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ON THE NON-SPECIAL PART OF THE WEIERSTRASS
SEMIGROUP OF n-POINTS OF A SMOOTH CURVE (ITS
MINIMAL NUMBER OF GENERATORS)

EDOARDO BALLICO!

ABSTRACT. We study spanned vector bundles on the blowing up of P? at a
few points. We give a full classification for very low ¢; and study some more
general case.

1. INTRODUCTION

Let X be a smooth curve of genus g > 2. Fix an integern > 0and Py,..., P, € X
with P, # P; for alli # j. Let H(Py,...,P,) C N" be the set of all (ay,...,a,) €
N™ such that Ox(a1 P, + -+ + a,P,) is spanned, i.e. such that there is ra-
tional function on X with a1 P + --- + a, P, as its divisors of poles. The set
H(Py,...,P,) is a semigroup for the componentwise addition + : N x N* —
N and G(P,...,P,) = N*\ H(P,,...,P,) is a finite set. The semigroup
H(Py,...,P,) is called the Weierstrass semigroup of the points P, ..., P,, while
the elements of G(Py,...,P,) are called the gaps of Py,..., P, ([2], [3], [1],
1, (6], 7], 8], (90 [10], [H1], (12, [14], [15]). We recall some terminology
from [1]. As in [l] we consider the following partial ordering < on N". Write
(a1,...,a,) < (by,...,b,) if and only if a; < b; for all i. Set H(Py,...,P,)" =
{(ay,...,a,) € H(Py,...,B,) | B (Ox(a;Py + -+ + a,P,)) = 0}. We have
a€ H(P,...,P,)"ifandonlyifb e H(P,...,P,) for all b € N" such that b = a.
Therefore H(P,...,P,)" is a set closed for . The set N*\ H(Py,...,P,)" is
finite, because every line bundle on X with degree at least 2¢g is spanned and
non-special. If n = 1, then H(P;)" is the set of all integers > n, + 1, where n, is
the largest element of G(P;). A non-empty subset A is closed for < if and only
a+be Aforevery a € A and every b € N". Hence the union of {0} and a set
closed with respect to < is a semigroup. For each S C N" S = (), there is a
minimal subset A[S] containing S and closed with respect to . Let A C N" be
a non-empty subset closed with respect to < and with N\ A finite. Let C(A)
be a minimal set S C A such that A = A[S]. The set C(A) exists, it is finite
and it is unique, because the intersection of any family of subsets of N" closed
with respect to < is either empty or a set closed with respect to <. We will say
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that C(A) is the set of all corners of A. If A = H(Py,...,P,)" for some curve
X and some Py,...,P, € X, then set C(Py,...,P,,V) := C(H(Py,...,P,)™").
Let A(n,g) (resp. n(n,g)) denote the maximal (resp. minimal) cardinality of
C(Py,...,P,,7) among all X, P,,..., P, with X a smooth curve of genus ¢g and
Py, ..., P, distinct points of X. In [!] we studied the integer A(n, g).

In the first part of this paper we consider the integer n(n, g) of C(Pi, ..., P,,")
and prove the following result.

Theorem 1.1. We have n(n, g) > [(2g+n_1)/(g+nﬂ and n(2,9) =3

n—1 n

In [1, Proposition 2.3] we proved that 7(2,2) = 3 and that for any smooth
curve X of genus 3 and any P;, P, € X with P; # P we have §(C(Py,, P»,7)) =3
if any only if Py, P, are not Weierstrass points of X and P, + P» € |wx|. We
generalize this example to prove the second part of Theorem 1.1.

Theorem 1.1 works verbatim for integral curves with arithmetic genus ¢ if
we assume that all points P — 1,..., P, are smooth points of X (without this
assumption not even the semigroup H(Py,...,FP,) may be defined in a well-
behaved way).

In the last section we discuss some properties of H(Py, ..., P,)" when Py,..., P,
are smooth points of a reducible (but connected) curve X with arithmetic genus
g. Without some conditions we may even have H(Py,...,P,)" = (. We give a
condition which implies that H(Py, ..., P,)" # () and, under this conditions, give
an upper bound for the number of corners of H(Py,...,P,)".

2. PROOF OF THEOREM 1.1

Fix a smooth curve X We first prove the inequality n(n, g) > ((2“’:{_"1_ 1) / ("Jg"ﬂ
Take any a = (aq,...,a,) € N" with ||a|]| = 2¢g. Since Ox (a1 P, + -+ + a,P,)
is spanned and non-special, we have a € H(Py,...,P,)". Hence if we have
beC(P,...,P,,"), then ||b|| < 2¢g. If b€ H(Py,...,P,)", then ||b]] > g + 1.

Hence each a € C(Py, ..., P,,") satisfies the inequalities g + 1 < [|a]| < 2¢g. Take

any a € C(Py,..., P, ") and set ¢ := ||a||. There are (***""'"°) elements u € N
with ||u|| = 2¢g and a < w. Hence n(n,g) > [(2”;?;1)/(9;")] If n =2 we get

n(2,g9) > 3. To conclude the proof of Theorem 1.1 it is sufficient to check the
following example.

