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A COLLAPSING SANDPILE PROBLEM WITH NONLOCAL
BOUNDARY CONDITION

URBAIN TRAORE!* AND ESTELLE NASSOURI?

ABSTRACT. In this work, we continue our study on the sandpile model pro-
posed by Igbida [12]. We are particularly interested in the study of avalanches
that occur on the surface of a pile of sand following a drying out. The main
novelty here is that we do a theoretical and numerical analysis in the case of
local and non-local boundaries conditions. We also present some results of
numerical simulations in 2D.

1. INTRODUCTION AND MAIN RESULTS

The study of granular materials is an interesting subject both for the mathemati-

cal difficulties which ensue from it ([21, 22, 13])and for the practical applications:
modeling of the movement of sand dunes [10], modeling of glacier avalanches,
modeling of lakes and rivers[20]. In this work, we theoretically and numerically

study the collapse of a sand heap due to successions of avalanches of various sizes.
Indeed, assuming that the humidity of the material is not constant, then one can
naturally witness avalanches when the humidity of the pile changes even without
the intervention of an external source of sand.

The model we are studying is due to L. Prigozhin [22] it is a model which
results from the combination of the continuity equation of fluid mechanics and
a phenomenological equation combining the angle of stability and the fact that
the flow is directed towards the steepest descent. Since we are interested in
the collapse of a pile of sand we must therefore consider an angle of stability
depending on time. In the works cited above, the authors are interested in cases
where the boundary conditions are local: homogenous Dirichlet or Neumann.
The main novelty in this work is that we put a control on one of the boundaries
of the domain by applying a non-local boundary condition at this level.

Let €2 be an open bounded domain in R*(s > 1) such that 0f2 is a Lipschitz
and 00 =T'p Uy withTp NIy =0, I'p # 0 and T'y # 0, the height u of the
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sanpile satisfies the following nonlinear PDE

;

u — V. (mVu) =0 in Q=Qx(0,7T)
|[Vu| <e(t), m>0, m(|Vu| —c(t)) =0 in Q=Qx(0,7)
u=0 on I'px(0,7)
u = k(t) ( (unknown function of t) on 'y x(0,7T) (1.1)
mg—zds = Ao(t) (given function on t) on (0,7
I'n
u(0) = ug in Q

\
with Ag : (0,7) — R%, k: (0,7) — R’ a non increasing function, u is the height
of the surface, f represents the source and m = m(z,t) is an unknown scalar
function.

It is well known that the sand has an angle limit, the so-called angle of repose.
It corresponds to the steepest angle which the surface of a mass of particles in
bulk make with the ground. In our study, we assume that the moisture of the
material is changing in time, we can assume that the angle of repose is a given
time dependent function 6 : [0,7) — 0(t) € R%.. That implies that the tangent of
the repose angle is a given time dependent function c: [0,7) — c(t) € R7.
Recall that on I'y, Dirichlet boundary condition

u = k(t) (unknown function of t) (1.2)
and the non-local boundary condition
0
m2l ds = Ap(t) (given function on t) on (0,7), (1.3)
'y on

means that the total sand flux passing through I'y is given by Aj.

Beside the mathematical interest of non-local conditions, it seems that this
type of boundary condition are also encountered in other physical applications.
For example, in petroleum engineering model for well modeling in a 3D stratified
petroleum reservoir with arbitrary geometry; this kind of boundary condition
also arises in petroleum engineering, in the simulation of wells performance, since
a nonlinear relation exists between the performance pressure tangential gradient
and the fluid velocity along the well (see [1 1, 11, 2] for details). Another applica-
tions of this type of the boundary condition is in the study of the heat conduction
within linear thermo-elasticity (see[3, 1]), and for the reaction-diffusion equation

(see [18, 19]).
2. MAIN RESULTS
3. THEORETICAL STUDY OF THE PROBLEM
Let a,b in [0, 00), we will say that a sequence (d;)!", is an e-discretization of
the interval [a, ] if :
e=¢(n), lim =0,|d; —d;_1| <e, foranyi=1,--- n (3.1)
n—oo

and dy = a < dy < dy < --- < d, = b For ¢ > 0, we say that (¢;)", is an
e—discretization for the [0,7) in the sense that ¢ = e(n), lim, o = €

(n) =0,
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th=a<tl<ty<---<t,=Tandt; —t;_1 = ¢, for any + = 0,...,n. In the
following, we assume that

c € WH>(0,T) and mine (o ryc(t) =: 6 > 0.

