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ON CURVATURES OF HOMOGENEOUS FINSLER-KROPINA
SPACE

KERIYAPPA CHANDRU1 AND SENAJJI KAMPLAPPA NARASIMHAMURTHY2∗

Abstract. In Finsler geometry, one of the central problem is to study curva-
ture properties of special class of Finsler spaces such as homogeneous-Finsler
spaces. In this paper, we give an explicit formula of the S-curvature of ho-
mogeneous Finsler space with Kropina metric and proved that a homoge-
neous Kropina space with almost isotropic S-curvature must have vanishing
S-curvature. We also derived an explicit formula of the mean Berwald curva-
ture Eij of homogeneous Finsler-Kropina space.

1. Introduction

Finsler geometry is just the Riemannian geometry without quadratic restriction
[3]. Thus it can be considered as the nonlinear version of Riemannian geometry,
but nonlinear characterization of the metrics makes Finsler geometry much more
complicated and difficult compared to Riemannian geometry [2]. However, re-
cently this geometry has been studied extensively and has proven to be very use
full in Physics and Biology [3]. One of the central problem in Finsler geom-
etry is to study curvature properties of special class of Finsler spaces such as
homogeneous-Finsler spaces.

Let (M,F ) be a Finsler space, where M be the connected smooth manifold
and F be the Finsler metric. (α, β)-metrics are the class of Finsler metrics,
for example Randers metric, Kropina metric, Matsumoto metric, etc. Kropina
metric is of the form F = α2

β
, where α is Riemannian metric and β is the one

form. Kropina metrics were first introduced by L. Berwald in connection with a
two-dimensional Finsler space with rectilinear extremal and were investigated by
V. K. Kropina [14].

A Finsler-Kropina space (M,F ) becomes homogeneous if the group of isome-
tries I(M,F ) of (M,F ) acts transitively on M . As described in [7], for homoge-
neous Finsler space, M can be written as a coset space G/H with (α, β)-metric
of the form F = αφ(s), where s = β

α
with α a G-invariant Riemannian metric on

G/H and β a G-invariant vector field on G/H. Therefore the Lie algebra g of G
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expressed as composition of h and m. i.e.,

g = h+m (direct sum of subspaces) (1.1)

such that Ad(h)(m) ⊂ m, h ∈ H and we can identify M with the tangent space
of (G/H) at the origin o = H. Further, the one form β corresponds to a vector
field X̄ on G/H which is generated by Ad(H)-invariant vector in m with length
< 1.

The goal of this paper is to derive an explicit formula for the S-curvature of
homogeneous Finsler space with Kropina metric. The notion of S-curvature for a
Finsler space introduced by Z. Shen in [15]. It is a quantity to measure the rate
of change of the volume form of a Finsler space along the geodesics. Recently
many geometers studied curvature properties of homogeneous Finsler space [7, 8].
In 2007, S. Deng and Z. Hou studied that a homogeneous Finsler spaces with
non-positive flag curvature [8]. In 2009, S. Deng obtained the explicit formula
of S-curvature of homogeneous Randers space with almost isotropic S-curvature
must have vanishing S-curvature [9]. As for reference, there is an explicit formula
for S-curvature in a local standard coordinate system by Z. Shen [15]. However,
for a homogeneous spaces there should have a formula which does not use local
coordinates. In this article we are studied curvature properties of homogeneous
Finsler-Kropina space and find the formula for S-curvature and mean-Berwald
curvature.

In the following, we shall use Einstein summation convention unless otherwise
stated.

2. PRELIMINARIES

In this section we recall some known results and notations. Finsler space is
a smooth manifold possessing a Finsler metric. A formal definition of a Finsler
space is as follows:

Definition 2.1. A Finsler space is a triple F n = (M,D,F ), where M is an
n-dimensional manifold, D is an open subset of a tangent bundle TM and F
is a Finsler metric defined as a function F : TM → [0,∞), with the following
properties:

(1) Regular: F is C∞ on the entire tangent bundle TM\{0}.

