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ANDREWS’ SINGULAR OVERPARTITIONS WITHOUT
MULTIPLES OF &k

M. S. MAHADEVA NAIKA! AND S. SHIVAPRASADA NAYAKA?2*

ABSTRACT. In a recent work G. E. Andrews gave definition of combinatorial
objects which he called singular overpartitions and proved that these singular
overpartitions, which depend on two parameters § and 7, can be enumerated by
function Cs;(n), the number of overpartitions of n such that no part divisible
by 0 and only parts = +i (mod §) may be overlined. In this paper, we es-

tablish several infinite families of congruences 621(11), the number of singular
overpartitions of n without multiples of & such that no part divisible by d and
only parts = £i (mod 0) may be overlined. For example, for all n > 0 and

a>0,C5, (220‘+5n + %) =0 (mod 22).

1. INTRODUCTION

Recently, G. E. Andrews [2] defined combinatorial objects which he called sin-
gular overpartitions and proved that these singular overpartitions which depends
on two parameters 0 and ¢ can be enumerated by the function agﬂ-(n) which
gives the number of overpartitions of n in which no part divisible by ¢ and parts
= 44 (mod §) may be overlined. The generating function of Cs;(n) is

oo S 8\ [ ie O\ (=i 8
ZCa,i(n)q”z(q’q)”( 739 )oo(=0""1 0"
n=0

(¢ @)oo
He also proved that
C31(9n+3) = C3,(9n +6) =0 (mod 3). (1.2)

S. C. Chen, M. D. Hirschhorn and J. A. Sellers [!] have found some infinite families
of congruences modulo 3 for Cs,(n), Cg1(n), Cs2(n) and modulo powers of 2
for Cy1(n). The authors Z. Ahmed and N. D. Baruah [1] have found some new
congruences for Cs;(n) modulo 18 and 36 and Cga(n), Cig4(n), Caug(n) and
Cysg.16(n) modulo 2. Chen [5] has also found some new congruences for Cs;(n),
C4.1(n) modulo powers of 2. X. M. Yao [12] has proved some congruences modulo
16, 32, 14 for C'31(n). M. S. Mahadeva Naika et al. [3] have found some modulo
6, 12, 16, 18, 24, 48, 72 for Cs(n).

(1.1)
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In this paper, we define the function U;i(n), the number of singular overparti-
tions of n without multiples of £ in which no part divisible by ¢ and only parts

= 44 (mod 9) may be overlined. The generating function of 6:;2-(71) is given by

Hd5 ¢ )q" 4" s
Z Cilma” = F(@¢"9) (¢ 0) o0’ (1.3)

where 0 <7 < 9.
Throughout this paper, we use the standard g-series notation, and fj, is defined

as
R k. k 0
fe = 1(¢"¢") 0 = Jggonl(l
i

For |ab| < 1, Ramanujan’s general theta function f (a,b) is defined as

oo

f (a,b) _ Z ")/ 2pn(n-1)/2. (14)

n=—oo

Using Jacobi’s triple product identity [3, Entry 19, p. 35], the equation (1.4)
becomes

f(a,b) = (—a,ab)_ (—b,ab)_ (ab,ad)_
The most important special cases of f (a,b) are

5

¢ (q) rzf(q,Q)=1+22q”2=(— )00 ) = Fom (1.5)

T
wenye _ (@) _ f3
Y (q) = Zq TN (1.6)
and .
fa) = f—a ) = 3 (1" = (g a)w = fi. (1.7)

2. PRELIMINARIES

We list few dissection formulas to prove our main results.

Lemma 2.1. [10, p. 212] We have the following 5-dissection
fi = fas (alq) — ¢ = ¢°b(q)) , (2.1)
where
10 15, 25 5 20, 25
alq) = (00”0 ) bg) = (4,4 4" )oe (2.2)

(4°, 6% 4°) o (4", 4" ¢* )
Lemma 2.2. [3, Entry 25 p. 40] The following 2-dissection formulas hold:

I

T T

(2.3)
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and 1 o
1
— = + 4¢%2 8. 2.4
fi I 24
Lemma 2.3. [11] The following 2-dissection formula holds:

13 _ fifsfty ey fufg fs fos
o Ffsfa fafha

Lemma 2.4. The following 2-dissections hold:
fs fsfsn | fifofao

A Bl T (26)
ho_ falstsy  fifao
5 fafiofao qf8f120' 27)

Equation (2.6) was proved by Hirschhorn and Sellers in [7]. Replacing ¢ by —¢
n (2.6), we obtain (2.7).