Definition 3.1. We say that u. is an e—approximate solution of (1.1) in [0,7)
if there exists (¢;);=1,., and an e-discretization of [0,7") such that

'LLE(t) = U; fort € [ti,ti+1], 1= 1, ey U — 1 (32)

and for ¢« = 1,...,n, u; solves the following Euler implicit time discretization of

(1.1) :

( U; — esV(mZVuZ) = Uj—1 in Q
|Vu;| < e(t;), mi >0, mi(|Vu;| —e(t;)) =0 in Q
u; = on I'p
w; = k(t;) on I'y (3.3)
ou;
s = A
In order to simplify the notations, we consider the following problem
(v —V.(mVv) =g in
Vv <d, m>0, m(|Vv|] —d) =0 in
v=20 on I'p 34
v = p (unknown constant) on I'y (3.4)
0 ~
mlds = A
\ JTn on
We introduce now, the space
V={ze H(Q), 2lr, =0, 2, = constant}
and the the convex set
K(d) = {zeWh(Q)nV; |Vz| <dae. in Q}.
We define the function Fy in L*(Q2) by
—Az, it z e K(d)
Fi(z) = (3.5)
+o00 otherwise.

The subdifferential of Fy in L*(Q2) is given by g € dF;(v) if and only if
Fi(z) > F;(v) + (9,2 —v) for all z € L*(Q),

where, (,) is the scalar product in L?(€2). It is not difficult to see that 9Fj is a
maximal monotone graph in L?(£2).
We can now introduce our notion of solution for problems (3.4) and (1.1).
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Definition 3.2. For a given g € L*(Q), we say that v is variational solution of
(3.4) if v € K(d) and

/ g(z —v)dx + g(:qu — v ) <0 for any z € K(d). (3.6)
Q

Definition 3.3. For given uy € K(c(to), we say that u (resp. u.) is a variational
solution (resp. e—approximate solution) of (1.1) if u € W1(0,T; L3(2)), u(0) =
up and for any ¢t € (0,7), u(t) € K(c(t)), and

/Q—ut(t)(z —u(t))dr + Ao(t) (2, — ult),) < 0forany z € K(c(t)) (3.7)

(resp. u. given by (3.2) and wu; is a variational solution of (3.3)).

From (3.7), we get that u is a solution of problem (1.1) if and only if u is a
solution of the following problem

Lu(t) + 0Fa (u(t) 50
(3.8)
u(0) = up.
We have the following result.

Proposition 3.4. For a given g € L*(Q), there exists a unique v € K(d) solution
of (3.4).

Proof. Since 0F'; is a maximal monotone graph, thanks to [2] we known that for
any g € L*(Q), there exists a unique v solution of

v+ 0F;(v) 2 9.
Then, for any z € K(d), we have
Fz(2) 2 Fz(v) + (9 — v,z —v),

which is equivalent to

_ﬁz‘rN > —EU‘FN + /(g —v)(z —v)dx
Q
S0,
/(g —v)(z —v)dx + ﬁ(th — U|FN) <0
Q
0

To prove the existence and uniqueness of the solution for the (1.1), we need the
following lemma

Lemma 3.5. Let c : t € [0,T) — ¢(t) € RY and ug € K(c(0)). Then, u is a
t,.
solution of (1.1) if and only if v(t,.) = ult, )

c(t)
v+ 0Fz(v) 3 h

s a solution of
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v(t), for any t € [0,T) and

{ —%ZPN if z € K(1)

0 otherwise.

F;(Z) =

Proof. Let u a solution of (1.1). We have

/Q(—ut)(z —u)dzr + zzlv(th — ) <0. (3.10)

Denoting for any t € [0,T),

A= /Q(—ut)(z —u)dx + g(z‘rN — U, )-

We take for ¢t € [0,T), v(t,.) %2)) to obtain

A = [ et + o0 ) = o) + Az, - CelO)y,)
= [ [Fuelt) = o) @) = o)A, = (velt), ) B.11)

_ /Q (e(1))? (—vt - ”(?(i)(t)) <C<Zt ;- v(t)> dx + (c(t))” (%(i{g - er)) :

Since A <0 for any ¢t € [0,T), then,
U — U(t)C/(t) - —v x i Z‘ﬂ—v or an
/Q ( L) ) (c(t) <t)> d +C(t)(c(t) ry) <0, for any ¢ €[0,7)

Since z € K(c(t)), then w = —%< € K (1) for any t € [0,T) and, it follows that

c(t)

/Q (h =) (w—v(t)) do + %(wm — ) < 0;

i.e v is a solution of (3.9).

Now we suppose that v(.,t) = uc((;ff) is a solution of (3.9), then
/(h ) ( (t)) dz + ;(( ) <0, fi € K(1)
—v) (w — — — :
g ’ v T 0 wy =) <0, for any w

We set

A
Bz/ﬂ(h—w) (w—v(t))dlﬂr@(wm—%]v)»
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we get

B — / (h =) (w = o(0) do + s (e, = v,
B B c (t) w(t) — uec(t) — u(t)c (t) w— u(t) T i w.. —uv
A TG ) (o) ot e v

Since B < 0 and (c(t))?B < 0, we get

/Q (—ug) (c(t)w — u(t)) dz + g(w|FN.c(t) — ) <0, for any w € K(1).