(2) Positive homogeneous: F (x, λy) = λF (x, y), ∀λ ≥ 0.

(3) Strong convexity: The n× n Hessian matrix

gij =
1

2
[F 2]yiyj

is positive definite at every point on TM\{0}, where TM\{0} denotes
the tangent vector y is non zero in the tangent bundle TM .

In Finsler geometry, (α, β)-metrics is a important class of Finsler metrics [10].
A Finsler metric F = F (x, y) is said to be (α, β)-metric if it can be expressed in
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the form,

F = αφ(s), s =
β

α
, (2.1)

where α =
√
gij(x)yiyj is a Riemannian metric and β = bi(x)yi is a 1-form. Here

φ = φ(s) is a C∞ positive function on an open interval (−b0, b0) satisfying

φ(s)− sφ′(s) + (b2 − s2)φ′′(s) > 0, | s |≤ 0 < b0, b = ‖β(x)‖α. (2.2)

In this article we considered an important example of such (α, β)-metrics is
Kropina metric introduced by V. K. Kropina [12], expressed in the following
form,

F =
α(x, y)2

β(x, y)

= αφ(s); φ(s) =
1

s
,

where s = β
α

, α =
√
gij(x)yiyj is the Riemannian metric and β = bi(x)yi is the

1-form.
Let

rij =
1

2
(bi|j + bj|i), sij =

1

2
(bi|j − bj|i). (2.3)

Clearly, β is closed if and only if sij = 0. We put

ri0 = rijy
j, r00 = rijy

iyj, rj = birij,

si0 = sijy
j, sj = bisij, r0 = rjy

j, s0 = sjy
j.

For a Finsler metric F = F (x, y), the geodesics are characterized by system of
second order ordinary differential equations,

ẍi + 2Gi(x, ẋ) = 0,

where Gi = Gi(x, y) are called spray coefficients and are given by,

Gi = yi
∂

∂xi
− 2Gi(x, y)

∂

∂xi
(2.4)

in standard local coordinates (xi, yi) in TM , then the spray of F is the vector
field G = yi ∂

∂xi
− 2Gi(x, y) ∂

∂yi
[10].

The S-curvature is an important non-Riemannian quantity introduced by Z.
Shen [15], defined with respect to a volume form dV = σ(x)dx by,

S =
∂Gm

∂ym
− ym ∂

∂xm
(lnσF (x)). (2.5)

Here the volume form can be the Busemann-Housdorff volume form dVBH =
σBH(x)dx, where

σBH(x) =
V ol(Bn)

V ol{(yi) ∈ Rn | F (x, y) < 1}
or the Holmes-Thompson volume form dVHT = σHT (x)dx, where

σHT (x) =
1

V ol(Bn)

∫
F (x,y)<1

det(gij(x, y)dy).
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Unless specified, the S-curvature usually defined with respect to the Busemann-
Housdorff volume form.

Definition 2.2. A Finsler space (M,F ) is said to have almost isotropic S-
curvature if there exists a smooth function c(x) on M and a closed 1-form η
such that:

S(x, y) = (n+ 1)c(x)F (y) + η(y), x ∈M, y ∈ TxM. (2.6)

Note:(1). F is of isotropic S-curvature if c = c(x) is a scalar for and η = 0.
(2). F is of constant S-curvature if c is a constant and η = 0.