Lemma 2.5. [9, Lemma 2.3] The following 2-dissection formulas hold:
2 £2
fof§ Ja
27 42
gy =2 il | ) fjf 4912 fao — Safufy (29)
820
Lemma 2.6. [6, Theorem 2.2] For any prime p > 5,
= 324k 3p2+(6k+1)p 3p? —(6k+1)p £p—1 p2-1
fi= Z (_1)kq = f (_q 2 ,—q 2 ) _|_(_1) 6 g = pr-
k——;
k#(£p— 1)/6
(2.10)

Furthermore, for —(p—1)/2<k<(p—1)/2 and k # (£p —1)/6,

32+k | p?—1
L )

3. MAIN RESULTS
4. CONGRUENCES FOR 621(”)-
Theorem 4.1. For each integer n > 0,
Ci(4n+3) =0 (mod 2), (4.1)

[e.9]

Z L(4n +1)¢" =2f5f3  (mod 2?). (4.2)

n=0
Proof. Setting 6 =4, i =1 and k =3 in (1.3), we find that

2041 n_(q oo 0") (43)

(¢ 9)%.(a% ¢°)2%
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Substituting (2.5) into (4.3), we obtain

g S Tifsh
ZC“ = Ffofshn 2 (4.4)

which yields, for each n > 0,

2621(271 +1)q" f}{“;;” (4.5)

By the binomial theorem, it is easy to see that for positive integers k and m,
= f™ (mod 2), (4.6)
o= fim (mod 4). (4.7)

Using (4.6) in (4.5), we find that

S Chi@n+1)q" =2fifs (mod 22). (4.8)

Congruences (4.1) follows by extracting the terms involving ¢***! from (4.8).
Collecting the terms involving ¢*" from (4.8) and replacing ¢* by ¢, we get
(4.2) ]

Theorem 4.2. For any prime p > 5 with (_76) =—1,a>1andn >0, we have

— ~ 5-p2 41
> Ci (4 -+ %) ¢"=2fofs (mod 22). (4.9)
n=0

Proof. Define
> f(n)g" = fofs (mod 2°). (4.10)
n=0

Combining (4.2) and (4.10), we find that

2041 (4n +1)¢" ZZf (mod 22). (4.11)

Now, we consider the congruence equation

3k*+k 3m*+m _ 5p*—5
5 +3- 5 =5 (mod p), (4.12)

which is equivalent to

(2-(6k+1))*+6-(6m+1)*>=0 (mod p).

2.

where ( L <kom<et —* and pis a prime such that (5 6) = —1. Since (_76) =-1
+p—1

for p > 5, the congruence relation (4.12) holds if and only if both k =m = .
Therefore, if we substitute (2.10) into (4.10) and then extracting the terms in
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which the powers of ¢ are congruent to 5 - ’% modulo p and then divide by
¢*51 , we find that
) p2 _1
Zf(pn+5 24 )qpn:prf3p7 (413)
n=0
which implies that
o0 2
pr—1y\
Zf(p2n+5- 51 )q = fafs (4.14)
n=0
and for n > 0,
2 . p*—1
flpn+pi+5- 51 =0, (4.15)

where 7 is an integer and 1 < ¢ < p — 1. By induction, we see that for n > 0 and
a >0,

24

Replacing n by p**n +5 - p2;4_1 in (4.11), we arrive at (4.9). O]

f (pmn P 1) = f(n). (4.16)

Theorem 4.3. For any prime p > 5 with (_76) =—1,a>1andn >0, we have

5 ‘p2a+2 +1

o0
2621 (4 Pty 44 petl; -

n=0

) =0 (mod 2%).

where 1 =1,2,...,p — 1.

Proof. Replacing n by p*n + pi + 5'7’22475 in (4.16) and using (4.15), we find that
forn > 0 and a > 0,

5. 2042 _ 5
f (p2a+2n_|_p2a+1i+ pT) =0. (4.17)

Comparing the coefficients of ¢" from the both sides of (4.11), we see that for
n >0,

C(4n+1)=2f(n) (mod 22). (4.18)
The result follows from (4.17) and (4.18). O

—5
5. CONGRUENCES FOR () (n).

