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DOMINATION AND DOMINATOR COLORING OF
NEIGHBORHOOD CORONA OF CERTAIN GRAPHS

K. SATHISH KUMAR!*, N. GNANAMALAR DAVID? AND K.G. SUBRAMANIAN3

ABSTRACT. New classes of graphs are obtained by performing operations on
known classes of graphs. The neighborhood corona is one such operation on
graphs, having interesting applications as well. In this paper we perform this
operation on certain graph classes and obtain the dominator chromatic number
and the domination number of the resulting classes of graphs besides discussing
the bounds in terms of domination number and dominator chromatic number.

1. INTRODUCTION

Let G = (V, E) be a finite, undirected and simple graph, with V' = V(G), the
vertex set and £ = FE(G), the edge set. A subset S C V' is a dominating set of G
[9, 11] if every vertex in V' — S has at least one neighbor in S. A dominating set
S of GG is called a minimum dominating set, if S consists of a minimum number
of vertices among all dominating sets of G. The domination number v(G) is the
number of vertices in a minimum dominating set of G. There has been a number
of studies on domination and its variants (see [1, 4, 15] for some recent variants).

A proper coloring of a graph G is an assignment of colors to the vertices of
(G, such that any two adjacent vertices have different colors, and the chromatic
number x(G) of G is the minimum number of colors needed in a proper coloring
of G [3, 7, 11].

Based on the concept of domination in graphs, the notion of dominator color-
ing in a graph has been introduced and investigated. This concept of dominator
coloring was introduced by Hedetniemi et al. [10] and later studied by many
researchers [2, 5, 7]. There has been a number of studies on the dominator chro-
matic number for common graph classes [7] and also on the relationship between
dominator chromatic number, domination number and chromatic number. A
dominator coloring of G [12, 13, 14] is a proper coloring of G in which every ver-
tex of G dominates every vertex of at least one color class, with the convention
that if {v} is a color class, then v dominates the color class {v}. In other words
the vertex is either adjacent to all the vertices of one color class or is the only
vertex in its color class, by which it will dominate its own color class.
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Given a graph G, while the chromatic number x(G) represents the minimum
number of colors required to color the vertices of G so that no two adjacent
vertices receive the same color, the dominator chromatic number y,(G) is the
minimum number of colors required for a dominator coloring of G.

In this paper, we study the dominator chromatic (DC) number and domination
number of classes of graphs obtained by performing the neighborhood corona [0, &]
on certain classes of graphs and also investigate bounds for these parameters.
K,, P,,C,, S, respectively denote the complete graph with n vertices, the path
on n vertices, the cycle with n vertices and the star graph with n pendant vertices
joined to a central vertex.

Definition 1.1. The neighborhood corona G x G5 of two graphs G and Gy is
the graph formed from one copy of Gy and |V(G1)| copies of G and joining the
neighbors of the ith vertex of GG; to every vertex in the i¢th copy of Gbs.

In general Gy x G5 is not commutative.

When Gy = Ky, Gy x Gy = S(G) is the splitting graph defined in [16].

When Gl = Kl, G1 *Gg = Gl U GQ.

Py ]

Py = Py

F1cURE 1. The neighborhood corona P, x P

2. DOMINATION NUMBER OF NEIGHBORHOOD CORONA GRAPHS

In this section we discuss the domination number of neighborhood corona of
certain graph classes. We first obtain the domination number of the neighborhood
corona of a path with any connected graph.

Theorem 2.1. Let P, be a path with n > 3 vertices and G be any connected
graph with m vertices. Then

ntl ifn=1 (mod 4)
if n = 0(mod 4).

V(P *xG) =<2,
211+ 1,  otherwise
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Proof. Let vy,v2,v3,--- ,v, be the vertices of P, and u,; be the vertices of G
corresponding to v;, where ¢ € {1,2,--- 'n} and j € {1,2,--- ,m}. The vertex
set of the neighborhood corona graph P, x G is V(P, xG) = {v; : 1 < i <
nfU{u;:1<i<n and 1< j <m}. The minimum and maximum degree
are 0 = 2 and A = 2m + 2 respectively. The distance between v; and u; ; is 2. In
order to construct a minimum dominating set of P, x G, we have to consider four
cases:

Case(i): Let n =1 (mod4).

