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SOLUTION OF FRACTIONAL KINETIC EQUATION FOR
HADAMARD TYPE FRACTIONAL INTEGRAL VIA MELLIN
TRANSFORM

WAGDI F. S. AHMED!* AHMAD Y. A. SALAMOONI? AND DNYANESHWAR D.
PAWARS?

ABSTRACT. The aim of this paper is to introduce the generalized form of the
fractional kinetic equation including Hadamard type fractional integral. We
also present the solution of Kinetic equation including Hadamard type frac-
tional integral with the help of generalized k—Wright function and Mellin trans-
form. We also present the solution of Kinetic equation including Hadamard
type fractional integral with the help of generalized Multindex Bessel Function
and Mellin transform.

1. INTRODUCTION

The importance of fractional differential equations in the field of applied science
has gained more attention not only in mathematics but also in physics, dynamical
systems, control systems and engineering, to create the mathematical model of
many physical phenomena [1-5,7,8, 13, 18-20]. The kinetic equations particularly
describe the continuity of the substance’s motion. The extension and generaliza-
tion of kinetic fractional equations which involve many fractional operators was
found in the value of fractional differential equations has grown more interest in
applied science not only in mathematics but also in physics, dynamical systems,
control systems and engineering in order to create many physical phenomena as
a mathematical model [10-12,16,17,21,27].

The production and destruction of nuclei may be represented by reaction-type
(kinetic) equations in thermonuclear reactions. The distribution functions of a
single particle’s dynamic states is determined by solutions of such reaction-type,
linear and nonlinear equations. The solution of a linear kinetic equation, rep-
resenting small deviations from the equilibrium solution of the nonlinear kinetic
equation, is investigated more thoroughly. If we consider an arbitrary reaction
characterized by a time dependent quantity N = N(¢). It is not impossible to
equate the rate of change to a balance between the production rate p and de-
struction rate d which is dependent directly on the quantity N on account of
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interaction mechanisms [22,24-20]. Hence, d = d(N) and p = p(IN). This depen-
dence is complicated since the destruction or production at time t depends not
only on N(t) but also on the past history N(t¢1), t; < t, of the variable N .

In 2008, Saxena and Kalla [23] have considered the fractional kinetic equation
involving Riemann-Liouville fractional integral of the form
N(t) — Ny ¢(t) = =07 gl N(t), (1.1)

where grI; is the Riemann-Liouville fractional integral operator. By applying
Laplace transform method, solutions of (1.1) were obtained.

In 2019, M. Chand et al. [1] have obtained the solution of the following frac-
tional kinetic equations involving product of generalized k—Wright function

N(t) — No (H n [(puw%z)lnu

ot (9us» Bui)1,m,

Cvtfy] ) = -7 RL[;YN(t) (12)

In this paper, we establish the following form of fractional kinetic equation
including Hadamard type fractional integral

N(t) = Nog(t) = =67 nI/ N(t), (1.3)

where g1, is the Hadamard type fractional integral operator.

This paper is presented as below: Section 2 contains some preliminaries. In
Section 3, we discuss the solution of equation (1.3) by using Mellin transform. In
Section 4, we obtain the solution of kinetic equation including Hadamard type
fractional integral with k—Wright function. In Section 5, we obtain the solution
of kinetic equation including Hadamard type fractional integral with generalized
Multindex Bessel function.

2. PRELIMINARIES

In this section, we introduce some notations, definitions and theorems which
are used throughout this paper.

Definition 2.1. [11] Let z € R be a real variable, the mellin transform of the
function ¢(z) is defined as

M{(x)}(r) = / T (@)dr, (reC)

and the inverse mellin transform

M Ho(r)}Hx) = L /E - x To(r)dr, (e =R(1)).

211 Joioo

In addition, let #(z) be a function, the mellin convolution of two functions 6(z)
and ¢(x) is defined as

Ox¢=(0x%o)(t /9
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Definition 2.2. [11] Let R(y) > 0, the left-sided and right-sided Hadamard
type fractional integrals of order v € C defined as
1ot ¢(s)
I0,.9)(t) = = [ (log=)""" —=d t>0
B,0)(0) = 5 [oatyt Eas (e>0)
and

S

ot = [ gt Das >0
respectively.