Theorem 5.1. For alln >0 and a > 0,

. . 22a+3 1
Cil (22°‘+5n + 7%) =0 (mod 2%), (5.1)
Ci (8n+5)=0 (mod 2%, (5.2)
C;,(16n+9)=0 (mod 2?), (5.3)

Ci (84n+i)+7)=0 (mod 2%), (5.4)
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where i1=1, 2, 3.
C1.(32(5n +14) +15) =0 (mod 22), (5.5)
where i=1, 2, 3, 4.
C1,(160n+7) = Cy (160 + 1) (mod 2?). (5.6)
Proof. Setting 0 =4,i=1and k=5 in (1.3), we find that

(q, q)oo(q“’, qlo)oo

n—=

0
Employing (2.6) into (5.7), we get

i@iyl(n)qn: R o Bfh |, fifn .
n=0

Bl T HRE T B

Extracting the terms involving ¢**** from (5.8), dividing by ¢ and then replacing
¢> by ¢, we obtain

25271(271 +1)q" = ];?1]}50 (5.9)
Using (4.6) in (5.9), we find
i@il(% +1)g" =2ff; (mod 22). (5.10)
n=0
Employing (2.9) into (5.10), we obtain
i@ilﬁn +1)¢" = 2f22]{;‘(;flz° +2qfofd (mod 22). (5.11)
n=0
Which implies that
i (An+3)¢" = 2f1f2  (mod 2?). (5.12)
n=0
Substituting (2.8) into (5.12), we get
i (4n + 3)q" = 23 fio + 2q@ (mod 2?). (5.13)

n=0

Extracting the terms involving ¢** from (5.13) and then replacing ¢* by ¢, we
obtain

S CliBn+3)" =2 f; (mod 22). (5.14)

n=0
In view of congruences (5.10) and (5.14), we arrive at

Cy (8n+3)=C,,(2n+1) (mod 22). (5.15)
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Utilizing (5.15) and by mathematical induction on «, we get
. 9. 4a+1 1
(2o 2

Utilizing (5.2) and (5.16), we obtain (5.1).
Collecting the terms involving ¢*" from (5.11) and replacing ¢* by ¢, we have

) =0, (2n4+1) (mod 2%). (5.16)

i 2 12
ZUZ (An+ 1D)g" = 2f1 fof3 (mod 22). (5.17)
n=0 ' flO
Using (4.6) in (5.17), we find
N Chi(dn+1)¢" =2/ (mod 22), (5.18)
n=0
2n+1

Congruence (5.2) and (5.3) follows by extracting the terms involving ¢ and

q*"*2 from both sides of (5.18).
Collecting the terms involving ¢*" from (5.18) and replacing ¢* by ¢, we have

S T, (16n +1)¢" = 2f  (mod 22), (5.19)

n=0
Extracting the terms involving ¢*" ™! from (5.13), dividing by ¢ and then replacing
¢* by ¢, we obtain

Z(J41 8n +7)q ofi ij;flo (mod 22). (5.20)
Using (4.6) in (5.20), we get
i?il(&z +7)¢" = 2f2 f1o  (mod 2?), (5.21)
which implies that -
i L(8n+T)g" = 2f2 (mod 2?). (5.22)

n=0

An—+i

Congruence (5.4) follows by extracting the terms involving ¢ from both sides

of (5.22).
Extracting the terms involving ¢** from (5.22) and then replacing ¢* by ¢, we
obtain

Zai,l(?ﬁn +7)¢" =2f; (mod 2%). (5.23)
n=0
Congruence (5.5) follows by extracting the terms involving ¢°"* from both sides

of (5.23).
Extracting the terms involving ¢°" from (5.23) and then replacing ¢° by ¢, we
get

o0

Z L(160n 4+ 7)¢" = 2f;  (mod 2%). (5.24)

n=0



ANDREWS’ SINGULAR OVERPARTITIONS WITHOUT MULTIPLES OF k& 25

In view of congruences (5.19) and (5.24), we obtain (5.6). O

Theorem 5.2. For alln >0 and a > 0,

. 14 - 52a+2 1
(JfL1 (2 - 52t 4 %) =0 (mod 2%), (5.25)
Ci(10n+5)=0 (mod 2?), (5.26)
Cy,(10n+9)=0 (mod 2?), (5.27)
Ci, (1050 +4) +7) =0 (mod 2?), (5.28)

where i=1, 2, 3, 4.