Since w € K (1), then c(t)w € K(c(t)), therefore

/ (—uy) (z —u(t)) de + /T(Z|FN — ) <0, for any z € K(c(t)).
Q
So, u is a solution of (3.4) O

We therefore have the tools at our disposal to introduce the main theoretical
result of this paper.

Theorem 3.6. Let ug € K(c(0)) and T > 0. Then,

1- The problem (1.1) has a unique variational solution u € WH(0,T; L?(Q)).
2- For any subsequence € — 0, there exists a unique e—approximate solution

of (1.1) and
u. —u € C([0,T); L*(Q)) as € — 0.
In particular, if Ay > 0, then u >0 a.e. in S.
Proof. 1)Using [2, Proposition 3.13], we deduce that for any vy € K (1), (3.9) has
a unique solution v € Wh1(0, T; L?(€2)).This ends up the proof of the existence
of a solution of (1.1).
2) To prove the convergence of the e-approximate solution, let us consider, for
1=1,...,n,
u; + OF o (u;) 2 e, (3.13)
where
—A(t;)z if z € K(c(t;
Fei(2) = { )z flety)
+00 otherwise.

Fori=0,1,...,n, setting z; = u;/c(t;), we get

A(t;)

C(ti_l)
/Q (ot = 2w = =)o+ S8y, — 5,) <0 (3.14)
for all w € K(1). Which is equivalent to saying
ti
2 + OFa (Zz) > uzi_l. (315)

c(t:)
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Now, we introduce the Euler implicit discretization in time associated with (3.9),
v; + 8F§ (v;) 2 eh; + vi_q, (3.16)
Let v., defining by
b {UO for ¢t € (0,t4]
T )y for t € (t;_1,t;], i=1,.

Thanks to the nonlinear semi-group theory (see for instance [2, Theorem 4.6]), it
follows that
v. = v €C([0,T); L*(Q) ase—0,

where v is a solution of (3.9). Problem (3.16) is equivalent to
C(t2> — C(tifl) C(ti,1>

v; + 8Fc(tz)(’07,> > — C(tl) (’U(ti_l) - Ui—l) + C(tl) Vi—1, (317)
for i =1,...,n. We take z; as a test function in (3.17) to obtain
i t;) — c(ti— tie
/ ( €f - C( ) C( 1) (U(ti,1> — Uifl) + u%’fl - Ui> (ZZ — UJCZ%
o \c(ti) c(ti) c(ti)
Alt)) (3.18)
+ C(ti) (Zier - Ui\rN) <0.
Now, we take v; as a test function in (3.15) to get
C(ti_l) A(t,)
/Q( C(tl) Zi—1 — ZZ)(Uz — Zz>dl’ -+ C(tl) (Ui‘FN - Zih“N) S 0. (319)

Combining (3.18) and (3.19), we obtain

et —elti) et N
/Q< C(ti) ( (tl_l) Z_1>+ C(ti) ( i—1 1—1)+( i z))( i z)d <0,

which implies

/Q ( N %(“(til) —vi-1) + c(ti_,l) (Vi1 — ZH)) (2 = vi)da

—I—/Q( —v;)%dx < 0.

So, using the Holder inequality in (3.20), we deduce that

sz UzHL?
C(tl) C(tifl)
: /Q( )

@)
- c(ti-1)
et

H — cftia)
(t:)

c(t:)
tia)

(v(tiz1) — vim1) — C(ti) (vi-1 — Zifl)HLQ(Q)HZi — Vil 20

(v(tic1) —vic1) —

(Ui—l — Zi—l))(zi — UZ)dZL‘

It follows that

c(ti-1) c(t:) = elti-n)
”Zl — /UiHLQ(Q) < | C(ti) ’ H%’fl - Zi71HL2(Q) + |T‘

X lv(tiz1) — vie1 |2
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for i =1,...,n. Since vy = zp, then iterating (3.21) fori =k,...,1, we obtain
"Lt
k: i 1
lvx — 21l 2 () Z + ’ |v(te—i) — vr—illL2()
1 k
<5 Z c(th—it1) — c(ti—i)| [[0(tk—i) — ve—illL2(0)
|wnk*
< 5 ;(tkiﬂ — te—i)||[v(th—i) — ve—ill L2()-

