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THE BIGRADED HILBERT FUNCTION OF UNIONS OF LINES
IN THE 3-DIMENSIONAL FLAG VARIETY

E. BALLICO!

ABSTRACT. Let F C P? x P2V be the 3-dimensional flag. Let 7 : F — P2
and 7 : F — P2V be the projections. For all u,v € N\ {(0,0)} let M (u,v)
denote the set of all curves 7y *(F) U, ' (E) such that 7, (F) Ny Y(E) =0,
#F =v and #F = u. Any A € M(u,v) has u + v connected components, all
of them smooth and rational and embedded as lines by the Segre embedding of
P2 x P2V, In this paper we study the bigraded Hilbert function H%(Z4(a, b)),
(a,b) € N2, for a general A € M(u,v). We also give geometric properties of
Z4(a,b) (spannedness and a uniqueness result for non-general A € M(u,v)).

1. INTRODUCTION

Let F C P? x P2V be the 3-dimensional flag variety, i.e. the set of all pairs (p, ¢),
where p € P2, ¢ C P? is a line, and p € £. Since we do not need to consider
the twistor structure ([3]) we identify P?" with P? and see F as a submanifold of
P? x P? (up to an element of (Aut(P?))? we may identify F with the diagonal of
P? x P?).

Let II; : P2 x P? — P2, i = 1,2, denote the projection of P? x P? onto its
i-th factor. Set m; := Ip. For any (x,y) € Z* set Op(x,y) = 7}(Op(2)) @
75(Op2(y)). We have Pic(F) = U, 4)ez2Or(2,y) and the cohomology groups of
all Op(z,y) are well-known. In particular h'(Op(a,b)) = 0 and h°(Og(a, b)) =
(“T3) ("5 = (“2H ("1 for all (a,b) € N? (section 2).

In this paper we study the bigraded Hilbert function of the following class of
curves A C F which generalise the case of general unions of lines in a projective
space done by R. Hartshorne and A. Hirschowitz ([7]). Fix (u,v) € N2\ {(0,0)}.
For all finite sets £, F C P? such that #F = v, #F = u the curve 7; '(F) U
7, (E) has u + v irreducible components, all of them isomorphic to a smooth
rational curve. Let M(u,v) be the set of all such curves 7, '(F) U my '(E) for
some E, F with the additional assumption that 7' (F) N7, ' (E) = 0, i.e., that
each irreducible component is a connected component. The set M (u,v) is an
irreducible quasi-projective variety of dimension 2u + 2v. For any (a,b) € N?
and any A € M(u,v) we have h!(O4(a,b)) = 0 and h'(O4(a,b)) = u(b + 1) +
v(b+1). Thus h°(Za(a,b)) > max{(“T?)(*2?) — (3 ("3") —uwd +1) —v(b+
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1),0}, h'(Za(a,b)) > max{0,u(b+ 1) +v(b+ 1) — (“}*)(*3?) + (“3") (*I")} and
h(Za(a,b)) — h*(Za(a,b)) = (“2) ("12) = (“) (5" —u(d+ 1) —v(b+1). Since
h'(Og(a,b)) = h'(O4(a,b)) = 0 for all (a,b,u,v) € N* and all A € M(u,v),
we have h°(Za(a,b)) = 0 (resp. h'(Za(a,b)) = 0) if an only if the restriction
map H°(Op(a,b)) — H°(OA(a,b)) is injective (resp. surjective). Easy examples
show that for many (a,b,u,v) the integer h°(Z4(a,b)) is not the same for all
A € M(u,v) (see Proposition 3.7 for a general result).

Since M (u,v) is an irreducible variety, the semicontinuity theorem for coho-
mology says that h°(Z4(a,b) is constant in a non-empty open subset of M (u,v)
and outside it it is bigger. Since h'(Za(a,b)) = 0 for all A € M(u,v) if a > v
and b > u (Remark 3.3) there is a non-empty open subset U of M (u,v) such
that h%(Za(a,b)) has its minimal value for all (a,b) € N* and all A € U. These
values h°(Za(a,b)) are called the generic values. We say that A € M (u,v) has
mazimal rank in bidegree (a,b) if either h®(Z4(a,b)) = 0 or h*(Za(a,b)) = 0 and
that A has mazimal rank if it has maximal rank in all bidegrees. For many (u, v)
a general A € M (u,v) has not maximal rank, contrary to the case of general lines
in projective spaces ([7]). We describe it for all (a,b,u,v) and in particular we
describe if a general A € M (u,v) has maximal rank: only if v < 1 and v <1
(Proposition 1.2). We prove the following results.

