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SPECIAL CASE OF FERMAT’S THEOREM
LUIS H. GALLARDO*

ABSTRACT. We prove under a mild condition that the only rationals x, y with
x > 0,y > 0 and z +y = N(k), for some k € QF, and zP + y? = 1 are
=0,y =1and x =1,y = 0. Here, we let N denote the norm from Q(w,) to
Q for p an odd prime number.

1. INTRODUCTION

Let p be an odd prime number. Let w, (or just w for fixed p) denote a zero of
the cyclotomic polynomial ®,(z) = 2! +---+1 € Q[z]. Likewise, let Tr denote,
as usual, the trace function from Q(w) onto @, and N the norm function from
Q(w) into Q.

We are interested in describing, by elementary methods, the intersection of a
line X +Y = ¢ with the curve X?+Y? =1, with X, Y restricted to non-negative
values, in a special case (for more general results in two directions see [1, 2]). Of
course, our result is not new, since Wiles [5], and Taylor and Wiles [] proved,
unconditionally, and by deep methods, that the intersection (when non empty)
contains exactly the points (1,0) and (0,1). These two solutions share (trivially)
the following property. The sum s = x + y equals the norm of some rational
number ¢ = k. Namely, kK = 1. We ask then for solutions (z,y) € Q?, such that
x > 0,y > 0, with the same property, namely that s = N(k) = kP~! for some
rational number k. When £k is chosen appropriately, i.e., when the two curves
intersect on some real points, with non-negative coordinates, it is not trivial to
decide if these solutions are rational or not.

We can now write the condition x” 4+ y” = 1 in the form

N(k(z +yw)) =1, (1.1)
since the norm N is multiplicative and
TP (o) (o 9™ = NG+ ). (12)
Tty

By Hilbert’s 90’s theorem (see Lemma 2.2) there exists a nonzero z € Q(w) such

that
o(z)

k:(x—l—yw): L (1.3)
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where o is a generator of the Galois group of the extension Q(w) over Q.

It turns out that, under a mild condition, we can reduce the problem to the
case in which Tr(z) # 0 in (1.3). Thus, we are able to solve it in two special
cases. Otherwise, the problem seems out of reach by elementary methods.

Remark 1.1. The main difference between our approach and the approach in
[4, 5] is that they proved the full theorem. This was done by a proof of a special
case of the Shimura-Taniyama-Weil conjecture involving deep and sophisticated
properties of appropriate elliptic curves associated to the problem. While our
approach proves only a very special case of the theorem and uses no more than
elementary tools of algebraic number fields, namely the norm and the trace. In
other words, our approach is more direct but far less deep.

The object of the present paper is to prove the following results, in which we
use the notation above.
Our first result improves on Hilbert’s 90 theorem in a special case.

Theorem 1.2. We can chose a conjugate a; = 7(a), for some T € G, of a in
Lemma 2.2 such that by = 7(b) satisfies

(1,b,) #0.

provided that b is such that (m;, 1) is a linear combination of the (7(b), 1) forT €
G. Here, the minimal polynomial of b over Q is A(z) = mo+myx+- - -+m, 22?2
Thus,
Tr(b) # 0.
Our second result solves Fermat’s equation on a special case using only ele-
mentary facts.

Theorem 1.3. Let p be an odd prime number. Assume that x,y € Q, with
x>0,y > 0, satisfies x +y = kP~ for some positive k € Q, and zP + y? = 1.
Then for some z € Q(w) that satisfies (1.3) and the condition on b in Theorem

1.2 we have Tr(z) # 0. Moreover, we have x =0 andy =1, orx =1 and y = 0,
provided that Tr(zw) = 0, or Tr(z) = Tr(zw).

The following notation is useful. Let
(,): Qw) x Qw) — Q
denote the bilinear map
(z,y) — Tr(xy).
2. TooLs
For convenience of the reader, we recall here some useful facts.

Lemma 2.1. The cyclotomic polynomial ®,(z) = 2P~ + -+ + 1 is the minimal
polynomial of w for a prime number p.

Hilbert’s 90 theorem [3, Theorem 6.1] applied to the cyclic extension Q(w) over
Q gives the following:
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Lemma 2.2. Ifa € Q(w) satisfies N(a) = 1 then there exists a nonzero b € Q(w)
such that

a=o(b)/b,
where o is a generator of the Galois group G of the extension Q(w)/Q.

The following technical result is useful.

Lemma 2.3. Let p be an odd prime number. Write z = Z?;g ziw? € Qw).