Setting v.(t) = v(t;) if t € [t;, tiy1) for i =0,1,...,n— 1, we get

E Sl
Hw—mm@s—y—zjf|mw—%@m@ﬁ

<1 )~ vl

and

C/oo TN
Jo2(8) = 2 ()l < 1) /H%@—%@M@ﬁ,bmthQﬂ-
0

Since € — 0 and v. — v in C([0,T); L*(Q2)), we have
lim sup [lve(t) — 2-(t)||L2() = O. (3.22)
£=0¢cl0,7)

We define c¢. by c.(t) = ¢(t;) for t € [t;,t;11) and i = 0,1, ..
[u(t) = ue ()] 20
u(?)

c.(t) G t)”m(Q)

< el 2 = vz + o) = (Ol + ) = st

.,n,. We have

M z2))
Combining (3.22), with the fact that v. — v in C([0,T); L*(Q)) and ¢. — ¢ in
C([0,T")), and as € — 0, we deduce that

lim sup [[u(t) — ue(t)||22(0) = 0. (3.23)
E—)Ot [ )
So, u. — w in C([0,T); L*(Q)) as € — 0.

Our aim is to show that if A > 0 et uy > 0, alors, u > 0 p.p. in ]0, T[x€.
From (3.7), we get that

/Q(ui_l —w)(w — w)dw + A(t) (wie , — (wi)p, ) < 0. (3.24)

For : = 1, we have

Amywmm—mMmh%mw—@@mjguwEKMM) (3.25)
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We take w = u; + (2ug — uy)™ as test function. We have that w € K(c(t;))

c(to)
and

U if Jyto <

%UO Zf mUQ>U1

From above we get that
/Q (ug — uy) (%Uo — u1)+ dr + A, (%(uo)w — <u1)rN)+ <0.

Since ¢ is a non decreasing function, we get that

/Q (%uo - u1>+)2dm A (;;3 (uo)ir, — (WFN)+ <0.

That implies

o

(zgéguo —u)t=0 a.e. in Q

i.e.

We deduce that

u; >0 ae only

c(t1)
c(to)
same argument as above, we show that

For i=2, we take w = uy + (

up >0 a.e in )

ugs >0 a.e. onl'y.
By induction for ¢ = 3, ..., N, We show that

u; >0 ae in

u; >0 ae only.

We get that u,. is positive. Letting € to 0, we get that the solution w is positive.

up — ug)™ as test function in (3.24) and using
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4. THE NUMERICAL PROBLEM

Throughout this section, we assume that g € WH°(RY) is compactly supported
and € is a square including the support of g and satisfying

0 < g(z) < dist(x,00) (4.1)
We introduce the following result.

Proposition 4.1. Let v € K(d), then, v is solution of (3.4) if and only if v is a
solution of the following minimization problem.

min { /|z—g\ d:c—Az|F } (4.2)
z€K(d

Proof. Let v € K(d) be a solution of (3.4). Then, we have

/Q(g —v)(z —v)de + Az, — v, ) <0, Vz e K(d). (4.3)
Since
lo = gl — 12 — glaqy = Il = gllZay — 2 — v+ — g
= o= gl2aiy — 12 — 0l / (2 — v)(v — g)da
- / (v = )(z — v)dz + [[v — |20
— / (g - 0)(z — v)dz — || — 022, (4.4)
then,
1 2 1 2 1 2
— [ lv—glde—= [ |z—glde= | (9 —v,z—v)de — = [ |v—z|"dx.
Thus,

3 | lo=oPdn =5 [ 1z = oo+ Alay, —op,)
/Q(g—'u z—v)dm+A(2‘F — V) ——/\v—z\ dx.

Therefore, by using (4.3), we deduce that

1 1
2/Q|U— \dx——/|z—g|2dx—A(er—UrN)SO;

which is equivalent to saying
1 ~ 1 ~
3 /Q v — g|*dz — Av < 3 /Q |z — g|*dx — Az, for any z € K(d).

So, v € K is a solution of (4.2).
Now, we suppose that v € K(d) is a solution of the minimization problem (4.2).
Let zg € K(d), since K(d) is convex, then for any ¢t € [0,1), z = (1 —t)v+ 1tz €
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K(d).
We have

%/Q lv — g|*dx — }IU|FN < 1/ lg — ((1 = t)v + tzo)|Pdw
—A((1 = t)v + t20) |y
< /! —v) — t(zg — v)|*dx
A((1 = 1)0) |ry —A(t20) Iry
5”(9 —v) = t(z0 = V)| 720

—(1—t)Av, —tAz |r, .

