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GENERALIZATION OF TITCHMARSH’S THEOREM FOR THE
GENERALIZED FOURIER TRANSFORM IN THE SPACE
Lo s(R)
a,p

S. EL OUADIH?* | R. DAHER!

ABSTRACT. In this paper, we prove the generalization of Titchmarsh’s theo-
rem for the generalized Fourier transform for functions satisfying the (1,2, k)-
Cherednik-Opdam Lipschitz condition in the space L2 5(R).

1. INTRODUCTION AND PRELIMINARIES

In [3], E. C. Titchmarsh characterized the set of functions in L?(R) satisfying
the Cauchy-Lipschitz condition by means of an asymptotic estimate growth of
the norm of their Fourier transform, namely we have

Theorem 1.1. [3] Let § € (0,1) and assume that f € L*(R). Then the following
are equivalents

(i) NfE+h)—f@OI =00, as h—0,

(ii) IFO)PAA=0@r"2) as  r— oo,

[A[>7
where f stands for the Fourier transform of f.

In this paper, we prove the generalization of Theorem 1.1 for the generalized
Fourier transform for functions satisfying the (1,2, k)-Cherednik-Opdam Lips-
chitz condition in the space L?Xﬁ(R). For this purpose, we use the generalized
translation operator.

In this section, we develop some results from harmonic analysis related to the
differential-difference operator T®#). Further details can be found in [1] and [2].
In the following we fix parameters «, 8 subject to the constraints a > 8 > —3
and o > ’71

Let p = a+ pf+1and A\ € C. The Opdam hypergeometric functions Gf\a’ﬂ )
on R are cigenfunctions T@# G\ () = iAG™? (z) of the differential-difference

—
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operator

TP f(x) = f'(z) + [(2a + 1) cothz + (28 + 1) tanhx]w —pf(—z),

that are normalized such that GE\Q’B ) (0) = 1. In the notation of Cherednik one
would write T as

T(kl +k2)f(l') = f/<£li'> +{ 2k, 4ko

_'_
l+e2r 1=

} (F(@)— F(—2)) — (ky + 2hka) (),

with o = k; + ko — % and 8 = ky — % Here k; is the multiplicity of a simply

positive root and ko the (possibly vanishing) multiplicity of a multiple of this
root. By [1] or [2], the eigenfunction Gg\a’ﬁ) is given by

a, a 1 a a a, P . a+1,
G(A ) = o3 () — Py i)\%%’ﬁ(x) = 037 (z) + (ot D) sinh(22)5 T (),

pHIA. p—iA.

s a+ 1 — sinh? x) is the classical Jacobi function.

where 57 (z) =5 Fi(

Lemma 1.2. [1] The following inequalities are valid for Jacobi functions goi"ﬁ(x)

(@) [¢3" () < 1.
(i) 1=¢3(2) < 2N+ p7).
(i1i) there is a constant ¢ > 0 such that

- ()0;”8('];) > c,

for Ax > 1.

Denote Li ﬁ(R), the space of measurable functions f on R such that

1/2
[fll2.08 = </}R \f(fﬂ)\QAa,ﬁ(x)dx) < +o0,
where
Ags(w) = (sinh |z])?** (cosh |z])?+.
The generalized Fourier transform of f € C.(R) is defined by

M) = /R F@)GOD (=) Ay p(x)dz  for all A€ C.,

The inverse transform is given as
d\
-1 — by (e.B) <1 _ ﬁ)

here '
2”‘“1“(04 + DI(iN)

PG(p+iXN))LE(a—B+1+1iN)

The corresponding Plancherel formula was established in [1], to the effect that

/R (@) P A p(z)de = / T (HEOP + VR do().

Ca,(A) =
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where f(z) := f(—x) and do is the measure given by
dA

= T s 0P

According to [2] there exists a family of signed measures ug(ff ) such that the
product formula

Gy @G ) = [ G0 o)

holds for all x,y € R and A € C, where
Ko,y 2) Aaa(2)dz if 2y # 0,

(a,8) —
ddy(2) if x =0,
and
Kap(z,y,2) = M,p|sinha.sinhy.sinh z]_za/ g9(z,y, 2, X)i_ﬁ_l
0

x l—=of, . +ox,  ,+oX, .+ B——Il.il coth z. coth y. coth z(sin x)?] x (sin x)*’dy
2
if x,y,z € R\{0} satisfy the triangular inequality ||z| — y|| < |z] < |z| + |y|, and
Ko p(z,y,z) = 0 otherwise. Here

cosh x+coshy—coshzcosxy
sinh z sinh y if rYy % 07

Vo,y,z € R, x € [0,1],0%, ., =
0 if xy =0,

and g(z,y, 2, x) = 1 — cosh® z — cosh? y. cosh® z + 2 cosh 2. cosh 3. cosh 2. cos .
[

Lemma 1.3. [2] For all z,y € R, we have
(Z) Ica,ﬁ(xa Y, Z) = Ka,ﬁ(y> x, Z)

(“) Ka,b’(xv Y, Z) = ICO&,B(_:E’ Z, y)

(177) Kop(z,y,2) = Kap(—2,y, —2).

The product formula is used to obtain explicit estimates for the generalized
translation operators

P08 f(y) = / F(2)dueP (2).

It is known from [2] that

HrAfA) = GP (@) M), (1.1)
H(TEAF)A) = iNHO), (1.2)

for f € C.(R).
For L7, 5(R), we define the finite differences of first and higher order as follows:

ALf = Anf =@ 4757 — 2D,
AVF = Mp(AFT) = (3 4 ST —2nkf, k=23,
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where I is the unit operator in the space L2 4(R).

