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MAXIMUM LIKELIHOOD ESTIMATION IN THE
GENERALIZED EXTREME VALUE REGRESSION MODEL FOR
BINARY DATA

LO FATIMATA!, BA DEMBA BOCAR!* AND DIOP ABA?

ABSTRACT. Logistic regression model is obviously used to study a binary re-
sponse variable Y (presence or absence of an event) in practice but may have
limitations in the case of rare event. Thus, Generalized extreme value re-
gression model is proposed when the dependent variable Y represents a rare
event. Therefore, the quantile function of the GEV distribution is used as link
function to investigate the relationship between the binary outcome Y and a
set of potential predictors X. In this article we develop a maximum likeli-
hood estimation procedure int he generalized extreme value regression model.
We establish the asymptotic properties (existence, consistency and asymptotic
normality) of the proposed maximum likelihood estimator.

1. ITRODUCTION

Generalized extreme value (GEV) regression model has become a standard tool
to investigate the relationship between a binary response Y and a set of potential
predictors [10]. The binary response may represent, for example, the occurrence
of some outcome of interest (Y = 1 if the outcome occurred and Y = 0 otherwise).
When the dependent variable Y represents a rare event, the logistic regression
model ([1], [1]) shows relevant drawbacks.

When the logistic regression model is employed, it is assumed that the response
curve between the covariates and the probability is symmetric. This assumption
may not always be true, and it may be severely violated when the number of
observations in the two response categories are significantly different from each
other. This unbalance is not uncommon when we consider binary rare events data
(i.e. binary dependent variables with a very small number of ones) which hap-
pens with only a small probability. [3] used GEV regression model, that uses the
quantile function of the GEV distribution as link function, for analyzing default
probabilities and find that its predictive performance is better than that of the
logistic regression predictive model. They point out that logistic regression could
underestimate the probability of default of rare events since the link function is
a symmetric function. [10] used this model for an application to B2B electronic
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payments system adoption.

The main aim of this paper is to develop a maximum likelihood procedure
in the GEV regression model by taking the quantile function of the GEV dis-
tribution as link function. On the contrary and to the best of our knowledge,
maximum likelihood estimator ( MLE) of the unknown parameter / in the GEV
regression model have never been investigated. The present article aims at filling
this gap. We construct the MLE and we establish its asymptotic properties.

The rest of the paper is organized as follows. In Section 2, we describe the
GEV regression model and the proposed estimation procedure. In Section 3,
we rigorously establish the asymptotic properties of the resulting estimator. A
discussion and some perspectives for future work are given in Section 4.

2. GEV REGRESSION MODEL

Let (Y1,X4),...,(Y,,X,) be independent and identically distributed copies
of the random vector (Y,X) defined on the probability space (£2,.A,P). For
every individual ¢ = 1,...,n, Y; is a binary response variable indicating say,
the occurrence of some outcome of interest (Y; = 1 if the outcome occurred and
Y; = 0 otherwise). Let X; = (1, Xj, ..., X;,)" be random vectors of predictors or
covariates. Let m(z;) = P(Y; = 1|X; = ;) the conditional probability. Since we
consider the class of Generalized Linear Models, we suggest the GEV cumulative
distribution function proposed by [3] as the response curve given by

(@) = 1= exp ([=(1 = (51 + Baza -+ )] ™)

(2.1)
=1—-GEV(=f'z;1)

where 8 = (f1,...,05,) € RP is an unknown regression parameter measuring

the association between potential predictors and the binary response Y and

GEV (x;T) represents the cumulative probability at x for the GEV distribution

with a location parameter p = 0, a scale parameter ¢ = 1, an unknown shape

parameter 7.

For 7 — 0, the previous model (2.1) becomes the response curve of the log-log
model, for 7 > 0 and 7 < 0 it becomes the Frechet and Weibull response curve
respectively, a particular case of the GEV one.

The link function of the GEV model is given by

1 — log(1 — m(x:))]”

T

’ = B/I’i (22)

that represents a noncanonical link function.
Note the parameters p and o are set to fixed constants for model identifiability

([10D).
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The likelihood function for the unknown p-dimensional parameter § from the

independent sample (y;,%1), ..., (Yn, T,) is as follows:
Lo(B) = [ [1 = GEV(=Bas )" < [GEV(=Fzs )] . (23)
i=1

We define the maximum likelihood estimator B\n as the solution of the p-dimensional
score equation

i(8) = 8logaLn(6)
g

In the following, we shall be interested in the asymptotic properties of the maxi-

mum likelihood estimator Bn of B. Before proceeding, we need to set some further

notations.

