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ON THE EQUATION
∏

P Φ3(P ) =
∏

P P
2 OVER F2[x]

LUIS H. GALLARDO1∗

Abstract. We study a polynomial variant of an arithmetic problem solved by
Steuerwald in 1937. More precisely, we prove, under a mild condition, that the
equation on the title, has no solutions A :=

∏
P P

2 ∈ F2[x], with irreducible P ,
and ω(A) < 16. Unconditionally, we prove that deg(P ) ≥ 40. This improves
on known results.

1. Introduction

Steuerwald [26] proved in 1937 that there is no odd perfect number n of the form
n := pkp21 · · · p2m, where p and the pj are distinct odd prime numbers, and k = 1
(mod 4). In other words, the equation 2n = σ(n), or

2pk
∏
pj

p2j = σ(pk)
∏
pj

Φ3(pj), (1.1)

do not hold.
Since the ring of binary polynomials F2[x] appears to be the closest arithmetic

ring to the ring of integers Z, we are interested, in this paper, to study an analogue
equation (the equation on the title over F2[x]) to the equation (1.1). Generally,
an arithmetic problem over the integers, translated to polynomials, is easier to
manage, since we have more tools available in F2[x], for example, the formal
derivation (P 7→ P ′), whose kernel in F2[x] are the squares (a more general notion
of derivation appears in [4, 18]). However, in our specific case, the polynomial
problem is much more complicated, thus more interesting, and we are forced to
consider it only under some mild condition.

In order to explain in more detail our work in the analogue of (1.1), we consider
an irreducible (prime) polynomial f(x) over a finite field Fq, of characteristics p,
and a rational fraction g(x) := g1(x)/g2(x) over the same field. What properties
have the composite polynomial F (x) = g2(x)deg(f(x))f(g(x))? (see [1, 2, 3, 5, 6,
8, 9, 19, 20, 21, 23, 24, 25]). More generally, g(x) has been chosen as a power of
x, as a linearized polynomial, e.g., g(x) = xp

r − x, or as an appropriate quotient
A/B of two other polynomials. In particular, recently Panario et al. [23] worked
on the case g(x) = 1/(cx + 1) 6= 1, in order to obtain conditions such that
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f(x) irreducible implies F (x) irreducible. More generally, one finds in Lidl and
Niederreiter [22], and in Swan [27], the most basic results about polynomials over
finite fields, including results about the factorization of these polynomials. Work
on some special quotients of Fq[x] when q = 2d appear in [28].

In the present paper we work on a related problem, in which P := g(x) ∈ F2[x]
(a binary polynomial), is a (prime) polynomial (i.e., g2(x) := 1), f(x) = Φ3(x) =
x2 + x + 1, is the 3-th cyclotomic polynomial, and given a square A ∈ F2[x], we
consider an invariant property of the product of P 2, over all prime divisors P of
A, in which appears naturally the product over the same primes of the composite
polynomial F (x) = Φ3(P ). Namely, we are interested in possible solutions in
primes P ∈ F2[x] of the following equation (natural analogue of the equation
(1.1) studied by Steuerwald): ∏

P

Φ3(P ) =
∏
P

P 2. (1.2)

In order to explain a little more the motivation of our interest in the specific
equation (1.2), i.e., explain why we consider this equation as a good polynomial
analogue of (1.1), we give some notation that will be useful throughout the paper.
A binary polynomial B is odd if B(0) = B(1) = 1, otherwise B is even. A minimal
prime of an odd polynomial A is a prime divisor P of A that has minimal degree.
Analogously, a maximal prime of an odd polynomial A is a prime divisor P of
A that has maximal degree. A prime divisor of A that is neither minimal, nor
maximal is a medium prime [11]. We let ω(A) denote the number of distinct
prime factors of A over F2.

Consider the function σ : F2[x] 7→ F2[x] defined over a polynomial A ∈ F2[x] by
σ(A) =

∑
D|AD ∈ F2[x], i.e., by the sum of all divisors of A, including 1 and A.

