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INVARIANT DIFFERENTIAL OPERATORS AND THE
GENERALIZED SYMMETRIC GROUP

IBRAHIM NONKANE! AND LATEVI M. LAWSON?

ABSTRACT. In this paper, we study the decomposition of the direct image of
74+ (Ox), the polynomial ring Ox as a D-module, under the map 7 : spec Ox —

spec Og(r’"), where Og(r’”) is the ring of invariant polynomials under the action
of the wreath product G(r,p) := Z/rZ1S,. We first describe the generators
of the simple components of 71 (Ox) and give their multiplicities. Using an
equivalence of categories and the higher Specht polynomials, we describe a D-
module decomposition of the polynomial ring localized at the discriminant of
7. Furthermore, we study the action of invariants differential operators on the
higher Specht polynomials.

1. INTRODUCTION

A fundamental problem in representation theory is the description of all ir-
reducible representations. In this paper, we are interested in the polynomial
representation of invariant differential operators with respect to the generalized
symmetric group. It is well known by the decomposition theorem that the direct
image of a simple module for a proper map is semi-simple [5]. The simplest case
is when the map m : X = spec B — Y = spec A is finite, in which case it is
easy to give a basic and entirely algebraic proof, using essentially the (generic)
correspondence with the differential Galois group, which equals the ordinary Ga-
lois group GG. The irreducible submodules of the direct image are in one-to-one
correspondence with the irreducible representations of G (see [10]). In this paper,
we make the differential structure more explicit in the case of the invariants of the
complex reflection group G(r,n), B = Clzy,...,2,] C A= Clay,...,2,]%0™.

We explicitly study the simple component of the direct image 7, (Ox) of the
polynomial ring Ox as a D-module under the map 7 : spec Ox — spec Oy where
Oy = O5"™: the ring of invariant polynomials under the action of G(r,n). We
describe the generators of the simple components of 7, (Ox) and their multiplici-
ties as in [10]. We thus establish the decomposition structure of 7, (Ox) by means
of the higher Specht polynomials. This proof uses the fact that the irreducible
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D-submodules of 7, (Ox) are in one-to-one correspondence with irreducible rep-
resentations of G(r,n).

Secondly, we elaborate a D-module decomposition of the polynomial ring localized
at the discriminant of 7. Finally, we describe the action of invariant differential
operators on higher Specht polynomials. The higher Specht polynomials (intro-
duced combinatorially [1]), are adapted to the D-module structure.

This paper generalizes the results on modules over the Weyl algebra appeared in
[10] and [12]. The case r = 2 have been presented at the 10th International Con-
ference on Mathematical Modeling in Physical Sciences to describe the action of
the rational Olshanetsky-Perelomov operator Hamiltonian on polynomials [13].

2. PRELIMINARIES

2.1. Direct image. In this section, we briefly recall the definition of the direct
image of a D-module [1]. Let K be a field of characteristic zero, put X = K™.
The polynomial ring K[z, ...,x,] will be denoted by K[X]; and the Weyl alge-
bra generated by z;’s and 8%1,’3 by Dx. The n-tuple (zy,...,z,) will be denoted
by X. Similar conventions will holds for Y = K™, with polynomial ring K[Y]
and Weyl algebra Dy.

Let 7 : X — Y be a polynomial map, with 7 = (my,...,m,). Let M be a left
Dy-module. The inverse image of M under the map 7 is 7% (M) = K[X]|®gy| M.
This is a K[X]-module. It becomes a Dx-module with 0,, acting according to
the formula

0
a[[’i

(97Tj

(h®@u) =

u, h € K[X],ue M.

8y]
Since Dy ®p, M = M, we have
7T+(M) = K[X] ®K[Y] Dy ®DY M = 7T+(K[Y]> ®DY M.