=0, (2.4)

Define first the (p x n) matrice

1 1 ... 1
% — X}2 X‘22 )(.n2
Xip Xop .. Xy

Let also C(8) = (Ci(8))1<i<n be the n-dimensional column vector defined as
. Inm(x;) X y; — w(x;)
Y1+ rB) (1 = w(xy))’

Then, simple algebra shows that the score equation can be rewritten as

I.(B) = XC(B) =

If H= (H;j)i<i<a1<j<b denotes some (a x b) matrix, we will denote by H,; it’s
j-th column (j = 1,...,b) that is, He; = (Hyj, ..., H,;)". Then, it will be useful
to rewrite the score vector as

Ci(8) = —

1=1,...,n

= ZX°jCj(ﬁ)

We shall further note I,,(6) the (k x k) matrix of second derivatives of I,,(3), that

is 1,(B) = 8;[[3"8(5). Let D(5) = (Dy; ( ))1<ij<n be the (n x n) diagonal matrix

with i-th diagonal elements (i = 1,...,n) given by

Dis(8) = x? fﬁtr((?)(l - W(ffz)) T fnir((xl)) Wi = m(2:)) [ra; — ram(x;) + 7(x;) log ()
* 1+ 70, (1+ 78x;)? 1 —m(zy)

Then, some algebra shows that [, can be expressed as

ln(B) = —XD(B)X".
In the next section, we turn to the asymptotic theory for the proposed estimator

B, of B.
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3. ASYMPTOTIC THEORY

We first state some regularity conditions that will be needed to study the
asymptotic theory.

C1: The covariates are bounded that is, there exist compact sets G C RP
such that X; € G foreveryi =1,2,... Forevery:=1,2,...,7=2,...,p,
var[X;;] > 0. For every i = 1,2,..., the X;; (j = 1,...,p) are linearly
independent.

C2: The true parameter value [y lies in the interior of known compact sets
g C R )

C3: The Hessian matrix [,,(6) is negative definite and of full rank, for every
n=1,2,... Let A\, and A,, be respectively the smallest and largest eigen-
values of XD(/3)X’. There exists a finite positive constant ¢ such that
A/, < cforeveryn=1,2,...

C4: Let A denote a p x p matrix such that ||A|| = maxj<i<p |\

Now we establish rigorously the existence, consistency and asymptotic normality
of the maximum likelihood estimator /3, in model (2.1). We prove the following
results:

Theorem 3.1 (Existence and consistency). Under the conditions C1-C4, The

mazimum likelihood estimator Bn exists almost surely as n — oo and converges
almost surely to By, if and only if N, tends to infinity as n — oo.

Proof. Let v, be defined as 7,(8) = —(XD(8)X")i,(8). Then 7,(5) converges
almost surely to 0 as n — oo. Note that

(o) = (%z'n(@o))_l < (o).

The condition C3 implies that, (%Z'n(,ﬂo))_l converges to a matrix . Then,
. . LS XaCi(Bo)
Eln(ﬁo) = HXC(BO) = :

% Z?:l Xipci(ﬁo)

converges almost surely to 0 as n — oo.

Indeed for all i =1,...,nand j =1,...,p we have

E[Xi;Ci(Bo)] = E[E(X;Ci(5o) | X = ;)]
= E[X,E(Ci(Bo)| X = 4]

where
B B x; log m(x;)
E<Cz</60)|Xz - mz) =K (yz 1+ TB/ZL‘Z‘

x; log m(x;)

x;log m(x;)m(x;) -
TR =)
B Xo— x;log ()7 (x;)
= T g = ) T - (@)
_mlogm(ey) o\ wlogm@)w(w)
1+ 7P m(w:) (14 78'2;)(1 — 7m(zy)) (1 (:))
=0

—(1-w)
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Moreover, we have

_ o ((x;logm(x;) i log () 2 Y
=K X ( 1+ 70'%; + (1 ‘l‘Tﬁlﬂfl)(l — 77(1’0)) VCLT(yz|Xz = xz)]

<E X2 xilnm(x;) xilnm(z;) 2 o
- (1+75’$z+(1+Tﬂ’$i)(1—ﬂ($i))> o

The conditions C1, C2 and C3 implie that ¢35 < 0o, then

VYar 0
Z (Z i(Bo) <o Z

=1

Kolmogorov’s strong law of large numbers ensures that, as n — oo

i=1 1=1
Finaly, as n — oo %ln(ﬁo) and 7,(08y) converge almost surely to 0. Let ¢ > 0,
the almost surely convergence of 7, () implies then for almost every w € €,
there exists an integer value n(e,w) such that fo any n > n(e,w), [|[7.(5o)|| < € or
equivalently, 0 € B(7,(5y), €). In particulary, let ¢ = (1 —¢)s with 0 < ¢ < 1 such
as in Lemma 4.2 of [2]. Since 7, satisfies the Lipschitz condition, the Lemma
Lemma 4.2 of [2] ensures that there exists an element of B(f, s) (let denote this
element by ﬁn) such that v,(3,) = —(XD(8,)X)I(53,) = 0. The condition C3
implies that L, (ﬁn) = 0 and that Bn is the unique maximizer of [,,. To summarize,
we have shown that for almost every w € () and for every s > 0, there exists
an integer value n(s,w) such that if n > n(s,w) then the maximum likelihood

estimator /3, exists, and HbeAtan — Bol| < s (that is, 3, converges almost surely to

Bo).
which concludes the proof. 0

We now turn to the convergence in distribution of the proposed estimator Bn
of 3, which is stated by the following theorem:
Theorem 3.2 (Asymptotic normality). Assume that the conditions C1-C4 hold
and that Bn converges almost surely to Bo. Let 5= XD(ﬂn)X’ and I, denote the

identity matriz of order p. Then En(ﬂn — Bo) converges in distribution to the
Gaussian vector N(0, I,).