The function σ is multiplicative, i.e., for coprime binary polynomials X, Y one has,
as over the integers Z, σ(XY ) = σ(X)σ(Y ). This σ function is more natural, but
also more complex, than the usual sum of divisor function σ1(A) =

∑
D|A 2deg(A).

We consider this function σ as the natural analogue on F2[x] of the usual sum of
divisors function over the integers Z (see [17]). For instance, some divisors D of
A can sum up to 0, while a sum over D of 2degD is always greater than 0. We
recall that a binary perfect polynomial A is defined by the equality σ(A) = A,
i.e., σ(A)/A belongs to the ring F2[x]. We can also say that A is a fixed point
of the σ function (see [7, 10, 11, 12, 13, 14, 15, 16]). This corresponds by our
analogy between F2[x] and Z, to a multiperfect number n in the ring of integers,
i.e., a positive integer n with the property that σ(n)/n belongs to the ring Z (a
slightly more general property than the study of the perfect numbers, i.e., the
usual case when σ(n)/n = 2). Canaday [7], the first Ph.D. student of Leonard
Carlitz, started the work on binary perfect polynomials in 1941. Finally, when
A is odd perfect and equals the square of a square-free polynomial, we say that
A is special perfect [11]. It is known that a perfect polynomial A must have an
even number of minimal primes, [11, Lemma 2.3]. No analogue result is known
for the parity of the number of medium or maximal primes dividing a perfect
polynomial. No odd perfect polynomial A is known, besides the trivial perfect
A = 1. The only general result known about odd perfect polynomials A is that
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A must be a square [7] (this explains why the divisor pk of n in (1.1) has no
analogue in (1.2)).

First, solving (1.2) is a problem of factorization. Thus, a difficult issue, since
we do not know many things about the primes P in F2[x]. Moreover, when
deg(P ) > 1, no general results are known about the factorization of the composed
cyclotomic polynomial Φn(P ), even for our special case n = 3. But the main
motivation of our interest in equation (1.2) comes from the simple fact that σ is
multiplicative, and

Φn(P ) = σ(P n−1) (1.3)

for prime n and prime P . This implies that the equation (1.2), with A :=
∏

P P
2,

is exactly equivalent to the following equation, in the unknown A ∈ F2[x]:

σ(A) = A. (1.4)

In other words, in this paper, we are interested in the existence of special
perfect polynomials (fixed points of the σ function that are the product of squares
of primes in F2[x]).

Equation (1.4) seems very difficult to resolve. The contribution of the present
paper consists of proving the non-existence of solutions with a small number
of distinct prime divisors, under a mild condition (see Theorem 1.2 (a)) on the
number of distinct prime divisors that must have some polynomials related to the
maximal prime divisors of special perfect polynomials [11]. We also, in Theorem
1.2 (b), bound below the degree of these prime divisors as well as the degree of a
possible solution A.

More precisely, we first quote the most important of the known results about
these special perfect polynomials [11, Theorem 5.5], (see also Lemma 2.5) as
follows:

Theorem 1.1. (a) Any special perfect polynomial A has ω(A) ≥ 10.
(b) For any prime divisor P of A we have deg(P ) ≥ 30.

The following theorem is our main result.

Theorem 1.2. Let A = p21 · · · p2m ∈ F2[x] be a special perfect polynomial with
ω(A) = m, dk := deg(pk), for all k = 1, . . . ,m, and d1 ≤ · · · ≤ dm. In particular,
p1 is minimal, and pm is maximal. Let P ∗ be a minimal prime divisor of A.
Then,

(a) Assume that for any maximal prime M dividing A, for which M | φ3(pj),
with pj maximal prime, we have ω(φ3(pj)) = 2. Then, there is no such
polynomial A with ω(A) < 16.

(b) We have, unconditionally, that deg(P ∗) ≥ 40 and, on the condition in (a),
that deg(A) ≥ 1364.

Observe also that the computational part of the proof of the theorem concerns
only part (b). Proving part (a), does not require computer computations; it
required exploiting carefully a simple new idea, as is explained below.
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Remark 1.3. Our main new idea for improving Theorem 1.1, is to focus on the k
maximal primes that divide a possible special perfect polynomial A :=

∏r
s=1 p

2
s.