IA

It follows that

1 ~ 1 t?
5/ |’U—g|2dl'—AU|FN < 5/ |U_g|2dx—t(g—v,zo—v)+§/ |Zo—v|2dl'
Q Q Q

- AVU‘FN —tA(z0 — ) |ry -

So,
~ ¢
(g—v,20 —v) + A(zo — v) [ry < 5/ |20 — v|*dz. (4.5)
Q
Hence, by letting t — 0 in (4.5), we obtain

g =)0 = 0)do + Ao~ 0) oy <0, for any 20 € K(d),
Q
which implies that
/(g — v)zodx + Az Iy < /(g — v)vdx + ZU‘FN for any zp € K(d). (4.6)
Q Q

From (4.6) we deduce that v is a solution of (3.4) O

For the numerical analysis of the collapse of an unstable sandpile problem we
use a dual formulation. The minimization problem (4.1) is equivalent to

min { F(z) + Hy(Az);z € C' ()}, (4.7)

where Az := Vz is a linear operator from C*(2) to (C(Q))~, F: C*(2) — R and
H : (C(2))N — R are convex functions defined by

1 2
:§/Q|z—f| dz + az).

and
0 if Jo(z)|<d VzeQ,
+o0o otherwise.

Hy(o) = {

Thanks to [9], the associated dual problem is given by
sup { =F* (A\*0) = Hj (~0) 30 € (C(@)"}, (4.8)
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where F* and H are the Legendre transforms of F' and Hy, A* is the conjugate
operator of A and (C(2)V)* is the dual space of (C(€2))". This problem leads to

sup {~G (o) 10 € (M)} (49)
where

G(a):%/Q(div(a))zd:ﬁ—/Qfdiv(a)derd/Q|a|d:v

In order to simplify the analysis, we reduce the study of the dual problem to a
subspace of the Hy;, (€2) space as we suggested in the previous works (see [7, &,

, 17]). And we will show how this approach allows to efficiently approximate
the solution of the minimization problem . More precisely we are going to look
at the problem 4.9 in the space:

Hy, i Q) = {U € Hy, () /Q—div (0) édx = /

o.V&dr —af). , V€ € V} .
Q

with
Hyso (Q) = {w e (22 ()" div(w) € L? (Q)}.

It should be noted that the analysis of optimization problems in the space Hg;, (€2)
appears in many works in the literature (see [16]). In the rest of the paper, we
establish the connection between the dual problem (4.2) and the primal problem
(4.9). We start by proving the following result.

Lemma 4.2. For any g € L*(Q), w € Hy, 3(Q) and 2 € K(d), we have
—G(w) < J(2), (4.10)
where J(z) = %/ |z — g|*dx — ZZ|FN.
Q
Proof. Let w € Hy,, 7(2) and z € K(d) be fixed. Since

1

S (div(w) — (2 = 9))* 2 0,

we deduce that

- /Q (div(w))?d — /Q div(w)gdz + /Q divw)ds < 5 [ (- g)da,

Q
which implies that

—1/(div(w))2dx—/div(w)gd:c < 1/(z—g)zdzc—/w.Vz— 8—zds.
2 Jq Q 2 Jo Q 'y on

Using the fact that w € H,,, 7(Q2), we get

1 1 ~
——/(div(w))de—/div(w)gd:v§ —/(z—g)QdI%—/w.Vsz—AzF :
2 Ja Q 2 Ja Q v
Therefore,

—G(w) < 1/(2—9)2dl’—g2|r —i—/w.Vzda:—/ |w|dz.
2 Ja Mo Ja 0
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/w.Vzdx—/|w|d:c§0.
Q Q

1 ~
—G(w) < 5/ |z — g2dx — Az O
0

Since z € K(d), we have

Thus,

O

Even if it is not clear at our level that there exists (w,v) € Hy, 7(2) x K(d) such
that —G(w) = J(v). However, we establish some kind of connection between the
dual primal and the primal problems. In order to prove this result, we introduce
the following elliptic problem

p

ve —V.w. =g in Q
we = ¢ (V) in
Ve = 0 on FD
(Se) ve=nh on I'y
/ we.nds = E,
\ JI'n

where for any € > 0, ¢. : E — R? is given by

1
6.(r) = ~(Ir| —d)* _ for allr € E
€ 7l
with £ = R® \ {0g.}.
¢. satisfies the following properties.
(i) for any 71, ro € E, (¢e(r1) — ¢=(r2)).(r1 —12) > 0,
(i) there exists &g > 0 and M > 1 such that ¢.(r).r > |r|* for any |r| > M
and € < g,
(iii) for any € > 0 and r € E, |o-(r)| < ¢(r).r.