Lemma 2.3. [1/] Let R(y) > 0, 7 € C the mellin transform (Me)(7) exists for
a function ¢(z).
(a) If R(T) <0, then

(M ylg,9)(7) = (=7)7 (M)(7).
(b) If R(7) > 0, then
(M yI19)(7) = (1)1 (M)(7).
Theorem 2.4. [15] Let x € [0,&], the Mellin integral transform of a function
o(x) in [0,£] is
Mo(x),7.0.€] = /5
Then,

e+ioco JZiT
o(x) = L/ M [(b(x),T,O,c] dr.

2T Joline T
Definition 2.5. [ For k € R"; 2 € C; pi,q; €C, oy, 5; € R (o, B3 #0; i =
1,2,..,n; 7 =1,2,...,m) and (p; + o47), (¢; + B;r) € C\ kZ~, the generalized
k—Wright function ,1* is defined by

k o k (pzaaz 1n
nwm(Z) N nz/)m [(QJaﬁj lm

Z Hz 1 pl +agr )
—0 k(g +Bm) v
where k—Gamma function defined as
o tk
Th(y) = / pte Kt = KT (R(y) > 0)
0

Definition 2.6. [(] The generalized Multindex Bessel function fﬁ’ ;m Z[ z] is de-

fined as the form

o

for &;, CJ, q, z€C, (j=1,2,..... ,m) such that

Zm(éﬂ > max{0, R(q)—1}, ¢ > 0, R(¢;) > —1, R(7) > 0and g € (0, 1)UN.
j=1
Next, we introduce the generalized form of the fractional kinetic equation in-
cluding Hadamard type fractional integral.
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3. KINETIC EQUATION INCLUDING HADAMARD TYPE FRACTIONAL

INTEGRAL
Given the following equation
N(t) = Noo(t) = =67 nI/ N(t).
So, from definition 2.1 and Lemma 2.3, it follows that
MN(8)} = No®(7) = =07 (7) " M{N (1)},

that is N
NiVWV=—"-"° %
MIN®) = {55520
provided that 7 > §, we can write previous equation as the following:
)
N@t)} = N, “”cp h —| <1
MIN(D)} = 02 (2)"®(7), where ||

Now, applying the inverse Melhn transform, we obtain

N(t) = No > _(=1)"6"T(1 — pry) (logt)"" ™" = 6(1),
where

_ t t - d
(logt)" " o(t) = / (log =)™ 1¢(m)—x.
1 x x
Special case : If ¢(t) = 1, then the convolution integral becomes

t
py—1 _ t w—ld_x
(logt) *1/1 (logx) -

Then, equation (3.4) becomes

5logt G s
NOZ P(yu+1) sin(rpy)’

(3.1)

(3.4)

(3.5)
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FIGURE 1. Solution (3.7) for Ny =1,6 =3,y =1,3
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FIGURE 2. Solution (3.7) for Ny =1,6 =4,y =2,2

Next, we investigate solutions of a generalized Hadamard type fractional Ki-
netic equations involving a generalized £k—Wright function.
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4. SOLUTION OF KINETIC EQUATION INCLUDING HADAMARD TYPE
FRACTIONAL INTEGRAL WITH k—WRIGHT FUNCTION

Theorem 4.1. If § > 0,¢ > 0,R(y) > 0,k € R™; ¢,z € C; p;,q; € C, a;, 55 €

R (v, 8; #0; i=1,2,....n; j=1,2,...,m) and (p; + o), (q; + B;r) € C\kZ™,
then the solution of the equation

N(t) ~ Ny (H L [<pm» i,

't
(Quj Buj 1,my,

> =& yIIN()  (4.1)

giwen by the following formula

(H Z Hz 1 Lo (P + 0‘#1”) (Cr:fm> log(t)