There are three different types of prime divisors of σ(P 2), with P maximal prime:
minimal, medium, or maximal. Thus, we need a condition to reduce this freedom.
We choose the condition in part (a) of the theorem since this restrict the prime
divisors of σ(P 2), to the maximal ones (see Lemma 2.4), so that, we can obtain
a contradiction that will bar A to be perfect, provided that m is small (i.e.,
ω(A) < 16).

Observe that (with the notations in the Theorem) M cannot divide Φ3(Q) with
Q a minimal prime, while M does divide Φ3(R) with medium R (see Lemma 2.3).
But we have no information on the possible prime factors of Φ3(S)/M , where S
is a maximal prime such that M divides Φ3(S).

Finally, observe that there are few general theorems to study the properties of
factors of binary polynomials. Thus, work done on solving (even conditionally)
the equation (1.2) (i.e., (1.4)) might help to advance our understanding of these
factors.

The rest of the paper is organized as follows: In section 2 we quote the more
important results of [11] that are required for the proof of part (a) of the theorem.
Another result of the same paper, useful for computations, is also quoted. We will
also display, in the same section, some details about the computer calculations
done that lead to the proof of part (b) of the theorem. The proof of Theorem 1.2
appears in section ??.

2. Tools

The following lemma [11, Lemma 2.3] is used in the proof of parts (b) of the
theorem.

Lemma 2.1. Let q be a power of 2. Let A ∈ Fq[x] be a perfect polynomial. Let
p1, . . . , pr be the list of all monic minimal primes of A. Then the integer r is
even.

The following two lemmas [11, Lemma 4.1 and Lemma 4.2] are important for
the proof of part (a) of the theorem.

Lemma 2.2. Let P,Q be two distinct prime divisors of the same degree d of a
special perfect polynomial A. If Q divides Φ3(P ) then P does not divide Φ3(Q).

Parts (a),(b), and (c) of the following lemma follows from [11, Lemma 4.2].
Part (d) is [11, Corollary 4.4]. Part (e) follows from parts (a), and (b). Part (f)
follows from Lemma 2.2.

Lemma 2.3. Let P ∈ F2[x] be a maximal prime of a special perfect polynomial
A = p21 · · · p2m ∈ F2[x], with ω(A) = m, dk := deg(pk), for all k = 1, . . . ,m, and
d1 ≤ · · · ≤ dm. In particular, p1 is minimal, and pm is maximal. Then, there
exists a unique pair (i, j), i, j ∈ {1, . . . ,m} such that:

(a) pj 6= P, d1 < di < dj = deg(pj) = deg(P ) = dm. In other words, pj is
maximal, while pi is medium.
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(b) We have P | p2i + pi + 1 and P | p2j + pj + 1, so that P = pi + pj + 1.
In particular, P cannot divide Φ3(Q1) and Φ3(Q2) for any two distinct
maximal divisors Q1, Q2 of A.

(c) Set 1 + pi + p2i = PR then 0 < deg(R) < di so that dm < 2di.
(d) Let m2 be the number of medium primes that divide A, and m3 the number

of maximal primes that divide A. Then

m2 ≥ m3 ≥ 3.

(e) We have that P - Φ3(S) for any minimal prime divisor S of A.
(f) Let Q be maximal prime dividing A. It is impossible to have simultaneously

that P divides Φ3(Q), and that Q divides Φ3(P ).

