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RATIONALIZATION OF TOEPLITZ-HANKEL OPERATORS
RUCHIKA BATRA *

ABSTRACT. In this paper, we introduce and study the rationalization of all
kinds of Toeplitz and Hankel operators on the space L?(T), T being the unit
circle. Firstly, we define the Rationalized (Toeplitz-Hankel) operator of order
(k1, ko) on the space L2, for p € L*, as

Ro(TH)(f) = Wi, MW, (f), ¥ f € L?

where k1 and ko are nonzero integers and M, : L? — L? is the multiplication
operator. For nonzero k € Z, W), is an operator on L? defined as

Wil z%, i is divisible by k
Z =
r 0 otherwise

We get some properties and spectral values of the operator Wy. It is proved
that if k1 and k5 are relatively prime integers then a bounded operator R on
L? is Rationalized (Toeplitz-Hankel) operator of order (ki, k) on the space L?
if only if M, x, R = RM k. Further if k; or ke are not relatively prime then
also we give a characterization.

1. INTRODUCTION

The study of Toeplitz operators began almost in the beginning of 20th century
by O. Toeplitz. A lot of work on Toeplitz operators has been done by different
mathematicians in the world. Toeplitz operators and Hankel operators became
a subject of investigations for the researchers. Motivated by these, M. C. Ho [7]
in the year 1995 introduced slant Toeplitz operators and later the notion of slant
Hankel operators was introduced. Further, these notions have been generalized [2]
to kth order slant Toeplitz and slant Hankel operators and studied simultaneously.
Let us recall the following;:

The place L*(T) = L? stands for the collection of all complex valued Lebesgue
measurable functions on the unit circle that are square integrable. Thus

L? = { [+ f complex valued measurable function on T': [, |f|* < oo}

L? in a Hilbert space with (f,g) = % 0% f(eg(e?)dd, f,g € L?, where g in
complex conjugate of g.
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The set {z" = e : n € Z} is an orthonormal basis of L?. If f € L?, the
complex numbers

_ 1 /QWf( i@) —inf do
an—27T i e e

are called Fourier Coefficients of f and Y. a,e™ is called Fourier expansion of

n=—oo

f. We define the space H*(T) as

1 27 ] ‘
HQZ{f€L212—/ f(e’e)e_medQ:Oforn<O}
™ Jo

Elements of H? are called analytic functions.

The space L™ = L>*(T) is the collection of all essentially bounded complex
valued measurable functions on the unit circle.

The multiplication operator M,, ¢ € L™ on L? is defined as M,f = ¢f V
f € L% In [7] M. C. Ho defined the slant Toeplitz operator on the space L? as
Ay L? — L[* as

A,f =WM,f V fel?

where
W : L? — L? is the operator defined as
W) =2"VnelZ
W(22n+1) =0
In [1] the slant Hankel operator on L? is defined as K, : L? — L? as
K,f =JA,f

where J is the reflection operator on L2
The notion of Generalized slant Toeplitz operator on L? [2] was introduced as

UQK,:LZ—>L2
Uy(f) = WM, f vV felL?

where for k > 2, Wy(2") — 2k if s ('11V151b1e by k,
0 otherwise.

In this paper, the rationalization of all such operators is given and a new
notion of Rationalized (Toeplitz-Hankel) operator of order (ki, k2) on the space
L? is introduced.

As the commutant of the bilateral shift is the set of all multiplications on L2
M. C. Ho [7] proved that A is slant Toeplitz operator if and only if M, A = AM_-.
That is A = W)M,,.

Further, in [1] it has been proved that A is a slant Hankel operator if and only
if MzA = AM,>. That is A = W_,M,,.

Also in [3] it has been proved that A is a kth order slant Toeplitz operator if
and only if M,A = AM .

Further it has been proved that A is a kth order slant Hankel operator if and
only if
MzA = AM .
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Motivated by all these, we give rationalization of these operators and generalized
the characteristic equations of these operators Mz, A = AM x, where ki and ko

are any non zero integers. In this paper, we have proved that for any non zero
integers k; and ko, M 1, R = RM.,, if and only if

A/N; = W,, Mgz, Wi /N,

where L2 = Ny @ N, @ - ® Ny_1, ki = dm, ko = dn, d = greatest common divisor
of k; and ks.