Denoting Dx_y by 77 (K[Y]), on has that 71 (M) = Dx_,y ®p, M. Note that
Dx_y is Dx- Dy-bimodule. Let N be a right Dx-module. The tensor product

m+(N) =N ®p, Dx_,y

is a right Dy-module, which is called the direct image of N under the polynomial
map 7. Let us consider the standard transposition 7 : Dx — Dx defined by
7(h0*) = (=1)1*19°h, where h € K[X] and o € N”. If N is a right Dx-module
then we define a left Dx-module N* as follows. As an abelian group, N* = N. If
a € Dx and u € N* then the left action of a on u is defined by a x u = ut(a).
Using the standard transposition for Dy and Dy, put Dy. x = (Dx_y)*, this is
a Dy-Dx-bimodule. Let M be a left Dy-module. The direct image of M under
7 is defined by the formula

74 (M) = Dy x ®@p, M.

It is clear that m, (M) is a Dy-module. The following is the decomposition theo-
rem
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Theorem 2.1. [5] Let m: X — Y be a finite polynomial map. If M is a a simple
(holonomic) module over Dx. Then w (M) is a semisimple Dy-module. we have

7T+(M) = @Miaiv
where the M; are inequivalent irreducible Dy -submodules.

2.2. Higher Specht Polynomials for Reflection group. In this subsection
we recall some facts about the representation of the generalized symmetric group
G(r,n) [1].

Let S, be the group of permutations of the set {1,...,n} and Z/rZ be the
cyclic group of order r. The generalized symmetric group G(r,n) is the semi-
direct product of (Z/rZ)" with S, written as (Z/rZ)" x S,,, where (Z/rZ)" is
the direct product of n copies of Z/rZ. Let £ be a primitive r-th root of 1.
(Z)rZ2)* x S, = {(&,...,&;0)| ix €N, 0 € 8,}, whose product is given by

(£i17 o 7£in; O.)(é‘jl) o 7£jn; 7T) _ <€i1+j071(1)’ o 7gin-l-jt,ﬂm)7 ;0'71').

Let Ox = C[xy,...,x,] be the ring of polynomials in n indeterminates on which
the group G(r,n) acts as follows:

(5“7 cee 762n; U)f = f(gzo(l)xa(lﬁ ce 7§ZU(TL>$U(n); 0)7

where f € Ox and (£%,...,¢™;0) € G(r,n). The fundamental invariants under
this action are given by the elementary symmetric functions e;(xy,...,z}), 1 <
7 < n. Let Jy be the ideal of Ox generated by these fundamental invariants and
A = Ox/J; be the quotient ring. It is also known that the G(r,n)-module A is
isomorphic to the group ring C[G(r, n)], namely, the left regular representation. A
description of all irreducible components of A is known in [1], in terms of what is
called ”higher Specht polynomials”. The irreducible representations of G(r,n) are
parametrized by the r-tuple of Young diagrams (A!,... A7) with [A}| 4+ |\"| =
n.

Let P, be the set of r-tuples of Young diagrams A = (A!,..., \") with [A!| +
-+-4+|A\"| = n. By filling each cell with a positive integer in such a way that every
j (1 <7 < n) occurs once, we obtain an r-tableau T = (T*,... ,T") of shape

A= (A,...,\"). When the number k& occurs in the component 7%, we write
k € T'. The set of r-tableaux of shape A is denoted by Tab()\). An r-tableau
T = (T',...,T7) is said to be standard if the numbers are increasing on each

column and each row of 7" (1 < v < r). The set of r-standard tableaux of shape
A is denoted by STab(\).