In [12], authors defined the S-curvature of the (α, β)-metric F = αφ(s), in
local coordinate system by,

S =

{
2Ψ− f ′(b)

bf(b)

}
(r0 + s0)− α−1

Φ

2∆2
(r00 − 2αQs0), (2.7)

where

Q =
2 + 2s

1− s2
, ∆ = 1 + sQ+ (b2 − s2)Q′, Ψ =

Q′

2∆
(2.8)

Φ = −(Q− sQ′) {n∆ + 1 + sQ} − (b2 − s2)(1 + sQ)Q′′ (2.9)

and the function f(b) in the formula is defined as follows,

f(b) =


∫ π
0 sinn−2 tdt∫ π

0
sinn−2 t
φ(b cos t)n

dt
if dV = dVBH ;

∫ π
0 (sinn−2 t)T (b cos t)dt∫ π

0 sinn−2 tdt
if dV = dVHT ,

where T (s) = φ(φ− sφ′)n−2 {(φ− sφ′) + (b2 − s2)φ′′} . Then the volume form dV

is given by dV = f(b)dVα, where dVα =
√
det(αij)dx, denote the Riemannian

volume form of α.

3. S-CURVATURE OF HOMOGENEOUS FINSLER-KROPINA
SPACE

Recall that two Finsler spaces (M1, F1) and (M2, F2) are said to be isomet-
ric if there exists a diffeomorphism ϕ from M1 onto M2, such that F1(x, y) =
F2(ϕ(x), ϕ(y)) for any x1 ∈ M1 and y ∈ TxM1. In 2006 [7], S. Deng and Z. Hou
proved that the group of isometries of Finsler space is a Lie transformation group
on the original manifold which can be used to study homogeneous Finsler spaces.

A homogeneous Finsler-Kropina space M can be written as a coset space G/H

with a G-invariant Kropina metric F = α2

β
, where both Riemannian metric α and

the one form β are invariant under the action of G. In [9], S. Deng and Z. Hou,
specified that, β corresponding to a unique vector u in To(G/H) which is fixed
under linear isotropy representation of H on To(G/H) and o = H is the origin of
G/H. And in [8], S. Deng and X. Wang gives the following result,
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Theorem 3.1. [8] Let F = αφ(s) be a G-invariant (α, β) metric on the reduction
homogeneous manifold G/H with a decomposition of the Lie algebra

g = h+m. (3.1)

Then the S-curvature of F has the form

S(o, y) = − 1

α(y)

Φ

2∆2
{−c〈[u, y]m, y〉 − α(y)Q〈[u, y]m, u〉} , y ∈ m, (3.2)

where u is the vector in m corresponding to the 1-form β, and we have identified
m with the tangent space of G/H at origin o = H.

In this section according to the above theorem (3.1) we find the formula of
S-curvature for homogeneous Finsler space with Kropina metric. By definition
(2.1), we can write Kropina metric F = α2

β
as F = αφ(s), where φ(s) = 1

s
. Now,

for this Kropina metric by the equations (2.8) and (2.9) we have,

Q = − 1

2s
, Q′ =

1

2s2
, (3.3)

∆ =
b2

2s2
, Φ =

(n+ 1)b2

2s3
. (3.4)

Since (G/H,F ) is homogeneous, it is enough to compute the S-curvature at
the origin o = H. Let (U, (x1, x2, ..., xn)) be the local coordinate system. With
reference to [4], we have to find the S-curvature in local coordinate system, for
that we need to evaluate the following quantities at the origin:

(1) rij = 1
2

(bi;j + bj;i) and bi’s are defined by β = bi(x)dxi.

(2) si = bjs
j
i and sij are defined by sij = 1

2

(
∂bi
∂xj
− ∂bj

∂xi

)
.

(3) s0 = siy
i

(4) ρ0 = ρxiy
i, where ρ =

√
1− ‖β‖ and ‖β‖ is the length of the 1-form β

with respect to α.