Theorem 1.1. Fiz (a,b,u,v) € N* such that (u,v) # (0,0) and take a general
A€ M(u,v).
(i) If either v
h'(Z4(a,b))
(i) If (“2') <w
w)((*y) —
(iii) If u > ( ) (resp. v > (“4?)), then h'(Za(a,b)) > u — (bH) (resp.
h*(Z4(a,b) —(“1)).
Proposition 1.2. Fiz (u,v) € N*\ {(0,0)} and take a general A € M(u,v). A

has mazimal rank with respect to all Op(a,b), (a,b) € N2, if and only if u < 1
and v < 1.

( ) and u < (bgz) or v < (“'52) and uv < (bgl), then
0.

( ;r ) and <b+1) <u< (b+2> then h%(Z4(a,b)) = ((b+2) _

<
< :
v).

)

> v

In section 4 we describe some geometric properties of the bigraded ideals
H°(Z4(a,b)), (a,b) € N®.. We give a condition for the integers a, b, u and v
which give h!'(Za(a,b)) = 0 and Z4(a, b) is globally generated (Theorem 4.3).

In the last section we consider multiple structures on a general A € M (u,v).
We give a cohomological vanishing result in terms of the corresponding vanishing
results for general fat points on IP? for which several vanishing results are kinown.

There are several good reasons to study the multidegrees of closed subvarieties
contained in a multiprojective space Y := P" x ... x P™_ i.e. their Hilbert
function with respect to all line bundles Oy (ay, ..., ax), (ay,...,a;) € NF. ([6,

).

Many results on curves in a multiprojective space use induction on the integer
k or on the integer ny + - - - +ny. Thus the case k = 2 and ny; = ny, must be done.
Now consider the case of curves C' of multidegree (by,...,b;) in a multiprojective
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space Y :=P™ x ... x P, All cases with ny + - -+ + n; = 2 are very special and
in this case all curves are described and their multigraded ring easily understood.
The case P? x P? need to be proved and it seems that often using P? x P! and
P! x P?) i.e. the divisors of bidegree (0,1) and (1,0) of P? x P2, are not enough
to get the case of P2 x P2. The flag F C P? x P? is a smooth divisor of bidegree
(1,1) of P? x P2, the only one up to an element of Aut(P!) x Aut(P!).

Our main motivation for study curves in F cam from twistor theory and a
theorem of N. J. Hitchin in [3] (see [1, 9] for motivations of Hitchin’s work).
Each oriented 4-dimensional riemannian manifold has canonically associated a
6-dimensional manifold Z, together with an almost complex structure J on Z
with a distinguished family of curves, called twistor fibers. In [%] he proved that
there are exactly 2 compact complex Kéhler 3-folds of the form (Z,.J): CP? and
F. See [I, 11] for the study of the twistor geometry of CP3. See [2, 3] for the
twistor geometry of F.

2. PRELIMINARIES
For all (a,b) € N* we have h'(Og(a,b)) = 0 and

1 (Os(a, b)) = (“;2) (b;2> - (“;1) (b; 1) — (a+ 1)(b+1)(a+b+2)/2.

(2.1)
For all (a,b,u,v) € N* such that (u,v) # (0,0) and all A € M(u,v) we have
W(Oa(a,b)) = v(b+1) + ula + 1), (2.2)

By (2.2) for all A € M((bgl), (“3?)) we have h°(O4(a,b)) = (“gz)(b+1)+(b;1)(a+
1)=(a+1)(b+1)(a+b+2)/2 and hence h°(O4(a,b)) = h°(Or(a,b)).

Let M be a projective variety, D C M an effective Cartier divisor of M and L
a line bundle on M. For any closed subset T" of M let Resp(T') denote the closure
in W of the locally closed algebraic set T\ T'N D, i.e., let Resp(T") be the union

of all irreducible components of T" not contained in D. The following sequence
0 = ZResp (1) @ L(=D) = Ir ® L = Ipap,p @ Lip — 0 (2.3)

is exact and it will be called the residual exact sequence of D without mentioning
L and T.

Remark 2.1. We recall the description of all elements of |Op(0,1)| and of all
elements of |Op(1,0)| ([3, §4]). Each element of |Og(0,1)| (resp. |Or(1,0)]) is
equal to 7, '(L) (vesp. 7 *(L)) for some line L C P2. Each D € |Og(0,1)| and
each W € |Og(1,0)] is isomorphic to the Hirzebruch surface F;. We take as a basis
of Pic(F) a fiber of the ruling |f| of F; and the only integral curve h C F; such
that h2 = —1. We have h- f =1, h? = —1 and f? = 0. Up to this identification
we have Op(1,0) = Op (ah+ (a+0b)f). The divisor D contains a unique element
of M(1,0) (it is k) and all other elements of M (1,0) intersect transversally D at
one point (a general point of D for a general element of M (1,0)). All elements of
| f| are curves of bidegree (0, 1), while 7N D = §) for all other curves T of bidegree
(0,1). We have h'(Op, (zh+yf)) =0forallz > 0and ally > z—1. If > 0 and
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y > 2 — 1 we have h®(Op, (zh+yf)) =Y (y+1—i)=(x+1)(2y +2 —x)/2.
Thus h(Op, (zh + xf)) = (I;Q) The exact sequences