The following lemma is important for our approach:

Lemma 2.4. Let P be a maximal prime of a special perfect polynomial A. Let Q
be a maximal prime divisor of A such that P | Φ3(Q), as guaranteed by Lemma
2.3 (b), and put S := Φ3(Q)/P . Assume that ω(Φ3(Q)) = 2. Then, S is a
maximal prime divisor of A such that

Φ3(Q) = P · S. (2.1)

Proof. Let d be the common degree of the maximal prime divisors of A. Observe
that P - S, since if P | S then P 2 | Φ3(Q). Observe that both P 2 and Φ3(Q) have
degree 2d. Thus, by comparing degrees, we get Φ3(Q) = P 2. This is impossible
since this implies that the prime Q is a square: Q = (1+Q)2+P 2 = (1+Q+P )2.
Therefore, gcd(P, S) = 1. It follows from ω(Φ3(Q)) = 2 that ω(S) = 1. Thus,
S is a power of a prime. But S is also a divisor of the special perfect A. Hence
either S is prime itself, or S = R2 with R prime. We claim that the latter is
impossible. Assume, contrary that we want to prove, that S = R2 with prime
R. By Lemma 2.3 (b), there exists a medium prime V such that P | Φ3(V ) and
Φ3(V ) = P ·W with:

0 < deg(W ) < deg(V ). (2.2)

Thus

(Q+V )(Q+V + 1) = (Q+V )2 +Q+V = Φ3(Q) + Φ3(V ) = P (W +R2). (2.3)

But by Lemma 2.3 (b) we have P = Q+ V + 1, thus it follows from (2.3) that

P + 1 = Q+ V = W +R2, (2.4)

so that

P = W + (R + 1)2. (2.5)

By derivation of (2.5) relative to x, we get then:

P ′ = W ′. (2.6)

But from derivation of Φ3(V ) = P ·W we get using (2.6)

V ′ = P ′W + PW ′ = P ′(W + P ). (2.7)
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Observe that deg(W ) < deg(V ) < deg(P ) by (2.2), and since V is a medium
prime and P is a maximal prime. By taking degrees on both sides of (2.7), we
obtain

deg(V ) > deg(V ′) = deg(P ′) + deg(P ) > deg(P ). (2.8)

But, clearly, (2.8) is impossible since V is a medium prime and P is a maximal
prime. This proves the result, since, by this contradiction, S must be prime. �

The following lemma [11, Lemma 5.3 and Corollary 5.4] are used for computa-
tions. It also appears, without proof, in [7, Theorem 21].

Lemma 2.5. Let A ∈ F2[x] be a special perfect polynomial. Let P ∈ F2[x] be a
prime divisor of A. Then

(a) P is congruent to 1 modulo x2 + x+ 1, and
(b) deg(P ) is even.
(c) Assume, furthermore, that P is minimal. Then P , all prime divisors Q

of Φ3(P ), all prime divisors R of Φ3(Q), and all prime divisors of Φ3(R)
are congruent to 1 (mod x2 + x+ 1) and have even degree.

The following lemma follows from a computation using Lemma 2.5 and a
straightforward computer program in gp-PARI. The computation lasted several
days. More precisely, 21 days, 18 hours, and 45 minutes. For example, the case
deg(P ) = 30 took 1 hour and 23 minutes; the case deg(P ) = 34 took 1 day, and
11 minutes, while the case deg(P ) = 38 took 16 days, 7 hours, and 58 minutes.

Lemma 2.6. There is no minimal prime P that divides a special perfect polyno-
mial A when deg(P ) ∈ {30, 32, 34, 36, 38}.

Proof. We computed all prime polynomials of degree d ∈ {30, 32, 34, 36, 38} such
that conditions (a) and (b) of Lemma 2.5 hold. None of them satisfy the conclu-
sion of Lemma 2.5 (c). This proves the result. �

2.1. We assume that k = 3. Let P,Q and R be the 3 maximal primes dividing
A. By Lemma 2.3 (a) we can assume that P | Φ3(Q). Since Q - Φ3(Q) and,
by Lemma 2.3 (f), Q - Φ3(P ), we must have by Lemma 2.3 (a) that Q | Φ3(R),
analogously, we get that R | Φ3(P ).

Write for appropriate polynomials M1,M2,M3, Φ3(Q) = PM1,Φ3(R) = QM2,
and Φ3(P ) = RM3. Since all maximal polynomials have the same degree, it
follows, by hypothesis (a) and Lemma 2.4, that M1,M2 and M3 are maximal
prime divisors of A. Since Φ3(Q),Φ3(P ), and Φ3(Q) are not squares in F2[x], the
unique possibility left is that we have M1 = R,M2 = P and M3 = Q. Thus,
P | Φ3(Q) and P | Φ3(R). This contradicts Lemma 2.3 (b), thus k > 3.