Let 〈, 〉 be the corresponding inner product on m. Then we have to consider
the Levi-Civita connection of (G/H,α) which will be useful to calculate the S-
curvature of homogeneous Finsler-Kropina spaces. There are many versions of
the formula of the connection for Killing vector fields. But, we are working on
the differential of (left) invariant vector fields on G/H and we adopt the formula
in [8]. Now for v ∈ g, define a one parameter transformation group ϕt, t ∈ R of
G/H by

ϕt(gH) = (exp(tv)g)H, g ∈ G.
Then ϕt generates a vector field on G/H which is a Killing vector field (this is
called the fundamental vector field generated by v in [8]). We denote this vector
field by v̄. In [14] authors defined the following formula,

〈∇v1v2|o, w〉 =
1

2
(−〈[v1, v2]m, w〉+ 〈[w, v2]m, v1〉+ 〈[w, v1]m, v2〉) , v1, v2, w ∈ m.

(3.5)
where o = H is the origin of the coset space and [v1, v2]m denote the projection
of [v1, v2] to m corresponding to the decomposition (3.1).
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Now by using the formula(2.3), we have to compute r00 and s0. First consider,

bi = β

(
∂

∂xi

)
= 〈ũ, ∂

∂xi
〉 = c〈 ∂

∂xn
,
∂

∂xi
〉,

Then by differentiating bi we get,

∂bi
∂xj

= c
∂

∂xj
〈 ∂
∂xn

,
∂

∂xi
〉

= c

(
〈∇ ∂

∂xj

∂

∂xn
,
∂

∂xi
〉+ 〈 ∂

∂xn
,∇ ∂

∂xj

∂

∂xi
〉
)
. (3.6)

Hence at the origin we have (here we use the symmetry of the connection:∇ ∂

∂xj

∂
∂xi
−

∇ ∂

∂xi

∂
∂xj
−
[
∂
∂xi
, ∂
∂xi

]
= 0),

sij(o) =
1

2
c

(
〈∇ ∂

∂xn

∂

∂xj
,
∂

∂xi
〉 − 〈∇ ∂

∂xn

∂

∂xi
,
∂

∂xj
〉
)
|o (3.7)

Then by equation (3.5) we have,

sij(o) =
1

2
〈[ui, uj]m, un〉 . (3.8)

Since at the origin we have (aij) = In, we get

sij(o) = aik(o)skj(o) =
n∑
k=1

δki skj(o) = sij(o).

Therefore

si(o) = bl(o)s
l
i(o) = csni (o) = sni(o). (3.9)

Now for y = yiui ∈ m, we have

s0(y) = ylsl(o) = cylsnl(o) =
1

2
yl〈[un, ul]m, un〉

=
1

2

〈
[cun, y

lul]m, cun
〉

=
1

2
〈[u, y]m, u〉 . (3.10)

Next we compute rij. Suppose i ≥ j. Then we have

rij(o) =
1

2
(bi;j + bj;i) |o

=
1

2

(
∂bi
∂xj
− blΓlji +

∂bj
∂xi
− blΓlji

)
|o

=
1

2

(
∂bi
∂xj

+
∂bj
∂xi

)
|o − cΓlji(o). (3.11)

By (3.6) we have

1

2

(
∂bi
∂xj

+
∂bj
∂xi

)
|o = −1

2
〈[ui, uj]m, un〉 , i ≥ j. (3.12)
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Combining the above equation (3.12) with the connection coefficients Γlij defined
in [9], we get

rij(o) = −1

2
c (〈[un, uj]m, ui〉+ 〈[un, ui]m, uj〉) , i ≥ j. (3.13)

Further
r00|o = rij(o)y

iyj = −c 〈[un, y]m, y〉 . (3.14)

By substituting the above quantities and the values of (3.3) and (3.4) into the
equation (3.2) we get the formula for S-curvature of homogeneous Finsler-Kropina
metric at the origin as follows,

S(o, y) = −(n+ 1)s

b2α(y)

{
−c〈[u, y]m, y〉+

α(y)

2s
〈[u, y]m, u〉

}
. (3.15)

Summarizing above statements we get,

Theorem 3.2. Let F = αφ(s) be a G-invariant (α, β)-metric on the reductive
homogeneous manifold G/H, with a decomposition of the Lie algebra

g = h+m. (3.16)

Then the S-curvature of F = α2

β
has the form

S(o, y) = −(n+ 1)s

b2α(y)

{
−c〈[u, y]m, y〉+

α(y)

2s
〈[u, y]m, u〉

}
, (3.17)

where u is the vector in m corresponding to the 1-form β, and we have identified
m with the tangent space of G/H at the origin o = H.