Proof. We prove the equation (5.25) by induction on «. Note that (5.10) is the
case when o = 0. Suppose that the congruence holds for a. Utilizing (2.1) in
(5.10), we get

o 5 6
253,1(271 +1)¢" = 25 f35 (ag —3a’q +5¢° — 3% - %) (mod 22). (5.29)
n=0

5n+2

Congruence (5.26) and (5.27) follows by extracting the terms involving ¢ and

¢®™** from both sides of (5.29).
Extracting the terms involving ¢°*3 from (5.29), dividing by ¢* and then
replacing ¢° by ¢, we obtain

S 0L (10n+T)g" = 10f1 /2 (mod 2?)

n=0 q2
= 213 s ( - ;) (5.30)

Congruence (5.28) follows by extracting the terms involving ¢°"™* from both sides
of (5.30).

Extracting the terms involving ¢°**! from (5.30), dividing by ¢ and then re-
placing ¢® by ¢, we obtain

S G500+ 17)g" = 23 f; (mod 22). (5.31)
n=0
In view of congruences (5.10) and (5.31), we obtain
Cy.,(50n +17)¢" = Ty ,(2n+1)  (mod 2). (5.32)
Utilizing (5.32) and by mathematical induction on «, we get

22591 4+ 1
3

Utilizing (5.26) and (5.33), we get (5.25). O

62,1 (2 <259y 4 ) = 6271(271 +1) (mod 2?). (5.33)



26 M. S. MAHADEVA NAIKA AND S. SHIVAPRASADA NAYAKA
Theorem 5.3. For alln > 0,
C3.(32n+31) =0 (mod 2%, (5.34)
S CL.(32n +15)¢" = 4fi fip (mod 2%). (5.35)

n—=

0
Proof. Using (4.7) in (5.9), we obtain

—

o J1f2/10

S Che2n+ gt = (mod 2°). (5.36)
n=0 5
Substituting (2.7) into (5.36), we arrive at
13 fsf30 fofi fao 3
C,.(2n+ 1) —2 mod 2°). 5.37
Z e Y T P Y PR

Extracting the terms involving ¢*" ™! from (5.37), dividing by ¢ and then replacing
q* by ¢, we obtain

Z flﬁé” (mod 2°). (5.38)
Employing (2.7) in (5 38), we get
o 3 4 2
T (4 + 3)g" = 6 1208I0 g FaT1fntao d2%). 5.39
2 Canltn+3)0" = 65 B0 = 0075 ™0 (mod 2. (539)

Extracting the terms involving ¢?"*! from (5.39), dividing by ¢ and then replacing
q* by ¢, we obtain

Z Co L (8n+T7)q" = fl f2f1(2)f2o (mod 2%). (5.40)
—0 fafs
Again substituting (2.7) in (5.40), we find that
S "L (16n+ 15)g" _ 4 Jifi (mod 2°). (5.41)
n=0 7 f5
Using (4.6) in (5.41), we arrive at
S Cha(16n+15)¢" = 4fafa  (mod 2°), (5.42)
n=0

Congruence (5.34) follows by extracting the terms involving ¢***! from (5.42).
Collecting the terms involving ¢*" from (5.42) and replacing ¢* by ¢, we get
(5.35). O

Theorem 5.4. For alln >0 and a > 0,

44 . 52a+2 _|_ 1

53,1 (32 - 52F2(5n 4 4) + 3

> =0 (mod 2%), (5.43)
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C,.(325n+i) +15) =0 (mod 2°), (5.44)
where 1=3, 4.

C1,(160(5n + j) +47) =0 (mod 27), (5.45)
where j=1, 3.

Proof. We prove the equation (5.43) by induction on «. Note that (5.35) is the
case when o = 0. Suppose that the congruence holds for a. Utilizing (2.1) in
(5.35), we get

2

) (mod 2%). (5.46)

a

[eS) . )
Z C(4,1(3271 + 15)q = 4f10f25 (a —q— q
n=0

Congruence (5.44) follows by extracting the terms involving ¢°"™* from both sides
of (5.46).

Extracting the terms involving ¢°**! from (5.46), dividing by ¢ and then re-
placing ¢® by ¢, we obtain

3" 0L (1600 +47)g" = 4fofs  (mod 2°)

n=0

4
q

= 215 f50 (a ) — ¢ — —) 5.47

@) - (5.47)

Congruence (5.45) follows by extracting the terms involving ¢°"*7 from both sides

of (5.47).