2.2. We assume that k = 4. Let P1, P2, P3 and P4 be the 4 maximal primes
that divide A. By Lemma 2.3 (a) we can assume that P1 | Φ3(P2), so that
P2 - Φ3(P1) by Lemma 2.3 (f). We can also assume that P2 | Φ3(P3). Thus, as
before, P3 - Φ3(P2).

We claim that P3 - Φ3(P1). Assume, to the contrary, that P3 | Φ3(P1). Since P2

and P1 are maximal primes, hypothesis (a) and Lemma 2.4 imply that Φ3(P2)/P1



SPECIAL PERFECT POLYNOMIALS 45

is also a maximal prime (distinct from P1, since Φ3(P2) is not a square). Since
P3 - Φ3(P2), and trivially P2 - Φ3(P2) we have

Φ3(P2) = P1P4. (2.9)

But P1, P2 and P3 cannot divide Φ3(P1)/P3, thus the only possibility that remains
is that Φ3(P1) = P3P4. Hence, P4 divides Φ3(P1) and, from (2.9),P4 divides also
Φ3(P2). But this is impossible by Lemma 2.3 (b), thereby proving the claim.

Thus, P3 | Φ3(P4) (since trivially, P3 - Φ3(P3)). Put Φ3(P4) := P3M , with M a
maximal prime divisor of A, guaranteed by hypothesis (a) and Lemma 2.4. One
sees that P1 cannot divide S4 := Φ3(P4), by Lemma 2.3 (b), since P1 | Φ3(P2);
trivially P4 - S4; also, S4 not being a square, we obtain that P3 - S4, and, again
by Lemma 2.3 (b), we have that P2 - S4, since, by (2.9), we have P4 | Φ3(P2).
This is impossible. This finishes the proof that the case k = 4 does not happen.
Therefore, k > 4.

2.3. About the cases when k ∈ {5, 6}. Similar arguments (mainly Lemma
2.3 (b), (f)) are used for the cases k = 5 and k = 6 that follow. We will, for
brevity, just give exactly each step of the proof, including the contradictions, but
without explaining in detail which lemma or lemmas support(s) each step (or
contradiction). In both cases hypothesis (a) and Lemma 2.4 are used extensively
to guarantee that if a maximal prime M divides Φ3(P ) with P being a maximal
prime, then the quotient Φ3(P )/M is also a maximal prime divisor of A, and not
merely a divisor of A with maximal degree.

2.4. We assume that k = 5. Let P1, P2, P3, P4 and P5 be the 5 maximal primes
that divide A. We can assume that P1 | Φ3(P2), and that P2 | Φ3(P3). If P3

divides one of Φ3(Pj), with j ∈ {1, 2}, say if P3 | Φ3(P1), then P3 - Φ3(P2), so
that we have two cases to consider: (a) Φ3(P2) = P1P4, and (b) Φ3(P2) = P1P5.

In case (a) we have two possibilities: either (a1) holds or (a2) holds. Assume
first (a1): Φ3(P1) = P3P4. This is impossible since already P4 | Φ3(P2). Thus, case
(a1) does not happen. The other possibility (a2), is that we have Φ3(P1) = P3P5.
Consider in this case the factorization of S3 := Φ3(P3). One sees that P1 - S3,
P4 - S3, P3 - S3, and P5 - S3. This forces Φ3(P3) = P 2

2 . This is impossible. Thus,
case (a2) does not happen. Hence, the case (a) does not hold.

In case (b), we consider the possible prime divisors of the maximal prime
S3 := Φ3(P3)/P2. We have that P3 - S3, P2 - S3, P1 - S3, and P5 - S3. Thus, we
must have Φ3(P3) = P2P4. Consider the factorization of S1 := Φ3(P1). We have
that P1 - S1, P5 - S1, P2 - S1, and P4 - S1. Thus, Φ3(P1) = P 2

3 . This is impossible,
thus case(b) does not happen.