As a direct application of the above formula we get,

Theorem 3.3. Let (G/H,F ) be as in the above theorem (3.2). Then homoge-
neous Kropina metric F has isotropic S-curvature if and only if F has vanishing
S-curvature.

Proof: By using the formula derived in the previous theorem (3.2), it is enough
to show the direct part. So, suppose F has isotropic S-curvature;

S(x, y) = (n+ 1)c(x)F (y), x ∈ G/H, y ∈ Tx(G/H). (3.18)

Letting x = 0 and y = u then by (3.17) we get c(0) = 0. Hence S(o, y) = 0,∀y ∈
To(G/H). Since F is a homogeneous metric, we must have S = 0 everywhere.

4. MEAN BERWALD CURVATURE OF HOMOGENEOUS
FINSLER-KROPINA SPACE

One more important non-Riemannian quantity in Finsler geometry is mean-
Berwald curvature. In this section we apply the results of Section 3 to give a
formula of mean Berwald curvature of homogeneous Finsler-Kropina metrics. In
[6], X. Cheng and Z. Shen, give the mean Berwald curvature for Finsler metrics
as follows,

Eij =
1

2

∂2

∂yi∂yj

(
∂Gm

∂ym

)
, (4.1)



80 K. CHANDRU AND S.K. NARASIMHAMURTHY

where Gm = Gm(x, y) are the spray coefficients. By (2.5), S-curvature can be
defined as

S =
∂Gm

∂ym
− (lnσ(x))xky

k. (4.2)

Here, since σ(x) is the function of x, the second term in the above equation
(lnσ(x)) is also function of x only. Therefore,

∂2

∂yi∂yj
[
(lnσ(x))xky

k
]

= 0.

Hence, the formula for mean Berwald curvature obtained by direct computation,

∂2S

∂yi∂yj
=

∂2

∂yi∂yj

[
∂Gm

∂ym
− (lnσ(x))xky

k

]
=

∂2

∂yi∂yj
= 2Eij. (4.3)

So that, clearly by partially differentiating the expression of S-curvature derived
in section 3, we can determine the formula for mean Berwald curvature of the
homogeneous Finsler-Kropina space. i.e.,

2Eij =
∂2S

∂yi∂yj
. (4.4)

Before the computation, we consider the identities,

∂2s

∂ym
=

1

α

(
bm − s

ym
α

)
,

∂α

∂ym
=
ym

α
. (4.5)

Theorem 4.1. Let (G/H,F ) be a homogeneous Finsler-Kropina space with the

metric of the form F = α2

β
where α be a G-invariant Riemannian metric on G/H

and β be a G-invariant vector field on G/H. Then the mean Berwald curvature
of homogeneous Finsler-Kropina space is of the form

Eij =
(n+ 1)

2b2

{
s

α(y)
[〈[u, ui]m, uj〉+ 〈[u, uj]m, ui〉] + 〈[u, y]m, y〉A

}
, (4.6)

where A is defined in equation (4.17).

Proof:Let us consider Finsler-Kropina metric F = αφ(s), where φ(s) = 1
s2

.
Put ψ = φ− sφ, then we have,

Q =
φ′

ψ
= − 1

2s
, Q′ =

1

2s2
, ∆ = 1 + sQ+ (b2 − s2)Q′ = b2

2s2
, (4.7)

Φ = −(Q− sQ′)n∆ + 1 + sQ− (b2 − s2)(1 + sQ)Q′′ =
(n+ 1)b2

2s3
. (4.8)

Letting c = 1 in the formula of S-curvature defined in equation (3.17), we get

S(o, y) = −(n+ 1)s

b2α(y)