Let S = (S',...,S") € STab()\). We associate a word w(S) in the following
way. First, we read each column of the component S! from the bottom to the
top starting from the left. We continue this procedure for tableau S? and so on.
For a word w(S), we define the index i(w(5)) inductively as follows. The number
1 in the word w(S) has the index i(1) = 0. If the number £ has index i(k) = p
and the number has number k£ + 1 is sitting on the left (resp. right) of k, then
k+1 has index p+1 (resp. p). Finally, assigning the indices to the corresponding
cells, we get a shape A = (A\!,..., \"), each cell filled with a nonnegative integer,
which is denoted by i(S) = (i(S)!,...,i(S)").
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Let T = (T%,...,T") be an r-tableau of shape . For each component 7" (1 <
v <r), the Young symmetrizer er. of T" is defined by

1
err = — Z sgn(7)7o,

aTV
c€R(TY) T€C(T")

where aqv is the product of the hook lengths for the shape A, R(T%) and C'(1")
are the row-stabilizer and colomn-stabilizer of T" respectively.
We may regard a tableau 7" on a Young diagram A as a map

T : {cells of \} — Z>y,

which assigns to a cell £ of A the number T'(§) written in the cell £ in T.

For S € STab(\) and T € Tab(\), Ariki, Terasoma, and Yamada defined in [I]
the higher Specht polynomial for G(r,n) by

v=1 keTv
where

ri(S)” _ ri(S)¥ (€)

Tre = 11 P

IBY

The following is the fundamental result in [1] on the higher Specht polynomials
for G(r,n).

Theorem 2.2. (1) The space Vs(A\) = Z CE3 affords an irreducible

Te Tab(x)
representation of the reflection group G(r,n).
(2) The set {F7 | T € STab(\)} gives a basis over C for Vs(\).
(3) For Sy € STab(X\) and Sy € STab(), the representation Vs, (X) and Vs, ()
are 1somorphic if and only if S1 and Sy has the same shape, i.e. A = p.
(4) We have the irreducible decomposition

Carnl=H H Vi

A€Prn seSTab)

as a representation of G(r,n).

Theorem 2.3. The higher Specht polynomials in F = {Fz2;S,T € STab(\),\ -
n} form a basis of the Clxy, ..., x,]¢"™ -module Clxy, ..., 7]

3. DECOMPOSITION THEOREM

We are interested in studying the decomposition structure of 7, (M), where
M = Oy, m: X =spec(Ox) — Y = spec(OF"™). Since Oy is a holonomic
Dx-module [1, Chapter 10], 7, (Ox) is a semisimple Dy-module by the decom-
position theorem. We construct the simple components of 7, (Ox) and provide
their multiplicities. Let us recall some useful facts from [10].
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Let A := Jac(w) be the Jacobian of w, A? the discriminant of 7, we denote
the complement of the branch locus and the discriminant by U and V', respec-
tively. Assume now that U,V are such that the respective canonical modules are
generated by the volume forms dz, and dy, related by dz = Ady, where A is the
Jacobian of .

Proposition 3.1. (1) There is an isomorphism of Dy -modules
T:7,.(0p) =20y, r(dy'®dr)rA™
(ii) T(m(Ox)) is isomorphic as a Dy -module to 7, (Ox).

Proof. See [10, Lemma 2.3]. O

It is more convenient to study 7'(my(Ox)) = 7 (Ox), as a submodule of Oy,
than using the definition of 7, (Ox). Therefore, to reach our goal, we will first
study the decomposition of Oy into irreducible components as a Dy -module.
The following proposition enables us to reduce the study of the decomposition
factors of 7, (Ox) to the behavior of the direct image over the complement to the
branch locus, or even over the generic point. Let j : U — X and i : V — Y be
the inclusions.

Proposition 3.2. Let m: X — Y be a finite map. Then

(i) 7+ (Ox) is semi-simple as a Dy-module.

(ii) If 74 (Ox) = &My, k € I is a decomposition into simple (non-zero) Dy -
modules, then 7, (Oy) = @it (My), k € I, is a decomposition of 7 (Oy)
into simple (non-zero) Dy -modules.

Proof. See [10, Proposition 2.8]. O
3.1. Action description. As we want to study the polynomial representation

of a ring of invariant differential operators localized at A2, it is convenient to
precisely describe the action of that ring on the polynomial ring.