=1 7—=0 I1;2 31 Do (G + Bugr)

<3S [ [log()] "] log(t) ] T = (yw + 1+ 2)]. (4.2)

v=0 [=0

Proof. The Mellin transform of Hadamard fractional integral operator (./\/l ul Z(ﬁ)
is given as

(M yI29)(r) = (7)77®(7),

where O (71 fo ETTTL(t)
Now, applymg the Mellin transform on (4.1), gives

sa(re) =Tt o] ) (vt ),

3 H Pk (pui + Z7’) )" _
=No [ &7t ” ot dt—6"(r) ' N(7).
Lo (S e

By interchanging the order of integration and summation in the equation (4.3),
we obtain

H k (pm + Oé,uﬂ“ . Y
57 " T d
N(r )[1+ (}_[1; ] 1 kﬂ<qw+6w >>/ < ( r! > t

(HZH ”<pm+amr>> G Y

p=1r=0 [T52 T (quy + Bugr) ) (74 yrp) (rh)e

Hnu Fku (pl“ -+ O[mT) (C’ngr i (5>'yu
H;nul Lh,(qus + Bur) | (7 4+ yrp)(rh)# ot
(4.5)
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Now, taking Mellin inverse of the equation (4.5), we have

o)

l n b oo
_ [Ti21 Tk, (Pui + cuir) e et TV
N<t> = NO(HZ H;'n:Nl Fku<quj+5uj7“)> ( rl ) Z(_l) Y (T—i—’yrlu,

pn=1 r=0 v=0

(4.6)

Since

N(t) = No ( > %%11 FF:((;J;: i;::))) (Cf”) log(t)
X Z Z [ - [log(t)‘;]vr[log(t)_'yT“]lF[l —(yw+1+2).

O

Theorem 4.2. If ¢ > 0,k € RY;R(y) > 0, ¢,z € C; p;,q; € C, o;,5; €
R (0, 5; #0; i=1,2,...,n; j=1,2,....m) and (p; +a;r), (¢;+ B;r) € C\ kZ~,
then the solution of the equation

l
N(t) - NO < H nuwfn/f# [(p,u,i; Oé'u‘i)l’nu

At
ot (Guj» ﬁuj)l,mu

) = —¢ yI)N(t) (4.7)

giwen by the following formula

N(t) = Ny ( H i H%i Uk, (Pui + O‘m‘T)) (Cmgm> log(t)

Hj:l Uk, (@ + Bugr) rl

p=1 r=0

<35 1= [log(t)]"]" [log(t) ] T[L — (yv + 1 +2)]. (4.8)

Theorem 4.3. If ¢ > 0,k € RY;R(y) > 0, ¢,z € C; p;,q; € C, «o;,5; €
R (0, 5; #0; i=1,2,...,n; j=1,2,....m) and (p; +a;r), (¢;+ B;r) € C\ kZ~,
then the solution of the equation

l
N(t) — NO ( H ”ul/)frl;u [(plth aui)l,nu

=1 (QMja Buj)l,mH

t]) = —¢" yIIN(t) (4.9)

)
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giwen by the following formula

Hz 1 Fku pm"’amr) ér
(HZ oGy + Bar >>(r') ot

pu=1 r=0 J1

x Z Z [10g(t)]"]" [log(t) "] 'T[1 = ( + 1 + 2)]. (4.10)

v=0 =0

Proof. Proof of Theorem 4.2 and 4.3 are similar to the proof of Theorem 4.1. So,
it is omitted here. 0

From previous Theorems 4.1, 4.2 and 4.3 if we choose p# = 1, then we have the
following corollaries:

Corollary 4.4. If§ > 0,c¢ > 0 ‘ﬁ(v) 0,k eR"; ¢,2€C; pi,q; €C, a;,55 €
R (o, 8; #0; i=1,2,...,n; j=1,2,.. )and(pz—kozr) (qj+6] r)e C\kZ-,
then the solution of the equatzon