{
−〈[u, y]m, y〉+

α(y)

2s
〈[u, y]m, u〉

}
,

=
(n+ 1)

b2

{
s

α(y)
〈[u, y]m, y〉 −

1

2
〈[u, y]m, u〉

}
. (4.9)
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Now by using (4.4) we obtain,

2Eij =
∂2S(o, y)

∂yi∂yj
,

=
(n+ 1)

b2
∂2

∂yi∂yj

{
s

α(y)
〈[u, y]m, y〉 −

1

2
〈[u, y]m, u〉

}
,

=
(n+ 1)

b2

{
∂2

∂yi∂yj

(
s

α(y)
〈[u, y]m, y〉

)
− ∂2

∂yi∂yj

(
〈[u, y]m, u〉

2

)}
.(4.10)

Now consider the first term,

∂2

∂yi∂yj

{
s

α(y)
〈[u, y]m, y〉

}
=

s

α(y)

∂2

∂yi∂yj
(〈[u, y]m, y〉)

+ 〈[u, y]m, y〉
∂2

∂yi∂yj

(
s

α(y)

)
, (4.11)

but we get,

∂〈[u, y]m, y〉
∂yi

= 〈[u, ui]m, y〉+ 〈[u, y]m, ui〉,

∂2〈[u, y]m, y〉
∂yi∂yj

= 〈[u, ui]m, uj〉+ 〈[u, uj]m, ui〉, (4.12)

and

∂2

∂yi∂yj

(
s

α(y)

)
=

8syiyj
α5

− 2

α4
(bjyi + biyj)−

2s

α3
δji . (4.13)

Therefore we have,

∂2

∂yi∂yj

{
s

α(y)
〈[u, y]m, y〉

}
=

s

α(y)
[〈[u, ui]m, uj〉+ 〈[u, uj]m, ui〉] (4.14)

+ 〈[u, y]m, y〉
[

8syiyj
α5

− 2

α4
(bjyi + biyj)−

2s

α3
δji

]
.

Similarly, by direct computation the value of second term of the equation (4.10)
becomes,

∂2

∂yi∂yj

(
〈[u, y]m, u〉

2

)
= 0. (4.15)

Hence by substituting equations (4.14), (4.15) into (4.10) we get,

Eij =
(n+ 1)

2b2

{
s

α(y)
[〈[u, ui]m, uj〉+ 〈[u, uj]m, ui〉] + 〈[u, y]m, y〉A

}
,(4.16)

where

A =
8syiyj
α5

− 2

α4
(bjyi + biyj)−

2s

α3
δji . (4.17)

This is the required formula of mean Berwald curvature of homogeneous Finsler-
Kropina space. This completes the proof.
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5. CONCLUSION

Kropina metrics seem to be the simplest nontrivial Finsler metrics with many
interesting application in physics, electron optics with a magnetic field, dissipative
mechanics and irreversible thermodynamics [14]. Also, they have interesting ap-
plications in relativistic field theory, control theory, evolution and developmental
biology. In this article we consider the homogeneous Finsler space with kropina
metric. It is an important problem to compute the geometric quantities such as
curvatures of homogeneous spaces.

S-curvature is an important geometric quantity in Finsler geometry in that it
has some mysterious interrelations with other quantities such as flag curvature,
Ricci scalar, etc. Shen showed that the Bishop-Gromov volume comparison theo-
rem holds for Finsler spaces with vanishing S-curvature. Therefore, it is also sig-
nificant to characterize homogeneous Finsler spaces with vanishing S-curvature.
In this paper, we derived an explicit formula of the S-curvature of homogeneous
Finsler space with Kropina metric and proved that a homogeneous Kropina space
with almost isotropic S-curvature must have vanishing S-curvature. We also de-
rived an explicit formula of the mean Berwald curvature Eij of homogeneous
Finsler-Kropina space.
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