Let Dx = C(xy,...,x,, 8%1, ce %) be the ring of differential operators associ-
ated with the polynomial ring Ox = C[zy, ..., x,], and Oy = Clzy, ..., 2,]¢"") =
Clyi, - - -, Yn] be the ring of invariant polynomials under the real reflection group
G(r,n). We denote by Dy = C(y1,...,Yn, 8%1, cee %} the ring of differential
operators associated with Oy = Clyy, ..., y,]. By [9], Dy is the ring of invariant

differential operators under the action of the reflection group G(r,n).
Notations, We adopt the following notations

0
OU = C[wla"'axnaAilL OV = C[ylw"aynaAiﬂa DV = C<y17"'7ynva_7"'7

Lemma 3.3. Oy is a Dy -module.

Proof. Let us make clear the action of Dy on Oy.
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Let A= (%> so that det(A) = A. We get the following equation
1<i,j<n

0301-
0 0
B-Tn 3y1
| =al
_9_ 0
OxTn OYn
It follows that
9 _9_
oY1 Oxn
: — A1
0 9
OYn Oxn
and it is now clear that Oy is a Dy-module. O

We know that Oy a Dy - semisimple module. What are the simple components
of Oy as Dy-module and their multiplicities?

3.2. Simple components and their multiplicities. In this section, we state
our main result. We use the representation theory of the generalized symmetric
group G(r,n) to yield results on modules over the ring of differential operators.
It is well-known that

Ox = C[G(r,n)] ® Oy as Oy-modules.
Let us consider the multiplicative closed set S = {A¥} ey C Ox. It follows that:
S71O0x = C[G(r,n)] ® S7'Oy as S~'Oy-modules.

where S7!Ox and SOy are the localizations of Ox and Oy at S respectively.
But S7!Ox = Oy and S7'Oy = Oy , whereby we get

Oy = C[G(r,n)] ® Oy as C[G(r,n)]-modules.
Lemma 3.4. There exists an injective map
C[G(r,n)] — Hom¢(Oy, Op).
Proof. The C|G(r,n)]-module C[G(r,n)] acts faithfully on itself by multiplication,
and this multiplication yields an injective map C[G(r,n)] < Hom¢ | C|G(r,n)], C[G(r, n)]) .

Since Oy is invariant under this action of C[G(r,n)], we get the expected injective
map. 0

Proposition 3.5. There exists an injective map
C[G(T, n)] — HOIHDV<OU, OU)

Proof. Since Dy = C{y1, ..., Yn, Y1, ..., 0y, A72), we only need to show that
every element of C[G(r,n)|] commutes with y1,...,yn, Y1, ..., OYp.

e It is clear that every element of C[G(r,n)] commutes with y;, i = 1,...,n.
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e Let us show that every element of C[G(r,n)] commutes with dy;, i =
1,...,n. Let D be a derivation on the field K = C(yy,...,y,) of fractions
of Oy, then (K,D) is a differential field. Let L = C(xzy,...,2,) be the
field of fractions of Op. We have that K = L ig the fixed field and
L is a Galois extension of K, with Galois group G(r,n). Then by [3,
Théoréme 6.2.6] there exists a unique derivation on L which extends D,
then (L, D) is also a differential ring. In this way, c7'Do = D for every
o € G(r,n). Therefore, oD = Do and o commute with D.

OJ

Corollary 3.6.
C[G(r,n)] = Homp,, (Oy, Oy)
Proof. see [10, Corollary 26 | O

Before we state our main result, let us recall some facts.
By Maschke’s Theorem [3, Chap XVIII|, we know that C[G(r,n)] is a semi-simple
ring, and

AEPr
where P, ,, be the set of r-tuples of Young diagrams and R, are simple rings.
R, = @ Vs(A) ( see Theorem 2.2). We have the following corresponding
seSTab(y)

decomposition of the identity element of C[G(r,n)]:

1= Z T,

AEPrn

where 7, is the identity element of Ry, with 3 = 1 and ryr, = 0 if X # .
{rx}aep,.. is the set of primitive central idempotents of C[G(r,n)]. In fact Ry =
r\C[G(r,n)], for X € Ppp,. Let n € N, X € P,.,,, we set Tab(n) = Uyep, , Tab(\)
and STab(n) = Ujep, , STab(A).