N(t) o No( nwfn [(pia Oéi)l,n

(45> B7)1m CWD = =07 ul/N(t) (4.11)

given by the following formula
Hz 1 Dr(pi +aur) | [ €767
(Z e B )> ( . )wgu)
x Z Z [10g(t)°]"]" [log(t) "] T[1 — (w + 1 + 2)]. (4.12)

v=0 [=0

Corollary 4.5. If § > 0,¢ > 0,R(y) > 0,k € R"; ¢,2 € C; p;,q; € C, a;,5; €
R (o, 8; #0; i=1,2,...,n; j=1,2,...,m) and (p; + o), (q; + Bjr) € C\KZ™,
then the solution of the equation

_ k| (Pis @i)1n
N(t) NO ( n¢m [(qj7 ﬁj)l,m

given by the following formula
Hz 1 Dr(pi +aur) | [ <€
(Z Fk QJ+ﬂj ))( 7! >l09(t)
X Z Z [1og(t)]"]" [log(t)™"]'T[1 = (v + 1+ 2)]. (4.14)

V=0 1=0

Corollary 4.6. If § > 0,c > 0,k € R";0R(v) >0, ¢,z € C; pi,q; € C, a;,5; €
R (o, 8; #0; i=1,2,...n; j=1,2,...,m) and (p; + o), (q; + Bjr) € C\kZ™,
then the solution of the equation

_ k| (D, 04¢)1,n
N(t) NO ( nwm [(qja Bj)l,m

c”t”]) = —¢" yI/N(t) (4.13)

]) =~ gIIN(t) (4.15)
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giwen by the following formula:
[[: Trlpi +aqir) (f)
L = Jlog(t
(Z k(g + Br) rl ()

x> N[ [log(t)]"]" [log(t) "] T[L — (v + 1+ 2)]. (4.16)

v=0 [=0

Next, we investigate solutions of a generalized Hadamard type fractional Ki-
netic equations involving a generalized Multindex Bessel function.

5. SoLUTION OF KINETIC EQUATION INCLUDING HADAMARD TYPE
FRACTIONAL INTEGRAL WITH GENERALIZED MULTINDEX BESSEL
FuncTIiON

Theorem 5.1. If 6 > 0 ,¢ > 0,7 > 0;0 # ¢ ,m € N§,(,7.q € C,(j =
1,2,...,m) such that R(y) > 0 and 77 R(E) > max {0, R(g) — 1}, ¢ >
0,9(¢;) > —1 and ¢ € (0,1) UN then the solution of the equation

N(t) = NoJ ()27(et7) = =67 I N(1) (5.1)

giwen by the following formula

(cery
(ZH £]r+<]+1>>< @ )log(”

<3N [ [log(®)]"]" [log(t) "] T = (v + 1+ 2)]. (5.2)

v=0 [=0

Proof. The Mellin transform of Hadamard fractional integral operator (./\/l ul qu)
is given as

(M yI29)(r) = (7)77®(7),

where ®(1 fo (1)
Now, applymg the Mellin transform on (5.1), gives

M(ieyr) - NW( ()T )—mM(wa;r),

that is

1 (=) (=
N0/§ t (ZH“ 5]7“—|—C]+1)>< . )dt—5 ()N (7).

(5.3)
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By interchanging the order of integration and summation in the equation (5.3),
we obtain

o ¢ ()T
N(r)[1+07(7)7] :N(J(ZH lr(g(jqn)i(j+1)>/o 57{1( (r!t ) >dt

_ = (V)qr (_C’wa)r
= (Z TG+ + 1)) Y o4

Equation (5.4) leads to

o0

(ZH §jr+§3 )) T:EV ; ()7 (5.5)

Now, taking Mellin inverse of the equation (5.5), we have

(—creny” e o g T
(ZH]1 fﬂ“+@+1)) () > (=1 M (T+W’)'

v=0
(5.6)
Since
(Y [,
T+ 7 o T T+Ar
= i (=) / et g
1=0 0
=" (=) (logt) ™" IT[1 — (v + 1+ 2)].
1=0
Then, equation (5.6) can be written as
- (V)QT (_c’y{y)r
N(t) = N, _ log(t
W (Z Torer+6-0)\ @ )Y
x [— [log(t)']"]" [1og(t) "] (1 = (yv + 1+ 2)].
v=0 1=0
0J

