (3.3) and (3.4) in above equation we obtain
(Vr)(Ur, Vi) = =7 (¢Tr,wVi + wTy,wVi + BHV g wVi + CHV ; wVh).
Since ¢Ty,wVi + B'valwvl € I'(kerm,), we derive
(Vr)(Ur, Vi) = —m(WTpwVi + CHV  wVi).

Then, since 7 is a linear isomorphism between (kerm,)* and TM, (Vr,)(Uy,V;) =
0 if and only if

Wy, wVi + CHV ywVy = 0. (3.15)
For U € I'(kerm,) and W € I'(DY), using (2.3), (2.11) and (3.3), we have

(V) (U, W) = Vir,W — m.(Vy W)
= 7, (FVy FW)
= —1,(FV,, (oW + wW)).
Then from (2.7) we arrive at
(Vr) (U, W) = = (F(Ty¢W + VyoW) + F(AuwV + TywW)).
Using (3.3) and (3.4) in above equation we obtain
(Vr ) (U, W) = =7, (BTy oW + CTyoW) + (Vv oW + wVyoW)
+ (BAwV 4+ CAwV) + (¢TvwW + wTywW)).
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Thus (V) (V,W) = 0 if and only if

C(TyoW + Agw V) + w(Vy oW + TywW) = 0. (3.16)

On the other hand, using (2.3), (2.6), (2.7) and (3.4) for any V' € I'(kerm,) and

X

€ T'((kerm.)t), we get
(V) (V,X) = VimX — 7 (Vy X)
= 7, (FVy FX)
— —m.(FVy (BX +CX))
= —71.(BTyBX + CTyBX + ¢VyBX +wVyBX
+ BAcxV 4+ CAcxV + ¢TyCX + wTyCX).

Thus (V7,)(V, X) = 0 if and only if

C(TyBX + AexV) +w(VyBX + TyCX) = 0. (3.17)

The result then follows from (3.15), (3.16) and (3.17). O
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