If k; and k, are relatively prime then a bounded operator R an L? is Rational-
ized (Toeplitz-Hankel) operator of order (ki, k;) if and only if R = Wj, MW .
That is, if and only if

My R = RM 1, .
We also discuss some properties of the operator W), and find spectral values of
W. Precisely we prove

o(Wi) = 0,(Wy) = 0.(Wy,) = D,
op(Wi) = DU{1}
oe(Wi) = {1}
where D, D, o, 0,, o, op, 0. denote the unit disc, the closed unit disc, spectrum,

the approximate point spectrum, the essential spectrum, the point spectrum, the
compression spectrum, respectively. Let us start with the following:

Definition 1.1. For any nonzero integer k. Define

Wy : L? — L? as
, 2k is divisible by k
Wi(2') = , Y
0 otherwise

2. PROPERTIES OF W,

Theorem 2.1. (i) For any non zero integer k, we have

Wil =1

Proof. As
- 2
IWif 1P =11 awe’

= > a2

<D lal* =111
and |[Wi2°|| = 1, where f(z) = > a;2" is the Fourier expansion of f. Hence
Wil =1

(ii) Wi (2%) = 2% for any i € Z.
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Proof. For f,g € L?, we have
<Wl:f7g> = <f7 Wkg> = <f>g()>
where g(2) = go(2F) + 291 (2%) + -+ 2" gp_1(2%) and go, 91, .., gr_1 are in L*. So

Wi f, gy = (f(z"), 90(2"))
= (f(2"), 90 (") + 2g1(z") + - + 2" g (7))
= (f(z"),9).

Thus Wi (f) = f(2%) and therefore W (29) = 2%, for any j € Z.
(iii) MWy, = Wi M.
Proof. If m is divisible by k then m = ki for some i in Z. Then
M Wi (2™) = M,2" = 2"+
WM (2™) = Wyze™tF = 21
If m s not divisible by k, then
M, Wi (z™) =0,
WiMx(2™) = Wi(2™) = 0.
Hence MWy = Wi M .
() WM W = My, , and hence Wyp € L.
Proof. Fori,j € Z

(WkMSOW,jzj, 2 = (pzF | 2F)
= (ip, 2079)
(My, 7, 2") = (Z Wi, 2')
= <Wk307zz J)
= (ip, 279

Therefore W, M, W = My, and hence [6] Wyp € L.

Remark 2.2. From above, we note that W (z%) = z* for any i = Z. In fact some
other properties are true for all k € Z, k #£ 0.

WiWy, = Py where P is the projection of L? onto the closed linear span of
{2* i eZ}
(vi) Wi(pg) = (Wie)(Wig)
(vil) Wipg = (Wip)(Wig) + Wi(((I — Pe)p) (I — Pr))g)-
In particular,
Wi(p(2")g) = ¢Wig,
Wi(p(2)g(2") = gWip.
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Theorem 2.3. For any integer k different from 0,1, —1 we have the o,(W}) =
DuU{1}.

Proof. Since Wy(z")

2k if i s divisible by k
0 otherwise
= Wi(ZFF )y =0 VieZ

This follows that 0 is an eigen value of Wy and it is of infinite multiplicity.
For 0 < |\ <1 and for each n in Z, define a function

fn(z) _ Z Aizkl(kn—i-l)
=0

As | fu(2)] < 1+|M < 00, so for each n, f, is in L? and it is nonzero. Now

Wify = 30 NZH T G
i=1

— o

This implies X € o,(Wy,). Since Wi2® = 2°, we have 1 € a,(Wy). Therefore
DU{1} Co,(Wy).
We claim that if |[\| =1 and X\ # 1 then X ¢ 0,(Wy). Because if A € o,(Wy),

then Wi f = \f, for some nonzero f in L*. If Y. a;2" is the Fourier expansion

1=—00

W, ( f: aizZ) = f: a; 2" .

of f, then we have

i=—00 i=—00

This implies that
ap = \ag and agi, = N'a, forn = +1,+2 +3

This implies a,, # 0 for some n, otherwise f would be zero.
Hence since a; — 0 as i — oo, it follows that |\| < 1. Consequently

op,(Wy) = DU{1}.
This completes the proof.

Remark 2.4. Since by [0], we have

ae(Wi) = op(Wy)
it follows that A\ € o.(Wj) if and only if |A\| = 1 (as W} is an isometry). Since
W20 = 2% we have 1 € 0,(W}). Here we can also see that if [\| =1 and A # 1
then \ ¢ o,(W)).

If A\ € 0,(W}). Then W;f = Af for some nonzero f in L% If Y a;2" is the
Fourier expansion of f then Wjf = \f gives as a; = Aay; and ag;—, = 0 V
n=1,2,3,...,k — 1. So proceeding as above as we get A ¢ o,(W}*). This yields
to the following
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Theorem 2.5. For k #0,1,—1, o.(W) = {1}.

Remark 2.6. Since the boundary of a spectrum is contained in the approximate

point spectrum [0], it follows that o,(W,) = D = o(W,). Since for |A| < 1,

(fx, fi) = 0 for k # [ we get A is of infinite multiplicity and hence A € o.(Wy).
Also as the essential spectrum is closed we have

O'e(Wk) =D.