Example 2.1. Let X be a hyperelliptic curve of genus ¢ > 2 and let 0 : X — X
be the hyperelliptic involution. Fix P, € X such that P; is not a Weierstrass
point and P, — o(P;) is not a torsion point of order k with 1 <i < g— 1. Set
P, :=o(P)). Since P, is not a Weierstrass point, P, # P;.

Claim : We have C(Py, P»,7) ={(¢9 + 1,0),(g,9), (0,9 + 1)}.

Proof of the Claim: We have (g,9) € H(Py,...,P,)". Since P, (resp. P,)
is not a Weierstrass point of X we have (k,0) € H(Py,...,P,)" (resp. (k,0) €
H(Py,...,P,)" ifand only if £ > g+ 1. Hence to conclude the proof of the Claim
it is sufficient to prove that if (a1,a2) € H(Py, ..., P,)", then either a; + ay > 2¢
or a; > g+ 1 for some i. Assume a; + ag < 2g. Since o(P,) = Py, it is sufficient
to do the case a; > as. Since a; + ay < 2g, we have ay < g — 1. If a1 = as we
get W (Ox (a1 Py + asP)) = g — as > 0, a contradiction. Hence a; > a,. Since
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(ar,as) € H(Py, ..., P,)", we have h'(Ox((a; — 1) Py + aaP,)) = 0. Since wx =
(g—1)gs and Py + P, € ga, we get g —as < a; —ay. Hence it remains to check the
case a; = ¢. Since kP, and kP, are not linearly equivalent for k =1,...9—1, we
have h'(Ox(gP1)) = 0 and so h°(Ox (9P +axP2)) = as+1 = h*(Ox (az(Pi+P))).
Hence P is in the base locus of Ox(gP; + axP,), a contradiction. Note that over

an arbitrary algebraically closed base field we may take as P, a general point of
X.

3. REDUCIBLE CURVES

Let X be areduced and connected projective curve. Fix an ordering X7y, ..., X,
k > 2, of the irreducible component of X such that Y; := U;_, X}, is connected
for all 7. We have X; = Y; and each Y is connected. For all i = 2,...,k set
e; == deg(X; N (X1 UYi1). Set e; :=0. Fix P,..., P, € X;¢ such that P, # P;
for all i # j. Set S :={Py,..., P}, S; == SNX; and s; := £(5;). Since S C Xyeq,
we have S;N.S; =0 for all i # j. Set ¢; := pa(X;). and e; := deg(X; N (U;4X;)).
Since X is connected, we have e¢; > 0 for all i. For any a = (ay,...,a,) € N”
set ||all; := deg(Ox,(a1 Py + --- + a,P,). This integer is the sum of all a; with
Pj € Xz Set Y; = UZ:th'

Lemma 3.1. Assume s; > 0 for all i. Fiz a = (ay,...,a,) € N*. If ||a]|; >
2q; — 1+ e; for all i, then h'(Ox (a1 P, + -+ + a,P,)) = 0.

Proof. We have h'(Ox, (a1 Py + -+ + a;P;)) = 0, because X; is integral and
lalli > 2¢; — 1. Fix an integer ¢ > 2 and assume h'(Oy._, ((a1 Py + - - + ar. Py)) =
0. Set Z := Y, 1 N X, (seen as a zero-dimensional scheme of X;. The sheaf
Ox, (a1 P+ -+ + apPy) ® Iz x, is a rank 1 torsion free sheaf on X; with degree
at least 2¢; — 1. Hence h'(Ox, (a1 Py + -+ + ar.Py) ® Iz x, ® Iz x,) = 0. Since
L:=0x(a1Pi+ -+ a,P,) is a line bundle, the Mayer-Vietoris exact sequence

0= Ly, =Ly, , ®Lx, > L1z—0
gives h'(Oy,(a1 Py + - - + axPy,)) = 0. By induction we get the lemma. O

Proposition 3.2. Assume s; > 0 for all i. If a = (ay,...,a,) € N" satisfies
\all; > 2q;+e; for alli, thena € H(Py, ..., P,)". Moreover, $(C(Py,..., P, 7)) <

Hf:l (2Q¢+Si¢+5i) .

Proof. The line bundle Ox(a; Py + - - - + ax Py ) is spanned outside S. Lemma 3.1
and Riemann-Roch show that h'(Ox (a1 P+ - +ax P) = 0 and that h°(Ox (a; P+
ctapPy) (= P)) = h°(Ox(ay Pi+- - ~+a,Py))—1for all i. Hencea € H(Py,...,P,)".
The assertion just proven shows that if a € C(Py, ..., P,,"), then ||a|; < 2¢+ ¢;
for all i. Thus #(C(Pi, ..., P, *)) <[5, (Petets), O
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