Lemma 4.3. There exists a unique weak solution v. for problem (S:)o<ce<e, in

the sense that v. € V, w. = ¢.(Vv.) € (L*(Q))* andVz €V,

/vgzcm—l—/qzﬁg(va)Vzalx:/gzdx—l—gzqF . (4.11)
Q Q Q N
Moreover, (v:)o<e<e, 18 bounded in 'V, (w.)o<e<e, s bounded in (L*(Q))* and for
any Borel set B C (), we have
lim inf/ Vo.|dz < |B]. (4.12)
e—=0 Jp

Proof. The first aims is to show that problem (S.) has a unique weak solution v,
in the sense

/vszdx—k/(bg(Vvs)Vzdx:/gzdx+ﬁz|FN.
0 0 O
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For that, we define J : V — V* with

(Ju,z) = / vzdr + / ¢-(Vv)Vzdx
Q Q
and C': V — R with
(C,z) = / gzdzr + ﬁz|FN.
Q

Thanks to (i), (ii) and (iii), it follows that operator J is monotone, coercive,
hemicontinous and bounded.

Moreover, since C' is a linear form in V*, thanks to [15], one deduces that there
exists v, € V such that

(Jue, z) = (C, z) for any z in V.

Now one shows that v, is unique.

To do that, we suppose that problem (S;)o<c<¢, admit two solutions v and v such
that u # v and we subtract the two equations obtained by replacing respectively
v: by u and v in (4.11) to get

/Q(u —v)zdr + /Q(<Z5E(VU) — ¢.(Vv))Vzdr =0, Vz € V. (4.13)

Now, we take z = u — v as a test function in (4.13) to obtain

/Q(u —v)3dw + /Q(¢E(Vu) — ¢:(Vv))(Vu — Vou)de =0, Vz € V. (4.14)

From the property (i) of ¢., it follows that u = v a.e. in €.
So, problem (S.) has a unique solution v, € V.
Let us show that

lim inf/ |Vu.|dz < |B,
e=0 Jp

Notice that |we| = |p=(Vve)] < 1][|Voe| — 1], which implies that w. € (L*(£2))*.
Taking v. as a test function in (4.11), we get

1 ~
/ vidr + - /(|VUE| — )" |V |de = / gudz + Av,,
Q £ Ja Q N

= /gvgdaﬂrﬁh
Q
< /gvgdx—i-gh
Q
< lgllze@yllvell g1 ) + |AR]. (4.15)

Therefore,

lvellZ2) < Ngllza@llvellz ) + [RA]. (4.16)
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From (4.15) and property (ii) of ¢., one deduces that

/|V1}5| de < / |va|2d:v+/ |V, |2dz
[[Vve|<M] [[Vve|>M]

1
< / |V1)5|2d13+—/(|v1}5| — d)"|Vu.|dz
(IVve|<M] €Ja

< [ Pdn gl + 10
(IVve|[<M]

< IMPIQY+ llgllz@llvell e + [BA. (4.17)
Now, adding (4.16) and (4.17), it follows that
lvellFrr (@) < MR + 2 gll 2oy lvell ) + 21A], (4.18)
and by Young’s inequality we get
lvel7 (@) < M| + 2 gll720) + ||U£||H1 ) + 2[R Al
Therefore N
el oy < 2AMPICL + 4 (Ilgl32qe) + IRA]) (4.19)

From (4.19), we get that v. is bounded in V.

From (4it) and (4.15) we get that (w.)o<c<c, is uniformly bounded in (L'(£2))®.
We consider now a fixed Borel set denoted by B C 2. One has

(Vo] = d)* + 1|1 (By (4.20)
(Ve = d) "1 (m) + | B]

/(Vv€| —d)*de + |B|
B

1/ (V.| — d)*dz + |B]
dJg

1
< —/d(VvE\—d)+d:c+|B\
dJp

8 ~
< g (lgllz2@llvell o) + |AR| + 1 BI. (4.21)

Since v. is bounded in H'(€2), by letting ¢ — 0 in (4.20) it follows that

Vel (s

IN - IA A

IN

lim inf/|va|dx§|B|
e=0 Jo
0

Theorem 4.4. Let g € L*(Q) and v a solution of (3.4). Then, there exists a
sequence (We)eo in Hy, 7(S) such that, as e — 0,

/ |we|dx — / —v)dz + Av|F : (4.22)

div(w.) — v — g in L*() (4.23)
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and
it =t o)
= —gIélII{lJ(Z) (4.24)

1 ~
= 3 /Q lv — g|*dx — Avp -

Proof. Thanks to lem 4.3, one has that the sequence (v.).~ is bounded in V.
Therefore, we can extract a subsequence (still denoted by (v.).s0) such that

v. — U in V —weak and in L*(Q).
Hence, by problem (S.), we deduce that
div(w.) = v — g in L*(Q).

We define the set A;s by As = [|[Vv] > 1+ 6], with 6 > 0.
Using the fact that Vv, — Vo in (L'(Q))%-weak as ¢ — 0, it follows that

(1+0)4s] < [ |Vlde
As

< limlnf/ |Vu,|d.

e—0
From lemma 4.3, one has B = As and then
(1+0)[As| < [As]-

Therefore |As| = 0 since ¢ > 0.