Remark 2.7. For k = 1, W, = I. All the spectral parts of the spectrum of
I={1}. If k= —1then W? =T and W*, =W_,

W'+ =2 +27"
W* (=2 =—("-27") VieZ
Thus the spectral parts of W_; = {1, —1}.

3. RATIONALIZED TOEPLITZ-HANKEL OPERATORS

We define a Rationalized (Toeplitz-Hankel) operator of order (ki, k) on the
space L? as follows. For ¢ € L™,

R, : L? — L? as

ch(f) = WklMtle:g(f)
for f € L? where k; and ky are nonzero integers and M, is the multiplication
operator on L?. We denote the set of all Rationalized Toeplitz Hankel operators
on L? as RTHO(L?).

Thus R, is the Rationalization of all Toeplitz Hankel operators, due to the
following.

(i) If ky = ko = 1 then
R,f = Wi M, Wy
=M,f Vfel?
= R, = M,, multiplication operator an L?
(ii) If ky = —1, ko = 1 then
Rof =W_ Mg Wif
= W_i1M,f which is a Hankel operator on L?
R, =W_,M,
iii) If ky = 2, ky = 1 then R, = WyM,, which is a slant Toeplitz operator
iv) If k&y = —2 and ky = 1 then R, = WM, which is a slant Hankel operator
v) If ky = k then R, is kth order slant Toeplitz operator
vi) If ky = —k then R, is kth order slant Hankel operator

(
(
(
(
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So, for non zero integers ki, ko, we give the characterisation of Rationalized
(Toeplitz-Hankel) operators as follows:

Theorem 3.1. Let R be bounded operator an L?>. Then for a given relatively
prime integers ky and ko, M, R = RM &, if and only if R = Wy, M W} . That
is R is a Rationalized (Toeplitz-Hankel) operator if and only if M, R = RM i, .

Proof. Suppose that R = Wy, M,W}. . Then from the properties of Wy we get
Mzk2(Wk1M<le:2) = Wi, Morars MW,
= Wi, M@Mzklkz lez
= (WklM@Wl;)Mzkl .
So, M i, R = RM x, .
Conversely, let ki and ko be positive integers and let f € L* and i a; 2" be

i=—00
its Fourier expansion, where {2' : i € Z} is an orthonormal basis of L*. Then
as we have M x, R = RM x, , so we get

R(f(") =R ( > aizk”)

1=—00

o0

= 5 a; R2M7

i=—00

= f: a;z"' R1

= f(z™)R1, Rl=R
This implies that
1f (") R1|| = | R(f ()]
< IR (™)

= |IR] If(")]

Claim. R1 is bounded.
Let Ko = {f(2*): f € L*} and B : Ky — L? be such that

B(f(z*2)) = ()0
where oo = R1. Then B is bounded. If possible, let N be a set of positive measure
on which |o| > ||B|| and f(2*?) is the characteristic function of N. Then

IB(f ()| = / po(2) (") [Py

=/ ol dp
N

> ||B]*u(N)
=1BII* Ilf(z")]*
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This contradicts that B is bounded. Hence (N) = 0. This implies that |pg| <
|Bl| almost everywhere.
Proceeding with the same arguments, we get

R(zf(+")) = f(z")Rz
R(z*f(z")) = f(z*)Rz*

R(M7() = f(F) R
= Rz, R2%, ..., RZ"" are all bounded.
We denote R1 = gy, Rz = o1, RzM~1 =y, 1, and
P(2) = o) + 27"y (M) + 27200y (25) - TRy (M)
Then ¢ is bounded. Also f in L? can be written as
F(2) = folZ") + 2f1(z") + 2 fo () + - + 297 fr, 1 (27)
where fo, fi,. .., fx,—1 are in L*. This implies that
Wi, MW, f = @o(2) fo(2"2) + @1(2) [1(22) + - - + n, () fry 1 (27)
(others are eliminated)
= foZ")R1L + fL(z"™)Rz + - + fr,_1(ZP) R !
= R(fo(z") + R(zf1(z")) + -+ R(zM ™ fr, 1 (27))
=Rf

Thus Wy, M,2W7 | = Rf, when ki and ko are positive integers.
Now, when one or both of the integers are negative. We observe that for positive
integers ki and ko

M,-x,R= RM, if and only if My, W_1R=W_1RM
Thus from this and above, we get
W_1R =Wy, M, W},
= R=W_, MW
= Wi, My W2y,
Similarly
M., R = RM -« iof and only of M, RW_y = RW_1 M
and
M,-x, R = RM,—x, if annd only of M, W_1RW_1 =W_1RW_{ M,
Therefore by same arqguments
R =Wy, M,WZ,,
= Woi M) W,
and

R=W_y, M,W?, .
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This completes the proof.