Theorem 3.7. For every primitive idempotent e € C[G(r,n)].

(1) eOy is a nontrivial Dy -submodule of Oy,

(2) The Dy -module eOy is simple,

(3) There exist A\ € P,,, and a higher Specht polynomial F (with S,T €
STab(N\)) such that eOy = Dy Fx.

Proof.
(1) Let e € C[G(r,n)| be a primitive idempotent, we know that C[G(r,n)]e is
a G(r,n)- irreducible representation. Theorem 2.3 states that there is A €
P, and S € STab(\) such that C[G(r,n)]e = Vs(A), with Vs(A) C Oyp.
By [2, Chap III, §4, Theorem 3.9 |, we have eC[G(r,n)]e = Ce # {0}.
{0} # eVs(A\) C eOp. Since e commutes with every element of Dy and

Oy is a Dy-module, it follows that ey is a nontrivial Dy -module.
In fact V() is a cyclic C[G(r, n)]-module, i.e., there exist T', S € STab(\)
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and a higher Specht polynomial 5 such that Vs()\) = C[G(r,n)]FZ, so
that C[G(r,n)]e = C[G(r,n)]F5. Then it follows that there is a higher
Specht polynomial F7 such that eF? is a scalar multiple of Fz.

Assume that 1 = Y7 | e; where the {e;}1<;<; is the set of primitive idem-
potents of C[G(r,n)], then Oy = >7_, ¢;0p. Let m € ¢;0y N e;Op with
i # j so that m = e;m; and m = e;m, but e;e; = 0 then e;m = e;e;m =0
hence m = 0. Therefore Oy = ®;_,e;0p and we get:

Homp, (Oy, Oy) = €D Homp, (¢;00. ¢;00),

4,j=1

by Corollary 3.6 we know that C[G(r,n)] = @ Homyp, (e;0p, e;0r). For
i =1

every A € P,,, we pick a unique irreducible representation Vg(A), for a

certain S € STab(\), which we denote by V(A) = VS()\) We also have,

by [0, Proposition 3.29], that C[G @ Endc(V(N)). But by the

Wedderburn’s decomposition Theorem [2, Chap 11,84, Theorem 4.2] we

also know that

ClG(r,n)] = @ rAC[G(r,n)] and r\C[G(r,n)] = Mat ;»(C) = EndC(CfA)

AEPrn

where f* = dimg(V/(\)). Each r standard tableau T corresponds to a
primitive idempotent er, so that ry = Z er. In what follows we

TeSTab())
denote e; the primitive idempotent associated with standard tableau T,

(ie., e; =er,.) Let us show that

ClG(r,n)] = @ ( @ Homp,, (e;0y, ejOU>> where e; = er,.

AFne s meSTab(y)

Let x be an element of C[G(r,n)] and ry the primitive central idempo-
tent associated with A € P,,. Then z induces an Dy-homomorphism
Oy — Oy,m — x -m; the multiplication by x. Since r) is in the
centre of C[G(r,n)], - (r\Oy) = (z - 7\)Oy C 7Oy, which means
v € @ Homp, (r\Oy,r3Op). It follows that

AEPrn

Hompv (OU, OU) = @ HOH]DV (T)\OU, T)\OU).
AEPrn

Then Homp, (¢;0p,e;0p) = {0} if T, € STab()\;),T; € STab()\;) and
Ai # Aj. We get that

HOHIDV OU, OU @ ( @ HOHIDV (ei(’)U, €jOU)) .
A€Prn 1, ;eSTab(n)
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The number of direct factors in the sum @ Homyp, (e;0y, e;0v)
T, T;eSTab(y)

is (f).