Extracting the terms involving ¢°"*2 from (5.47), dividing by ¢* and then

replacing ¢° by ¢, we obtain

> )1 (800n + 367)¢" = 4f1 fi (mod 2°). (5.48)

n=0

In view of congruences (5.35) and (5.48), we obtain

O, 1 (8000 + 367)¢" = C, ,(32n + 15)  (mod 2°). (5.49)

Utilizing (5.49) and by mathematical induction on «, we get

— 44 .25+ 11 —

O (32 250 + %) =C,,(32n+15) (mod 2%).  (5.50)
Utilizing (5.44) and (5.50), we get (5.43). O
Theorem 5.5. For any prime p > 5 with (_710) =—1,a>1andn >0, we have

— 44 -p* 41
N an, <32 pPn + %) ¢ =4fifio (mod 2%). (5.51)
n=0

Proof. Define
> g(n)g" = fifio (mod 2%). (5.52)
n=0



28 M. S. MAHADEVA NAIKA AND S. SHIVAPRASADA NAYAKA

Combining (5.35) and (5.52), we find that

2041 32n + 15)¢" 429 ¢" (mod 2°). (5.53)

n=0

Now, we consider the congruence equation

3k*+k 3m? +m 11p —11
1
2 0 2 24

which is equivalent to

(6k+1)>+10- (6m+1)>=0 (mod p).

(mod p), (5.54)

—(p—1 -1 . . _ .
where % < k,m < 5= and p is a prime such that (%) = —1. Since

(_Tw) = —1 for p > 5, the congruence relation (5.54) holds if and only if both

k=m= ipgl Therefore, if we substitute (2.10) into (5.52) and then extracting

the terms in which the powers of ¢ are congruent to 11 - 22

224
divide by ¢''""25 | we find that

+ modulo p and then

R I LA % (555)

n=0
which implies that

Z Yl Y (5.56)

g o1 q 1J10 .
and for n > 0,
p’—1
g (an +pi+11- o > =0, (5.57)

where ¢ is an integer and 1 <7 < p — 1. By induction, we see that for n > 0 and
a >0,

p2a -1
g (p2o‘n +11- 51 ) = g(n). (5.58)

Replacing n by p**n + 11 - p2§;1 in (5.53), we arrive at (5.35). OJ

Theorem 5.6. For any prime p > 5 with (_Tlo) =—1,a>1andn >0, we have

>© 44 - 2a+2 1
Z C’il (32 p* P 4 32 pPtli 4 pf—i—) =0 (mod 2%).
n=0

where i =1,2,...,p— 1.

Proof. Replacing n by p?n + pi + Hp _11 in (5.58) and using (5.57), we find that
forn >0 and a > 0,

(5.59)

11-p*t2 —11
g (p2a+2n+p2a+1i i p o ) —0.
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Comparing the coefficients of ¢" from the both sides of (5.53), we see that for
n >0,

C;.(32n+15) = 4g(n) (mod 2%, (5.60)

The result follows from (5.59) and (5.60). O
Theorem 5.7. For alln >0

C,,(16n+13) =0 (mod 2%), (5.61)

Z (160 +5)¢" =4fofs (mod 2%). (5.62)

n=

Proof. Equation (5.9) can be rewritten as

ZCM @2n+1)¢" = 2f2f10f§f1 (5.63)
Substituting (2.4) and (2.7) into (5.63), we obtain
1+ 13 o i 13 fao 4 fao falg I3
c (2 1 —— —8 -2 8¢q
nZo a2 = e S e e T
(5.64)

Collecting the terms involving ¢*" from (5.64) and replacing ¢* by ¢, we get

— 5 no_ legfigo f2f4f20
2 Conlin + 1" =2 e =80 ™ (5.65)
Using (4.7) in (5.65), we obtain
i (An+1)¢" = f2f4f5 S1o (mod 8). (5.66)

—~ 12 fo
Employing (2.6) into (5.66), we arrive at

(mod 8). (5.67)

> a5 A — f4f8f10f20 2 2f4f10f40 4 fffIQO
Z 4’1( n+1 f2f40 * f2f8f20 " ! fé

Extracting the terms involving ¢*" ! from (5.67), dividing by ¢ and then replacing
q* by ¢, we obtain

i (8n+5)q wo g 23 (mod 8) (5.68)
=475 . .