Remark 3.2. However if the integers k; and ks are not relatively prime then what
would be the line of action? To answer this, we proceed as follows:
If k1 and ko have the greatest common divisor as d. Let k; = dn and ko = dm.
Then if N; = The closed linear span of {z"*¢: ¢t € Z} fori =0,1,2,... ,k —1

L2:N0@N1@N2®“'®Nk1—l

Let
N[):NO@Nl@"'EDNm—l
Nl = Np, @ N1 -+ @ Nop1
Ny, = Ng—1ym ® Ng—1)ym+1 D -+ © Nam—1
Then

L*=No@® N @ & Ng_y
Now we are ready to generalize the above result as follows for any non zero
integers.
Theorem 3.3. Let R be a bounded operator on L?. Given a pair of nonzero
integers ky and ko, then M, R = RM x, if and only if
R/N; = WMz, W;/N;

for same ©; in L™ and fori=0,1,2,...,d — 1 where ko = dn and ky = dm and
d is the greatest common divisor of ki and ks.

Proof. Since
M ey (Wi Mz W) = Wi M om Mz, W
— (Wy M, W) Mo,

Conversely, let R be a bounded operator on L* such that Mk, R = RMx, . Then
for f € L?, we have fori =10,1,2,...,k — 1

R(z'(f(z")) = f(z")R="
Let oo = R1l, o1 = Rz -, -1 = Rzk—1,
Then by similar arguments as in previous theorem g, p1, . .., Pr—1 are bounded.
Let

Po(2) = po(2™) + 201 (2™) + - + 2™ IR (2™)
P1(2) = 2 om(2™) + 2" Vo 1 (27) 4 -+ 20T g (27)
Pa-1(z) =20 1y (27 + -+ Z T g4 (27)
Let f € Ng. Then f can be written as
F(2) = fol&™) + 2fi(2") + oo+ 2" e (27)
where fo, fi = fm-1 € L?. Now
Win Mg, W (f) = Win(o(2) f ("))
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= Wnl@o(2™) + Z"G1 (™) + -+ + 2™ "G 1 (2™) (fo(257) + 2" fr (27 + - -
= Win(00(2™) fo(z"'™)) + Win(01(z™) f1(z""™) + -+ 4+ Wi (@m-1(2™) fn-1(zF™))

= fol")po(2) + fi(2")p2(2) + -+ frno1 () o1 (2)
= folZ"™)R1 + fi(z")Rz + -+ + fr_1(Z") Rz
= R(fo(2")) + R(zf1(z")) + -+ + R("" frn1 ("))
Thus B B
Similarly fori=1,2,3,...,d— 1, we get
A/N; = WMz, W; /N,
This completes the proof.

Remark 3.4. If k; and ks are relatively prime then d = 1 and hence ]Vo = L? and
&O (Z) = ¥ (Zkl) + zkzgpl (Zkl) 4t §(k1—1)kzgpk1_1(zk1)

which gives us the previous result. Thus we can define Rationalized (Toeplitz-
Hanked) operator for any non zero integers k; and k.

Remark 3.5. From here we can see that the matrix of Rationalized (Toeplitz-
Hankel) operator of order (ki, ko) on the space L? with respect to the basis {2* :
i € Z} is a two way infinite matrix (a;) such that

a;; = (i, j)th elememnt of the matrix of R,

— <(10, Zk1i7k2j>

- a’k‘li—k’gj
i.e. the (7, j)th element of the matrix of Rationalized (Toeplitz-Hankel) operator
IS Qg i—kyj, Where ) a;2" is the Fourier expansion of ¢.

A—ki+2ky  A—ki+ky | O—ky  Q—ki—ky Q—k1—2ky

A2k, Ak, Qo A, A _2k,
ak‘1+2k2 ak‘1+k‘2 akl akl—kz a’k‘1—2k‘2

a’2k‘1+2k2 a’2k1+k2 a’2k‘1 a?kl—kz a2k1—2k2

+ 2™
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We also observe the following result

Theorem 3.6. For fived integers ki and ko the set RTHO(L?) of all Rationalized
(Toeplitz-Hankel) operators of order (ky,ks) is weakly closed and hence strongly
closed.

Proof. Suppose that for each o, R, is a Rationalized (Toeplitz-Hankel) operator
and R, — R weakly, where {a} being a net. Then for f,g € L?

(Raf,9) = (Rf,9) -
This implies that

<ME’“2 RaMzkl fa g> = <Razk1 f7 Zk29> — <Rzk1f7 zk29> = <M2k2 RaMzkl f7 g)
But
My RoM iy = R, for each a.

Therefore R = Mry RM x,. Consequently R is a Rationalized (Toeplitz-Hankel)
operator. This completes the proof.
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