Then
Tr(wz) = Tr(z) — pzo. (2.1)
Proof. We have
p—3
wz = Z Zjw T + 2, WPt (2.2)
=0

Rewrite (2.2), using Lemma 2.1, and putting k = j + 1, as

-2 -2
wz = pz: Zp_ " — pg: Zp_aw". (2.3)
k=1 k=0
In other words, (2.3) means
p—2
wz = Z(Zk—l — Zp_o)w” — zp_s. (2.4)
k=1

Take the trace Tr in both sides of (2.4) to get the following:

p—2

Tr(wz) = (1= p)zpa — I (5h1 — 22, (2.5)

k=1

since Tr(1) = p — 1, and Tr(w*) = —1 for 1 < k < p — 2. Rewrite (2.5) as

To(ws) = (cp+Dzpa— (5pot S sn) - (-D5pa (26)

In other words, (2.6) says that

Tr(wz) = Z 2. (2.7)

On the other hand, similarly, we have

p—2

Tr(z) = pzo — Z 2. (2.8)

=0

The result follows from (2.7) and (2.8). O
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3. PROOF OF THEOREM 1.2

Proof. Assume, contrary to what we want to prove, that

(L7(b)) =0 (3.1)
for all 7 € G. We claim that the minimal polynomial of b, namely
Alz) = [ [ @ =), (3.2)
TEG
when written as
p—3
Ax) =272+ a;a’ € Q[a], (3.3)
j=0
satisfies
A(x) = a2, (3.4)

In order to prove the claim, observe (comparing equations (3.2) and (3.3)) that
Newton’s relations implies that each a; is a homogeneous polynomial in the 7(b)
for b € G. Thus, (1,a,_3) = 0. For the remaining coeflicients, we use our
condition on b to get (1,a;) = 0.

Thus, for each j, equation (3.1) implies that one has

0=(1,qa). (3.5)
Hence, for each j, one has a; € Q, and
0=(1a;)=a;{1,1)=(p—1a;. (3.6)
Clearly, (3.6) implies that for all j we have
a; = 0. (3.7)
This proves the claim.
But (3.4) implies that
A(0) =0P7% = 0. (3.8)
Moreover, equation (3.2) implies that
A(0) = N(b). (3.9)

Comparing equations (3.8) and (3.9), it follows that

N(b) = 0. (3.10)
Clearly, (3.10) contradicts the fact that b # 0.
Thus, we proved that

0+# (1,7(b)). (3.11)

Therefore, (3.11) implies that
Tr(b) # 0, (3.12)
Tr(b) = (1,b) = (1,7(b)). (3.13)

This proves the theorem. O
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4. PROOF OF THEOREM 1.3

Since k is rational, k*~! = N(k), the norm is multiplicative, and (1.2) holds,
we can write the equation
P oy =1 (4.1)
as
N(k(z 4+ yw)) = 1. (4.2)
By Lemma 2.2 and Theorem 1.2 we obtain

a(2)

k(z+yw) = (4.3)

for some nonzero z € Q(w), such that
Tr(z) # 0, (4.4)

where o generates the Galois group of the extension Q(w)/Q.
Put

z=20+ 21w+ + 2 0w 2 € Q). (4.5)
Rewrite (4.3) as
kx-z+ky- (z2w) = o(2). (4.6)
Taking the trace Tr in both sides of (4.6) we obtain
kxTr(z) + kyTr(zw) = Tr(z2), (4.7)

since Tr(o(2)) = Tr(2).
Moreover, by Lemma 2.3 and (4.7) one has

Tr(2)(k(x +y) — 1) = kypzo. (4.8)
Assume first that
Tr(wz) = Tr(z). (4.9)
By Lemma 2.3 we obtain zy = 0. Thus, from (4.4) and (4.8) we obtain that
k(z+y) =1. (4.10)
Since x +y = kP~ (4.11) implies that
K o=1, (4.11)
Hence, k =1, i.e.,
rdy=1 (4.12)
Thus, if (z,y) ¢ {(1,0),(0,1)} we have the contradiction
l=x+y>al+9y’ =1 (4.13)
It remains to consider the case when
Tr(wz) = 0. (4.14)
By Lemma 2.3 we deduce from (4.14) that
Tr(z) = pzo. (4.15)

Thus, from (4.4) and (4.8) we obtain
k= 1. (4.16)
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From (4.1), (4.16), and
kx + ky = kP, (4.17)
we obtain
ky = kP — 1. (4.18)
From (4.1) multiplied by k” together with (4.16), we obtain
kPyP = kP — 1. (4.19)
In other words, (4.18) and (4.19) says that
=t (4.20)
with
t=k"—1. (4.21)
If t =1 we obtain from (4.21) the contradiction
2 = kP, (4.22)
If t =0, then we get k? = 1 from (4.21). Thus, (4.17) says that
ky = 0. (4.23)

Thus, (4.23) implies that y = 0. From (4.16) we get then £ =1 and = = 1.
This finishes the proof of the theorem.

Remark 4.1. Observe that equation (4.2), can be rewritten as (4.3), namely
kx -z +ky- (z2w) = o(2). (4.24)
Taking the trace Tr in both sides of (4.24) we obtain
kxTr(z) + kyTr(zw) = Tr(2). (4.25)

Equation (4.25) holds when Tr(z) = 0 and when Tr(z) # 0. However, (4.25)
cannot help to prove that the equation

CCp + yp =1
has the trivial solutions when
Tr(z) = Tr(zw) = 0,

since (4.25) becomes the trivial identity 0 = 0.
In other words, Theorem 1.2, greatly simplifies the study of equation (4.25).
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