Thus, P3 does not divide Φ3(P1)Φ3(P2)Φ3(P3), therefore, P3 must divide some
Φ3(Pj) with j > 3. Assume that P3 | Φ3(P4). One sees that the only possibility
is to have Φ3(P4) = P3P5. Look at the factorization of T3 := Φ3(P3)/P2. One
sees that P3 - T3, P2 - T3, P1 - T3, and P4 - T3. Thus, Φ3(P3) = P 2

2 . This is
impossible. Thus, P3 | Φ3(P5). One sees that we must have Φ3(P5) = P3P4. This,
together with the fact that P2 | Φ3(P3) forces the equality Φ3(P3) = P2P5. This
is impossible since P5 - Φ3(P3).

Therefore, the case k = 5 does not happen. Hence, k > 5.
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2.5. We assume that k = 6. Let P1, P2, P3, P4, P5 and P6, be the 6 maximal
primes that divide A. We can assume that P1 | Φ3(P2), and that P2 | Φ3(P3).
We assume that P3 | Φ3(P1) (the proof is analogue when P3 | Φ3(P2)). Let S2 :=
Φ3(P2)/P1. We can assume that S2 = P4 (similar proof when S2 ∈ {P5, P6}). Let
S3 := Φ3(P1)/P3. We can assume that S3 = P5 (similar proof if S3 = P6). We
are then forced to have Φ3(P3) = P2P6.

Remember that we have Φ3(P2) = P1P4 and Φ3(P1) = P3P5. Put S4 := Φ3(P4).
One sees that P4 - S4, P1 - S4, P2 - S4, P3 - S4, P5 - S4, and P6 - S4. This is
impossible.

Thus, P3 do not divide Φ3(P1) and do not divide Φ3(P2). It follows that we
can assume that P3 | Φ3(P4) (the case when P3 divides one of Φ3(P5),Φ3(P6)
is similar). We deduce that we can take Φ3(P4) = P3P5 (the other possibility:
Φ3(P4) = P3P6 is similar). This forces Φ3(P3) = P2P6. But we must also have,
Φ3(P2) = P1P4.

Consequently, we obtain that each of the six maximal primes P1, . . . , P6 cannot
divide Φ3(P1). This is impossible. Thus, the case k = 6 does not happen.

We have then, by Lemma 2.1, that the number of minimal primes, say m1,
being even, satisfies m1 ≥ 2, the number of maximal primes is m3 ≥ 7 and,
following Lemma 2.3 (d), the number of medium primes is m2 ≥ m3 ≥ 7. It
follows that ω(A) ≥ 16. In more detail: ω(A) = m1 +m2 +m3. Thus,

ω(A) ≥ 2 ·m3 +m1 = 2 · 7 + 2 = 16.

This finishes the proof of part (a) of the theorem.

2.6. Proof of part (b). One has deg(P ∗) ≥ 30 by Theorem 1.1. The result
follows then from Lemma 2.6, since deg(P ∗) is even by Lemma 2.5 (b). We have
then

deg(P ∗) ≥ 40. (2.10)

Finally, deg(A) ≥ 2 ·m1 deg(p1) + 2 ·m2 deg(pd) + 2 ·m3 deg(pm), where pd is
a medium prime divisor of A, such that pd−1 is a minimal prime. It follows from
Lemma 2.5 (b) and from (2.10), that deg(p1) ≥ 40. But it follows from Lemma
2.5 (b), that the degrees of all the pk are even. Therefore, we have deg(pd) ≥ 42,
and deg(pm) ≥ 44. Thus, with m1 ≥ 2,m2 ≥ 7,m3 ≥ 7, we have

deg(A) ≥ 2 · (m1 · 40 +m2 · 42 +m3 · 44) ≥ 160 + 14(42 + 44) = 1364.

This proves part (b) of the theorem.

Acknowledgement. We thank the referee and the editor for detailed com-
ments and suggestions.
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