Let us show that Homp,, (€;0p,€;0p) = C if T;,T; € Tab()). Consider

the following commutative diagram:

C[G(r,n)] Homp,, (Oy, Oy)
QX B
rAC[G(r,n)] Homp,, (1 \Ov, r\Op)

where (3 : @ Homyp, (r,Ov, r,Op) — Homp,, (r\Op, Oy ) and
WEPr n
ay : @ r,C[G(r,n)] — r\C[G(r,n)] are canonical projections et ¢ is
BEPr n

the isomorphism in Corollary3.6. It follows that v is an isomorphism
hence r\C[G(r,n)] = Homp,, (r\Ov, r\Ov).
Now we identify ryC[G(r,n)] with either the set Mat(C) of square
matrices of order f* with coefficients in C either with Endc(C’"). Let
E;; be the square matrix of order f* with 1 at the position (7,7) and
0 elsewhere and E; = FE;;, then we identify the primitive idempotent
e; € r\C[G(r,n)] with E; in Mat;\(C). Let B = (a;;) € Mat s (C) we
get B = Z” a;, ;B = Z” E,BE;, in fact E;BE; is the matrix with
a;; in the position (7,7) and 0 elsewhere, if R = Mat(C), we get that
E,RE; = C.

This isomorphism v implies that

@ E;RE; = @ Homyp, (e;0u, ¢;0p);
T, 7;eSTab(x) T, 1;eSTab()

the restriction of ¢ to E;RE; yields a map E;RE; — Homp,, (e;0v, ¢;0r)
and this map is surjective, moreover we have E; RE; = Homp, (¢;0y, ¢;0p).
Therefore Homp,, (¢;Op, €;Op) = C. Let us assume that ;O is not a sim-
ple Dy-module, then e;Oy may be written as e,0y = @;csN; where the
Nj are simple Dy-modules and | J| > 1. It follows that dim¢(Homp,, (e;0v, €;0r)) >
|J| but Homp,, (e;0y,e;0rp) = C so we obtain that J = 1, which neces-
sarily implies that e;Op is a simple Dy-module.
(3) By the the proof (i), there exists a higher Specht polynomial F7, with
S,T € STab()\), where A - n such that e;0py = Dy Fy.

O

Corollary 3.8. With the above notations, e;Oy =p,, e;Op if only if T, and T;
have the same shape i.e. if there is a partition X € P, ,, such that T;, T; € STab(\).
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Proof. The Dy-modules e;Oy are simple and Homp,, (¢;0p, e;0r) = C whenever
there exists a partition A € P, ,, such that T;, T; € STab(\). Since Homyp,, (e;0v, ¢;0r) #
{0}, we conclude by using the Schur lemma. O

Proposition 3.9. Let A € P,,,, T' € STab(\), and let e be the primitive idempo-
tent associated with T, denote by Fr = F2 the corresponding higher Specht poly-
nomial (for some S € STab(\)), in Theorem 3.7 (iii), such that eOy = Dy Fy
then we have:

. Oov= € DvFr= @( & DVFT); (3.1)

TeSTab(n) A€Prn “1eSTab
(2) for each A € Py, fix an r-tableau T* € STab(\), then
Ov= &P FDvFr (3.2)
AEPT,H

where f* = dimg(V (N))
Proof. We have by the proof of Theorem 3.7 that
Oy = @ e;Ou
T;,eSTab(n)
and the e;Oy are simple Dy-modules. Since to each primitive idempotent e;
corresponds an r-diagram A\, € P,, and a tableau 7; € STab()\;) such that
eiOU = DVFTZ- then OU = ®T€STab(n) DvFT. By Corollary 36, DVFTj = DVFTj
if T;,T; € STab()), and so we have f* isomorphic copies of Dy Fr« in the direct
sum (3.1). O
Using Proposition 3.1 and Proposition 3.2 we get the next theorem.