Theorem 5.2. If ¢>0,v>0.,meN,§,(,v,¢q€C,(j=1,2,...,m) such that
9}‘(7) > 0 and Z;nzl m(&]) > max {07 m(Q) - 1}7 q > Oam(CJ) > —land q €
(0,1) UN then the solution of the equation

N(t) = NoJ ()7 1(t7) = =" wI] N(1) (5.7)

given by the following formula

(e
<ZH @r+@+1>>( oD )“’g“)
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< >3 [ = [log()]"]" [log(t) " ]'T[L = (yv + 1 +2)]. (5.8)

v=0 [=0

Theorem 5.3. If ¢>0,v>0,meN,¢;,(,v,¢€C,(j=1,2,...,m) such that
R(y) > 0 and 377", R(E;) > max {0, R(g) — 1}, ¢ > 0,R() > —1 and g €
(0,1) UN then the solution of the equation

N(t) = NoJ ()2 0(et7) = = wI] N(2) (5.9)
giwen by the following formula

(o
(anl M+ G T >>(<r!>>log“)

XZZ [og(1)]"]" [log(t) "] T[1 = (yw +1+2)].  (5.10)

Proof. Proof of Theorems 5.2 and 5.3 are similar to the proof of Theorem 5.1.
So, it is omitted here. O

From previous Theorems 5.1,5.2and 5.3 if we choose m = 1, then we have the
following corollaries:

Corollary 5.4. If 6 > 0 ,¢ > 0,7 > 0;6 # ¢ ,m € N,£,(,v,q € C such that
R(y) > 0 and R(E) > max {0, R(q) — 1}, ¢ > 0,R(¢) > —1and g € (0,1)UN

then the solution of the equation
N(t) = NoJ (7(c7t7) = =67 gI] N(t) (5.11)
giwen by the following formula

oo

N(t) - N(Z F(&(j)g; 1)> <(‘<§ ) )wg@

XZZ [10g(t)°]"]" [log(t) "] T[1 = (w + 1 + 2)]. (5.12)

v=0 [=0

Corollary 5.5. If ¢ > 0,7 > 0;0 # ¢ ,m € N.£,(,v,q € C such that R(vy) >
0 and R(§) > max {0, R(q) — 1}, ¢ > 0,R({) > —1 and q € (0,1) UN then the
solution of the equation

N(t) = NoJ (7)== wIIN(t) (5.13)

giwen by the following formula

—EN)”
(ZF§r+C+ ><( (r!)) )log(t)

X Z Z [log(t)°]"]" [log(t) VT]ZF[l — (yw+1+2). (5.14)

v=0 [=0
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Corollary 5.6. If ¢ > 0,7 > 0;0 # ¢ ,m € N, £,(,v,q € C such that R(v) >
0 and R(§) > max {0, R(q) — 1}, ¢ > 0,R(¢) > —1 and q € (0,1) UN then the
solution of the equation

N(t) = NoJ (97(t) = —¢" gI} N(t) (5.15)
gwen by the following formula

Z r(er + ( +1) (r!) log(®)

X Z Z [log(t)°]"]" [log(t)‘”T]lF[l — (yww+1+2). (5.16)

v=0 [=0
6. CONCLUSION

In this paper, we introduced the generalized form of fractional Kinetic equation
including fractional integral of Hadamard type. Also, we presented the Kinetic
equation solution including the Hadamard type fractional integral by using gen-
eralized k—Wright function and Mellin transform as well as the Kinetic equation
solution including the Hadamard type fractional integral by using generalized
Multindex Bessel function and Mellin transform. In fact, the findings obtained
here are very capable of generating a quite large number of established and pre-
sumably new results.
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