So, [V <1 ae. in Q and v € K(d).

Now we must show that the solution v is also a solution of the problem (4.2). For
any z € K(d), one has

/ (g-7) (= — D)o+ Al —7,.)
Q

= lim/ —Vo. va)(z—v)derA(Zn — V)

e—0

= lim/ 6:(Vv.).V(z —v)dx + hm (Vo )n(z —v)ds + Z(Z|FN — Dy, )

e—0 —0 Iy

= lir% (Vv )V(z —0)dx — g(th — Uy )t g(th )
E— O
= hH(l] (Vv )V(z —0)dx
=0 Jq

= lim (gzﬁe(VvE) :(V2))V(z —v)dx <0.

e—0

i.e U is also a solutlon of (4.2), therefore v = v,
Now, we must show that w,. satisfies (4.22).
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From property (iii) of ¢, it comes that

limsup/ lwe|dx = limsup/\@(V’uE)]daf

e—=0JQ e—0JQ

< limsup/qﬁg(Vva)vadx

e—=0JQ

< limsup( gf)s(Vve).m)edx—/ngﬁs(VvE)vde)
'y Q

e—0

< limsup (/ (9 —v)vedz + Av |FN)
Q

e—0
< / (g —v)vdr + KUIFN' (4.25)
Q

Using the fact that v is a variational solution of problem (4.2) it follows that
/ (9 —v)vdr + fTwFN < / (9 —v)vdx + Zﬁer
0 Q

= ll—% ) (9 — ve) vdx + AV,

= lim/—VwE.ﬁdx+gﬁ|FN

e—0 Q

= lim | w..Voudx

e=0 Jq
< lim [ |w.|dzx. (4.26)
e=0 o
From (4.25) and (4.26), it follows that
ll_r}(l)/ |w:|dz = / —v)vdz + Ay, (4.27)

To end the proof of Theorem 4.4, it remains to prove (4.24). For that, we use
(4.22), (4.23) and (4.27) to get

ly(-Glo)) =ty (—3 [ divPdo— [ divtogas — [ s

_ _%/ﬂ(a—g)%x—/ﬂ(a—g)gdx—/ﬂ(g—a)wx

— AU|FN

1 ~ ~ oo
= _5/9(1)—g)2dx+/9(v—g)2dx—Aer

1 ~
= -/(5—g)2dx—,455|r .
2 Jq N

lim(—G(w.)) = J(v) = J(v). (4.28)

Therefore,
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lem 4.2 allows us to write

EHSupm)(—G(W)) < J(v) = lim(=G(w)). (4.29)
Since |
J0) = lm(~Glw) € s (~G()) (4:30

one concludes that
lim(—G(w:)) = sup (—Gw))=J(v)

=0 weHy,, £(9)
0

Remark 4.5. From lemma 4.3 since (w,)o<. is uniformly bounded in (L(€))%,
we can deduce that there exists w € (My(€2))® weak limit of w.. Also thanks to
Theorem 4.4 the solution v of problem (4.2) can be characterized by the following.

v—div(w) =g in V*
N (4.31)
lw|(2) = /Qv (9 —v)dz + Ay .

where |w| represents the total variation associated to the measure w.

Another characterization of the H,, 7(€2) is given by the following result which
will be useful in the construction of a finite dimensional subspace of the space
Hdiv A<Q) .

Lemma 4.6.
Hy, 7(Q) = {6+ VZp e H},
where with Z is a solution of the following problem

-AZ=0 in Q

Z =0 onT'p

Z = p (unknown constant) on Ty (4.32)
_ A

VZ.n= meas(TN) on 'y

and

H = {¢ € Hyn(9Q) : /Q—dw(@gdx - /Q¢V§dx VE € V} .

Proof. For all o € Hdw,ﬁ(Q)7 we have 0 = (0 — VZ) + VZ, where Z is a solution
of the problem (4.32). The term (o — VZ) belongs to H,,, 7(€2) and

/—div(U—VZ)fdx = /—div(a)&dw—l—/div(VZ)fdx
Q Q Q
— / a.vgdx—ﬁaw - / vz.vgdeng,FN
Q Q

- /(a —VZ).Véda, VEE V.
Q
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Hence, 0 € {¢ + VZ : ¢ € H}. Therefore, Hy, 7(2) C{o+VZ:¢€H}
Note also that, for any ¢ € H, we have ¢ + VZ € Hy;,,(2) and

/—div(¢+VZ)§dx = /—div(gb){dx—i—/—div(VZ){dx
Q Q

Q

— /QQs.vgder/QVZVfdx—fohN

— /(¢ +VZ2).Vede — A, , VEEV,
Q

which implies that {¢ + VZ : ¢ € H} C Hy,, 7(Q). O
As consequence of the previous result, we have

sup{—G(0); o0 € Hy,, 7} =sup{G(¢) = G(¢+VZ): ¢ € H} (4.33)