In this case, consider the subset S = {vgi2, vgss3 | K =0,4,--- ;n—5}U{v,_1} of
V (P, x G). By the definition of domination, each vertex in P, x G is dominated
by at least one vertex in the set S. Hence, the cardinality of .S is "T_l +1= "TH
Case (ii): Let n =0 (mod4).

In this case, consider the subset S = {vg19, vgpy3 | k= 0,4,--- ,n—4} of V(P,*G).
It is noted that, each vertex in P, x G is dominated by at least one vertex in the
set S. Thus, v(P, xG) = 3.

Case (iii): If n = 3 (mod4), then consider the subset S = {vii2, V613 | k =
0,4,--- ,n—3} of V(P, xG). It is clear that each vertex of P, x G is dominated
by one of the elements in S. Thus, v(P, x G) = |_”T_1-| + 1.

Case (iv): If n = 2 (mod4), then consider the subset S = {vgi2,vk13 | £ =
0,4,---,n —4} U{v,_1,v,} of V(P, » G). Thus each vertex in V(P, *x G) is
dominated by one of the vertices in S. Hence, we have v(P, x G) = |-”T_11 + 1.
Summing up Cases (i), (ii), (iii) and (iv), we get the theorem. O

We now obtain the domination number of the neighborhood corona of a cycle
with any connected graph.

Theorem 2.2. Forn > 3,

( 1
n—2k , ifn=1 (mod 4)
n : R

NCuxG) =4 3 if n=0 (mod 4)
—1

[n -‘ + 1, otherwise

L 2

Proof. The proof can be given as done in Theorem 2.1. O

The domination number of the neighborhood corona of a star graph with any
connected graph is now obtained.

Theorem 2.3. Let S, be a star graph with n+1 vertices and G be any connected
graph with m vertices. Then v(Sy, *x G) = 2.

Proof. Let S C V(Si,, x G) be y—set of Sy, * G. Since the center vertex v of
S1, dominates many vertices in Sy, x G, S must contain the vertex v. By the
definition of domination, this vertex alone is not sufficient to dominate all the
vertices of S1, * G. So include in S, a vertex ¢ in V(51 , * G) — N[v]. Thus each
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vertex in V(S1, x G) is dominated by one of the vertices in S. Hence, we have

V(Sl,n*G) = 2. ]

Corollary 2.4. Let W, be the wheel graph with n+1 vertices, K,, be the complete
graph with m vertices and G be any connected graph with t vertices.
Then v(H = G) = 2, where H is either Wy, or K,

Proof. The proof can be given as done in Theorem 2.3. 0J

3. DC-NUMBER OF NEIGHBORHOOD CORONA OF TWO GRAPHS

In this section we first discuss bounds on the dominator chromatic (DC) number
of neighborhood corona of any two graphs.

Theorem 3.1. Let G be a graph on n vertices and Gy be an arbitrary graph. Then
Xd(Gl * Gg) <n+ X(Gg)

Proof. First we assign distinct colors aq, as, - - - , a, to the vertices of G;. Now for
every copy of G, use the colors by, bo, - - -, by(a,) to its vertices. Each vertex of G,
dominates one of its adjacent color classes or its own color class. Also each vertex
of every copy of G is adjacent to at least one vertex of (G; and can use this color
for dominator coloring. Note that this is a proper coloring and every vertex in the
graph G * G5 dominates at least one color class. So xq(G1xG2) < n+x(Gy). O

Theorem 3.2. For any two graphs G, and Go
Xd(G1* G2) = xa(G1) + x(Ga)

Proof. We need at least x4(G1) colors to color Gy while x(G2) colors are enough
to color Gy. So we need at least y4(G1) + x(G2) colors to color G1 * Gy. Thus we
have xa(G1 * G2) 2 X4(G1) + x(G2).

For equality it suffices to consider the path P; as G; and P, as G. For the
strict inequality it suffices to consider the path P5 as G; and P, as Gb.
The following corollary is obtained from Theorem 3.1 and Theorem 3.2. Il

Corollary 3.3. Let Gy be a graph on n vertices and Gy be an arbitrary graph. Then
Xa(G1) + x(G2) < xa(G1x Ga) < n+ x(Go)

We now obtain the dominator chromatic number of the neighborhood corona
of two paths.

Theorem 3.4. Let n,m > 2. Then
Xa( P * Py) = [2n/3] + 2.