Theorem 3.10. (i) Ny = Dy Fr is an irreducible Dy -submodule of 7, (Ox).
(ii) There is a direct sum decomposition

wox) =B B N (3.3)
A€Prn 7eSTab(x)
(iii)
. (0x) = @ fNr- (3.4)

AEPrn

We get in Theorem 3.10 a decomposition of the 7, (Ox) into irreducible Dy
modules generated by the higher Specht polynomials.

4. USING CORRESPONDENCE BETWEEN (G-REPRESENTATIONS AND
D-MODULES

In this section, we use an equivalence of categories between group representa-
tions and modules over a differential ring to yield a better version of the decom-
position of the polynomial ring as Dy-modules
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Lemma 4.1. Let A € P,.,,, S € STab(\), Vs(X) be the corresponding irreducible
representation and erp the primitive idempotent associated with an r-standard
tableau T € STab(\). Then er(Vs(A)) = {er(m)m € Vs(A)} is a one dimen-
sional C-vector space.

Proof. In fact we have

QTVS()\)

I

erCl[G(r,n)]er
erCl[G(r,n)]er
Cer by [2, Chap III, §4, Theorem 3.9 |

12

I

OJ

Recall that if M is a semi-simple module over a ring R, and N is simple R-
module, then the isotopic component of M associated to N is the sum Y N' € M
of all N’ C M such that N' = N.

Lemma 4.2. Let A € P,,, S € STab(\) and Vs(X\) be the corresponidng irre-
ducible module associated. Let M := Oy and M (X\)be the isotopic component of
M (as Oy-module) associated with Vs(X). Then M () is Dy-module.

Proof. We only have to proof that Dy - M(A\) C M()). Let D € Dy and N be
a C[G(r,n)]-module isomorphic to Vg(\), since D commute with the elements
of the group algebra C[G(r,n)], D is an C[G(r,n)]-homomorphism from N into
D(N). Then by virtue of the Schur lemma D(N) = 0 or D(N) = N as a
C[G(r,n)]-module, and D(N) C M(\). Hence Dy - M(X\) C M(X). O

Lemma 4.3. Let A € P,.,,, S € STab(N)a, M(N) the isotopic component associ-
ated with Vs(\) and er the primitive idempotent associative with an r-standard
tableau T' . Then ep(M (X)) si Dy -module.

Proof. Let D € Dy, we have D(ep(M?*)) = er(D(M (X)) C ep(M(N)), so er(M(N))
si Dy-module. O

Before we proceed, let us recall the correspondence between G-representations
and D-modules [10, Paragraph 2.4]. Let L and K be two extensions fields a field
k, denote by Tk, the k-linear derivations of K. We say that a Tk /,-module M
is L-trivial if L ®x M = L™ as Ty j,-modules. Denote by ModL(TK/k) the full
subcategory of finitely generated T /,-modules that are L-trivial. It is immediate
that it is closed under taking submodules and quotient modules. Using a lifting
¢, L may be thought of as a T /,-module. If G is a finite group let Mod(k[G]) be
the category of finite-dimensional representations of k[G]. Let now k — K — L
be a tower of fields such that K = L%. Note that the action of T Kk commutes
with the action of G. If V' is a k[G]-module, L®;,V is a Tk /x-module by D(I®v) =
D(l)®v, D €Tk, and (L ® V) is a Tk i-submodule.

Let L and K be two fields, say that a Tk /-module M is L-trivial if L Qg
M = L™ as Ty, ,-modules. Denote by ModL(TK/k) the full subcategory of finitely
generated T ,-modules that are L-trivial. It is immediate that it is closed under
taking submodules and quotient modules. Using the lifting ¢ , L may be thought
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of as a T /p-module. If G is a finite group let Mod(k[G]) be the category of finite-
dimensional representations of k[G]. Let now k — K — L be a tower of fields
such that K = LY. Note that the action of T/, commutes with the action of G.
If V' is a k[G]-module, L&}V is a Tk /i-module by D(I®v) = D(l)®@v, D € Tk,
and (L ®, V)% is a Tk /-submodule.