5. SPACE DISCRETIZATION

The solution of the dual problem (4.9) is computed using Raviart-Thomas finite
element of the lowest order [23]. Let T}, be a regular partitioning (quadrangula-
tion) of €2 consisting of disjoint open simplexes (or quadrilateral) 7 of diameter
no greater than a given real h, with ) = UTeThT Let V}, C H be the space of
lowest-order Raviart-Thomas finite elements [23]:

Vi ={an € (L2(0)?:¢" = a, + bz, ar € R% b, € R, V7 € T, and

qn-v is continuous across element boundaries}

where v represents the outward unit normal to 7. The space V}, is a finite dimen-
sional subspace of # with dimension equal to N = N(h).

We denote by 7, the interpolation operator onto V}, given in Theorem 6.1 in [23].
Then, thanks to [23], we have for all w € Hy;, (),

ra(w) — win (L*(Q))? and div(ry,(w)) — div(w), in L*(Q) as h — 0. (5.1)
Let now by wy, the of the optimization problem
G(wh) = inf{g(qh); qn € Vh} (52)

By the same method used in the proof of [3, Theorem 3.8], we obtain the following
convergence result.

Theorem 5.1. Let g € L*(Q), v a solution of the minimization problem (4.2)
and wy, a solution of the following optimization problem

sup{G(qn); an € Va}- (5.3)
Then, as h — 0,
div(wp) — v — g in L*(Q) (5.4)
and

zeK

—G(wp) = min J(z) = %/ v —g|* da — EZ‘FN. (5.5)
0
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We denote by Gy, the approximation of G in the space V}. The term fT lgn +
VZ|dx on each element 7 of the partition T},

[lan+92]~ Irllan+ v 2I(),

where |7] represents the area of simplex 7 and P; is one of the vertices of 7.
Using this approximation, at each time n x dt, N € N and dt the time step, the
solution of (5.2) is a minimizer of the non-differentiable functional:

Qh : RQ —R
1
wh = Gu(wn) = S (Awn, wn) + (AL + uny, div(wy)) + B > lwn+ V2|,

0]
where A is an N x N positive semi-definite matrix and P, is one of the vertices
of Tij-
The minimization of the functional G is done according to the Gauss Seidel type
algorithm which is described in the following way.
e We start the algorithm by the initial vector ¢y € R™, for any k£ > 0 until
convergence,
e we choose a canonical direction e; € R" and we find pj; minimizing the
functional defined by

vjr + R—=R
p = Gla + pej),
e we take qr41 = qr + wpjre;, with w over relaxation parameter,

e algorithm is performed until ||gi+1 — qxl[z2() < €, € is the convergence
criterion. Afterward, take wy, = qp1.
Then, knowing a minimizer wy, of (5.3), the solution u, of Euler implicit time
discretization of (1.1) is computed using extremality relation (4.31) in a weak
sense with piecewise finite elements F,.

6. NUMERICAL RESULTS

We start by giving the main lines of our approach for numerical computation of
problem (1.1). For the discretization of the domain Q =] —1,1[x] —1, 1], we take
N € N and the step of discretization is h = NL—H Let 09 = {z; = xo+ih: 0 <
i < N+1} be a grid on z-axis and let 0 = {y; = yo+jh: 0<j < N+1} bea
grid on y-axis. We work with simplexes 7; ; = [z;_1, 2] X [y;-1, y;], 1 <i,j < N+1
having uniform size h?.

For numerical tests, we consider w = 0.5, N = 60, dt = 1073, k(t) = 0, k(t) = %
for all t and € = 1073 the convergence criterion.

In first time, we consider I'y = {y €] — 1, 1], z = —1} with Ay(¢) =0
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Sandpile, t=000

FI1GURE 1. Initial unstable sandpile

Sandpile, t=200.000

Hauteur du tas

FIGURE 2. Final stable sandpile

In the following tests we take that 'y = {y €] — 1,1[, z = —1 and = = 1}.

Sandpile, t=60.000

Sandpile, t=000

FiGURE 3. Sandpile surface at time ¢t = 0 and ¢ = 60 for Ay =0

Figures 3 and 4 show the unstable and stable configurations of the sandpile.
There is a difference between the two final sand pile configurations. We observe
that le convergence towards to the state of equilibrium is much slower in the
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Sandpile, t=000 Sandpile, t=30.000

FIGURE 4. Sandpile surface at time ¢t = 0 and ¢t = 30 for Ay(t) =
£+ 2t

second simulation (see Figure 3 ). This is certainly due to the condition that we
have imposed on the border I'y: the total outgoing flux must be zero.
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