We denote by ngi, k € N*, the Sobolev space constructed by the operator 7%
ie.,

aﬁ—{fEL (),T )feL s(R),j=0,1,2,.... k},

(
where ( op ) f=1, ( )1f B f, (T a, ))mf _ T(a,,@)((T(a,ﬂ))m—1f)7
m=23,...

2. MAIN RESULTS

In this section we give the main result of this paper. We need first to define
(1,2, k)-Cherednik-Opdam Lipschitz class.

Definition 2.1. A function ng, k € N* is said to be in the (v, 2, k)-Cherednik-
Opdam Lipschitz class, denoted by Lip(v, 2, k), if

| AR (T £y 05 = O((R), as h— 0,

where m = 0,1, ..., k and ¢ is a continuous increasing function on [0, 0o) satisfying

»(0) =0, (ts) = Y(t)Y(s) for all t, s € [0,00) and this function verify

/h
/1 sy(s~%)ds = O(h™*(h?)), h— 0.
0
Lemma 2.2. If f € C.(R), then
HA" D F(N) = G (=) HF (). (2.1)
Proof. For f € C.(R), we have

HA P FN) = /R 7LD f(—y) G\ (—y) Aa s (y)dy

= [ AP H@E ) A s ()i

= [ ][50t 0] G070 At
_ /f UGC“B Kos(z,y, 2 )Aaﬁ(y)dy} Aws(2)dz.

Since Ko 5(2,y, 2) = Kag(—2, 2,7y), it follows from the product formula that
HAIO) = 607(a) [ FEIGE () Ans()dz
= G /f G\ (—2)Ag 5(2)dz

:G(a(
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Lemma 2.3. For ng, k € N*, then

+o0 .
IART DY f13 05 = 22’“/0 AP P(h) = 1P (RSN + [HFN)) do(N),

where m = 0,1, ... k.
Proof. From formulas (1.1) and (2.1), we have

HAEHN) = (G (h) + G (=h) = 2" H(f)(N),

and

HALHO) = (G (=h) + G (h) — 2)FH(F)(N).
Since

G ) = 87 (h) + g sinh GRS ),

and cpi’ﬁ is even, then

HARF)N) = 2537 (h) — DFH(F)(N)
and
HARN) = 2537 (h) — DFH(F)(N).

Furthermore, we obtain by the formula (1.2)
H(TD)™F)A) = (A" HF ().
Now by Plancherel Theorem, we have the result. O
Theorem 2.4. Let ng, k € N*. Then the following are equivalents
(a) f € liip(%?,k);
) [N IR+ HFP) do) = 00 ). as 7> oc,

where m = 0,1,..., k.
Proof. (a) = (b) Let f € Lip(1,2,k). Then we have
IART D) fllaas = O (h)) as h— 0.
From Lemma 2.3, we have
+oo
IAR(T D) F5.0 = 2%/0 AP (h) = 1P (IHF VP + [HFA)IP) do(A).
If X € [, 2], then Ah > 1 and (i) of Lemma 1.2 implies that

1 a
e L (]
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Then

#Am(er<A>!2+mf<A>P)da<A> < o [T = PP (IO + )P do()
< o ! mA?mu— AP (SN + HIA) do(3)
= 92k . QkHAk(T(a )me%,a,ﬁ
= O@u(h?)).

We obtain

[ (0P + IR o) < Culr?), > o,

where C' is a positive constant. Now,

2ty

[ (IOOR + M) do ) = Z L R + W) doy)

< CY(r) Z(@D(?_Q))i

S CC(/Jw(riz_)v

where Cy = (1 —¢(272))! since ¥(272) < 1.
Consequently

[ (IR +IHFNF) do) = 0w 2). a5 7.
(b) = (a). Suppose now that

[ (IO + IHFNF) do) = 0w 2), a5 7o

and write
IART @) |2 5 = 2%(1 + 1),
where 1
h :/h N1 — PR (IR + HFN[P) do,
and ’
b= [ = WP (P + HFO)P) dorh

h

Firstly, we use the formula |¢$?(h)] < 1 and

<2 [0 () IO o) = O, as b0

h
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To estimate I, we use the inequalities (i) and (ii) of Lemma 1.2

1

L = / AL = S (R = P ()] (O + [HFO[2) do

0

< g / XL G5 (W] (IHF OV + [HFON)P) dod

0

Jun

S=

< 2 [0+ N (HIOP + [HFOVP) dod = s+ I
0

where 1
L= 2ntg? [N (HEOVE + HFOVP) do,
and !
I = 212 / N (HF O] + [HEO)?) doA.
Note that '

o< 2 [ (U HIO)P) do)
0

= 202 |(T )" fI[3 05 = O (H?)), as h—0.

For a while, we put

+o00
o(s) = / X (HFV + [HFO2) do(N).

Using integration by parts, we find that

1/h ) 1/h
B2 / N (HFONP + [HFNP) doX = B2 / _ 52/ (s)ds
0 0

1/h
= K <—%¢(%) + 2/0 squ(s)ds)

1/h
= _¢<1) +2h2/ so(s)ds.
0

Since ¢(s) = O((s72)), we have s¢(s) = O(s1h(s7?)) and
1/h 1/h
/0 sp(s)ds = O (/o S@D(S_Q)ds) = O(h™ 3y (h?)).

>

Then Un
2 / XX ([HFNP + [HFO)P) dod < 20 K202 (1),
0

where (' is a positive constant.
Finally

]4 = O(¢<h2>>7
which completes the proof of the theorem. O
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Corollary 2.5. Let f € leg such that f € Lip(1,2,k). Then

+o0o
[ (IO + HEOE) do () = OG0l ?),as =,
where m = 0,1, ..., k.
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