Proof. A Taylor expansion of the score function is as
0= l (Bn) = l (ﬁo) + l (Bn)(ﬁn - 60)

Where Bn lies between 6, and By, and thus [ n(Bo) = ln(ﬁn)(ﬁn — Bo). Let
(/Bn) XD(ﬁn)X/ and ¥, 0 = XD(B())XI Now

A ~

(B — o) = [£453] [S52] 24 [£0 00 - 00)] (3.1

Sl

5
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The two terms in brackets in (3.1) converge almost surely to I,. To see this, we

~ 11
show for example that ||, >3, ; —I,|| — 0 almost surely as n — co. First, note
that

~_1 1 ~_1 1 ~ L
1527520 - Ll = 1527 (22, - £7) |

~ 1 1 ~ 1
< IEHIS - £ (3:2)
1 1 ~ 1
ARISAINAGE (B2, -54) |
and
A2 %00 = Sall = A IX(D(Bo) = D(E)X]

Note also that ﬁn converges almost surely to (o (that is, for every w € Q, where
Q c Q and IP(Q) 1). Let w € Q). By the same arguments as in the proof
of Lemma 4.2 of [2], for every € > 0, there exists a positive n(e,w) € N such
that if n > n(e, w), then A-|X(D(6y) — D(8,))X/|| < e. Hence A![|X(D(5,) —
D(3,))X/|| converges almost surely to 0. By continuity of the map z — z2,

A S|
|An 2 (EEL 0— 2) || converges also almost surely to 0. Moreover, for n sufﬁciently

large there exists a positive constant A < oo, such that almost surely, ||Z : | <

A /\1/2 < A02 It follows from (3.2) and the condition C3 that ||(E§0~_ ) — Ll
converges almost surely to 0.

1.~
It remains for us to show that ¥, 3(%, (9 6p)) converges in distribution to

N (0, I,). Note that 2;,0( n(Bn — Bo)) = 0k Z 1 Xe;Ci(Bp). This convergence
holds if we can check the following conditions:
1) maxi<j<, X,;(XX')7'X,; — 0 if n — oo. Condition i) follows by noting
that

2

0 < o 3K, () 5y < mase [0, P|(50X) ) = x Xesll®

1<j<n 1<j<1’L )\n
and that ||X,;||? is bounded above, by C1 and C2. Moreover, t — 0 as
n— oo.

i) sup,<;<, B [C2(B0)1{ic,00)>c}] — 0 as n — oo. Condition ii) follows
by noting that the components C;(5y) of C' are bounded under C1, C2
and C3. Finally, for every i = 1,...,n, E(C?(8)) = Var(C;(B)) since
E(C;(Bo)) = 0. Therefore, for all j € {1,...,n} under conditions C1, C2
and C3, VCLT(Cj(ﬁ())) >0

iii) infi<;j<, E(C7 (o)) > 0. Condition iii) follows by using similar arguments,
that is Var(C;(6p)) >0 forall j=1,...,n

B
To summarize, we have proved that ¥, §(2,(8, — fo)) converges in distribution
to N(0,1,). This result, combined with Slutsky’s theorem and equation (3.1),

~1 A
implies that X2 (8, — o) converges in distribution to N(0, I,,).
which concludes the proof. O
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4. DISCUSSION AND PERSPECTIVES

In this paper, we have proposed a procedure of maximum likelihood estimation
in the Generalized extreme value regression model by using the quantile function
of the GEV distribution as link function which is not a cononical lik function. We
have established the asymptotic properties (existence, consistency and asymptotic
normality) of the proposed maximum likelihood estimator Bn of the parameter [3.
The maximum likelihood estimator of the parameter § will allow the calculation
of odds ratios which are of major interest in epidemiology. It is also possible,
using this method, to establish model validation tests (deviance tests, likelihood
ratio tests).

It is interesting to note that it is also possible to estimate the shape parameter
7 with this maximum likelihood method, but in this work we are particularly
interested in the parameter of interest [3.

Another issue of interest deals with: i) the inference on the shape parameter 7 in
the GEV regression model; ii) the inference in a high-dimensional setting, when
the predictor dimension is much larger than the sample size (this problem arises,
for example, in genetic studies where high-dimensional data are generated using
microarray technologies. Some articles ([5], [0]) have addressed the estimation in
the logistic model for binary data); iii) the inference in the GEV regression model
with presence of zero inflation; iv) estimate the predictive probability and define
the simultaneous confidence bands for this probability. Extending these methods
to the GEV regression model constitutes another nontrivial topic for futureAwork.
It will also be interesting to study the statistical convergence of sequence (,,)n>0
in subspaces (see [3] and [7] for more details in statistical convergence of sequences
of subspaces).
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