Proof. Let P, be a path on n vertices and n > 2. Let an, 1 <i < n, be the ith
copy of path P,,. Let V(P,) = {v; | 1 <i < n} and for each i, 1 < i < n, let
V(PL) = {uwij | 1 <j < m} with us, e, -+ , U, in order so that V(B, x Py,) =
{vi|1<i<n}U{u;:1<i<n;1<j<m} where each 4, all the vertices in
the ith copy of P! , is adjacent with neighbors of v;,4 =1,2,--- ,n. For a proper
coloring to the vertices of P, x P, assign color 1 to w;;, for odd j and color 2 to
u;;, 1 <4 < n, for even j.
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It can be seen that a minimum of [2n/3] colors are required to color the
remaining vertices of v;, 1 < ¢ < n. It is clear that every vertex u;; of P!,
dominates the at least one color class of v;,1 < ¢ < n. Thus y4(P, x Py) =
[2n/3] + 2. O

We now obtain the dominator chromatic number of the neighborhood corona
of a path and a cycle.

Theorem 3.5. Let P, be a path on n(> 2) vertices and C,, be a cycle on m(> 3)
vertices. Then

[2n/3] +2, if m is even

Xa(PnxCp) = {[271/31 + 3, if m is odd.

Proof. Let P, be a path on n vertices and n > 2. Let Cfn, 1 <i < n, be the ith
copy of path Cy,. Let V(P,) = {v; | 1 <i < n} and for each i, 1 < i < n, let
V(CL) ={uy; | 1 <7 <m} with w1, us, -+, Uiy, in order so that V(P, x Cy,) =
{vi |1 <i<n}U{u;:1<i<n;1<j<m} where for each 7, all the vertices in
the ith copy of C? | are adjacent with neighbors of v;,7 = 1,2,--- ,n. Note that
the minimum and maximum degree are 6(P,xC,,) = 3 and A(P,*C,,) = 2m+2.
For assigning minimum number of colors to the vertices of P, x C,, to obtain a
dominator coloring, we consider the following cases:

Case (i): m is even. Assign color 1 to the vertex w;; if j is odd and color 2 if
j is even for all 4,1 < i < n. Now assign [2n/3] new colors to the vertices of
P, 1<i<n.

Case (ii): m is odd. For all 4,1 < ¢ < n, assign to each vertex of u;; color 1
for odd 7,1 < j < m — 1 and color 2 for even j. Assign color 3 to wu, for all
i1<i<n.

Now assign [2n/3] new colors to the vertices of P;,;1 < i < n.

It can be seen that each vertex dominates at least one color class in each cases.
Thus xa(Pn *x Cp,) = 2+ [2n/3] in the case (i) while xq(P, x Cp,) = 3 + [2n/3]
in case(ii). O

We now obtain the dominator chromatic number of the neighborhood corona
of a path and a complete graph.

Theorem 3.6. Let P, be a path on n(> 2) vertices and K,, be a complete graph
with m vertices, where n > m. Then

Xa(Pn * Kp) = [2n/3] + m.

Proof. Let K! ;1 <1 < n, be the ith copy of complete graph K,, Let V(P,) =
{v; ] 1 <i<n}and for each i, 1 < i < mn,let V(K.) = {uy | 1 < j < m}
so that V(P, x K,,)) = {v; | 1 <i<n}U{u; :1<i<n1<j<m} where,
by definition, for each i, neighbors of v;,1 < < n, are adjacent to every vertex
u;; of K!, the ith copy of K,,. For all 4,1 < i < n assign color ¢; to u;; for
1 < j < m so that m colors are used. Assign [2n/3] new colors to the vertices
of P;,;1 < i < n. This yields a dominator coloring with a minimum number of

colors. Thus x4(P, * K,,,) = [2n/3] +m O
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The following result can be proved as done in the proofs of the results dealt

with earlier and so we omit the details of the proof.

Theorem 3.7. (i) Let m,n > 2 be positive integers. Then

Xa(Km* By)) =m + 2.

(i1) Let m,n > 3 be positive integers. Then

m+ 2, if m is even

K, xC,) =
Xa( K % Cn) m+3, if m is odd.

4. CONCLUSION

In this paper, the dominator chromatic number y4(G; * G3) of neighborhood

corona of some standard graphs GG; and G5 are computed. We have also obtained
bounds on x4(G; * G3) in terms of chromatic number and dominator chromatic
number of the individual graphs GG; and G5. It will be of interest to study
dominator chromatic number of neighborhood corona of other classes of graphs
not dealt with in this work.
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