n=0 1
Using (4.6) in (5.68), we get

S Chi(8n+5)q" = 4fifi (mod 8). (5.69)

n=0

Congruence (5.61) follows by extracting the terms involving ¢***! from (5.69).
Collecting the terms involving ¢*" from (5.69) and replacing ¢* by ¢, we get
(5.62) O
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Theorem 5.8. For alln >0 and a > 0,

_ 1452042 4 1
Ci,l (16 ) 52a+2(5n +14) + %) =0 (mod 23), (5.70)
Ci,(16(5n +4) +5) =0 (mod 27, (5.71)
where i=1, 3.
C,,(80(5n+7) +37) =0 (mod 2%, (5.72)

where 7=3, 4.

Proof. We prove the equation (5.70) by induction on «. Note that (5.62) is the
case when o = 0. Suppose that the congruence holds for a. Utilizing (2.1) in
(5.62), we get

4

;;62,1(1671 +5)¢" = 4f5f50 (G(QQ) - ¢ - @) (mod 27). (5.73)

Congruence (5.71) follows by extracting the terms involving ¢°"™* from both sides
of (5.73).

Extracting the terms involving ¢°"*2 from (5.73), dividing by ¢* and then
replacing ¢° by ¢, we obtain

Zai,l(SON +37)¢" = 4f1f10  (mod 2°)

n=0 q2
= 4f10f25 (a —q — E) (574)

Congruence (5.72) follows by extracting the terms involving ¢°**7 from both sides
of (5.74).

Extracting the terms involving ¢°**! from (5.74), dividing by ¢ and then re-
placing ¢° by ¢, we obtain

262,1(40071 +117)¢" = 4fof5 (mod 2°). (5.75)

n=0

In view of congruences (5.62) and (5.75), we obtain
C4,(400n + 117)¢" = Cy (160 +5)  (mod 2°). (5.76)
Utilizing (5.76) and by mathematical induction on «, we get

1425000 £ 1\
%) =0, (16n+5) (mod2%).  (5.77)

Using (5.71) in (5.77), we get (5.70). O

T (16 .25ty

Theorem 5.9. For any prime p > 5 with (_Tlo) =—1,a>1andn >0, we have

— ~ 14-p% 41
e (16 PP+ %) " =4fpfs (mod 2%). (5.78)
n=0
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Proof. Define

[e.e]

> h(n)g" = fofs (mod 2%). (5.79)

n=0
Combining (5.62) and (5.79), we find that

ZC“ 16n + 5)¢" 4Zh (mod 2°). (5.80)

n=0

Now, we consider the congruence equation

3k + k 3m>+m _ Tp*—7

2- . = d 81
5 T 5 5 o (mod p), (5.81)
which is equivalent to
(12 +2)*>+10- (6m+1)>=0 (mod p).
where # < k,m < B2t and p is a prime such that (_710) = —1. Since

(_Tw> = —1 for p > 5, the congruence relation (5.81) holds if and only if both
k=m= 1%71 Therefore, if we substitute (2.10) into (5. 79) and then extracting

the terms in Whlch the powers of ¢ are congruent to 7 - 2-1 modulo p and then

24
divide by ¢" B , we find that

Zh( 24 )qpn:prf5p>

which implies that

oo 2 _1
n=0
and for n > 0,
21
h| n? ; P = .
( o ) 0, (5.83)

where ¢ is an integer and 1 < ¢ < p — 1. By induction, we see that for n > 0 and
a >0,

pZa -1
h{p*n+7- = h(n). (5.84)
24
—L in (5.80), we arrive at (5.78). O
Theorem 5.10. For any prime p > 5 with (_710) =—1,a>1andn >0, we
have
x© 14 - 20+2 1
Z 02,1 (16 p* P 416 - p*tli + %) =0 (mod 2°).

n=0

where 1 = 1,2, ...,p — 1.
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Proof. Replacing n by p*n + pi + 7"’224_7 in (5.84) and using (5.83), we find that
forn > 0 and a > 0,

7 . m2a+2 7
3 (p2a+2n+p2a+li + pT) —0. (5.85)

Comparing the coefficients of ¢™ from the both sides of (5.80), we see that for
n >0,

C4,(16n+5) = 4h(n) (mod 2°). (5.86)
The result follows from (5.85) and (5.86). O
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