Proposition 4.4. The functor
V : Mod(k[G]) = Mod(Tk ), V = (LepV)©
1s fully faithful, and defines an equivalence of categories
Mod(k[G]) — Mod" (T ).
The quasi-inverse of V is the functor
Loc : Mod*(Tk k) — Mod(k[G]), Loc(M) = (L @5 M)*Tx/x),
Proof. see [10, Proposition 2.4] O

In the following proposition we take G = G(r,n), K := C(y1,...,y,) the field
of fractions of Oy and L = C(xy,...,z,) the field of fractions of Oy so that
K = LY Tt is clear that L is a Galois extension of K with Galois G(r,n).

Proposition 4.5. Let A\ € P,,, S € STab(\), Vs(\) be the corresponding ir-
reducible representation and er the primitive idempotent associative with an r-
standard tableau T
Set My := erOp. Then we have:
(1) My =V(Vs(N))
(2) My =ep(M(N)) is simple Dy -module;

B) MAN) = @ er(M).
TeSTab)

Proof. (1) Let us consider the right C[G(r, n)]-module V' = e7C[G(r, n)] where
T € STab(\). This is the image of C[G(r,n)]| by right multiplication map
er : C[G(r,n)] — C[G(r,n)]. By [10, Example 2.5], we may turn this map
to a left multiplication C[G(r,n)]" — C[G(r,n)]" and get an image which
is isomorphic to Vg(A) for some S € STab()). So we get an induced map

V(C[G(r,n)]") = V(Vs(A) € V(C[G(r,n)]"),
which is a multiplication by er according to [10, Example 2.5]. Then
V(Vs(N)) is egal to erOpy = Mr.
(2) Since Vg(A) is a simple C[G(r, n)]-module, V(Vs(A)) is also a simple Dy -

module.

(3) follows from the fact that 1 = ZTGSTab(n) er and ep(M(N) =0if T ¢
STab(\) .
0

Theorem 4.6. Let T' be an r-standard tableau of shape A where X € P,,, and
My be as in the above proposition. Then
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(1) My = @ Ov Fy as Dy-module,
seSTab(x)

(2) Oy = @ < @ OVF7€> as a Dy -module.

AEPrn g 1eSTab(x)

Proof. (1) For S € STab(\) We know by Theorem 2.2 that the polynomial
F2 generate a C[G(r,n)]-module inside Oy which is isomorphic to V/(\)

Then F? € M* and M* = EB C[G(r,n)]FfOy. Moreover
sreSTab()
er(Fy) = cF7,c € C and by Lemma 4.1 ep(C[G(r,n)|F?) = CFZ. Hence
My =er(MY) =  OvF.
seSTab(x)

(2) follows from Proposition 3.9.
O

Theorem 4.7. Let A € P,,, and D € Dy such that D(F?) # 0 for a higher
Specht polynomial FY with S, T € STab(\). Then the image of the C|G(r,n)]-
module Vg(A) by D is an C[G(r, n)]-module isomorphic to Vg(N). In others words,
the actions of the differential operators of Dy on the higher Specht polynomials
generate isomorphic copies of the corresponding irreducible C[G(r,n)]-module.

Proof. Let A\ € P,,,D € Dy such that D(F2) # 0 for S,T € STab(\) and
set W3(A) = D(Vs()\)) the image of the module Vg(\) under the map D. By
Theorem 2.2, the C-vector space V() is equipped with a basis F = {F3;T €
STab()\)}, then W3()) is the vector space spanned by the set {D(F2); T €
STab(A)}. The elements of {F2; T € STab()\)} are linearly independent over
Dy, otherwise the direct sum in Theorem 4.7 cannot hold. It follows that
the elements {D(F2);T € STab(\)} are linear independent over C. Hence
{D(F2);T € STab()\)} is a basis of W5()\) over C. Since D commute with
elements of C[G(r,n)], W5 () is an C[G(r, n)]-module isomorphic to Vg()\). O
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