0 — Op(a — 1,b) = Op(a,b) = Oy(a,b) =0 (2.4)

0 — Op(a,b—1) = Or(a,b) — Ow/(a,b) = 0 (2.5)
give that Oy (1,0), Oy (0,1), Ow(1,0) and Ow (0, 1) are globally generated, that
h(Oy(1,0) = R°(Ow(0,1)) = 2 and that (up to the identification with Fy)
they induce the ruling u, i.e. |Oy(0,1)] = |Ow(0,1)| = |Og, (f)|. We also get
that h%(Oy(0,1) = h°(Ow(1,0)) = 3 and (up to the identification of ¥ and
Fy) they induce the morphism u; : Y — P2 and u, : W — PP? associated to
|OF, (h + f)| which contracts h. Take a union T" C Y of ¢ fibers of the rulings.
We have Oy (a,b)(—T) = Oy(ah + (a + b — ¢)f) and hence h'(Oy(a,b)(—T) if
an only if ¢ < b+ 1. We have h'(Og(a,b)(—Y)) = h'(Op(a — 1,b)) and hence
h*(Og(a,b)(=Y)) =0if b > 0 and a > 0.

3. PROOF OF THEOREM 1.1 AND RELATED RESULTS

Lemma 3.1. Fiz (z,y) € N? andﬁnite subsets E, F of P? such that h°(P? Ig(y)) =

0 and h°(P?, Ip(z)) = 0. Set Z := 1 (E) UL, (F). Then
hO(P* x P?, Iy (z,y)) = h' (P* x P, Z;(xz,y)) = 0.
Proof. Note that Tz (z,y) = II;'(Zg)(y) ® II; ' (Zp(z)) and apply the Kiinneth

formula. O

Proposition 3.2. Fiz (a,b,u,v) € N* such that (“;rl) <o < (“JQFZ) and (b;rl) <

u < (b+2). Then h°(Zs(a,b)) = ((bJ2’2) — u)((““) — ) for a general A € M(u,v).

2

Proof. Write A = U UV with U general in M(u,0), V general in M(0,v) and
UNV =0. Set E:=m(V), F:=m(U), and Z :=II;'(E) UII;'(F). Note that
A= ZNF. Consider the exact sequence

0— IZ,]P’QX]P’Q(& — 1, b— 1) — IZJ}DQX]}DQ(G, b) — IAyF(a, b) —0 (3 1)

The Kinneth formula and the generality of F and F' give h®(P*xP? 7 p2yp2(a, b))
(("+*)—u)((“}?)—v). Lemma 3.1 gives h®(P2xP?, T4 (z,y)) = h*(P*xP?, Iy (x, ))
0. Use the cohomology exact sequence of (3.1).

Remark 3.3. Fix (a,b,u,v) € N* such that (u,v) # (0,0), @ > v and b > u. As
in Lemma 3.1 we see that h'(Za(a,b)) =0 for all A € M (u,v).
0

Theorem 3.4. Fiz (a,b) € N>. Then h'(Z4(a,b)) =
Ac M((b-‘rl) (a+2)>'

2

, 1= 0,1, for a general

Proof. By the semicontinuity theorem for cohomology it is sufficient to prove the

existence of one A € M((bﬂ) (“3?)) such that h°(Za(a,b)) = 0. Write A = UUV

2 2
with U € M((*1?),0) and V € M(0, ("}")). Fix D € |Ox(0,1)].

(a) Assume b = 0. Thus U = (). For a general A = UUV the scheme 71(A) is
a general union of (“}?) general points. Thus h*(Z4(a,0)) = k(P2 Z,,(4)(a)) = 0,
i=0,1.
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(b) Assume b > 0. By step (a) and induction on the integer b we may
assume that the proposition is true for the triple (a,b—1,u). Take A’ =U'UV €
M((bgl), (“;2)) Since A’ is general, A’ND is a general union of (“;2) points of D.
Up to the identification of D and F; we have Op(a,b) = Op, (ah+ (a+b) f) and
the elements of | f| are elements of M (0, 1). Take a general union V' of b elements
of |f] and set V := V'UV” and A = UU V. We have h'(D,Zprap(a,b)) =
h'(F1,Zunp.p(ah + af)) = 0, i = 0,1 (Remark 2.1). Use the residual exact

sequence of D. O

Remark 3.5. Exchanging m and 7wy in the statement of Theorem 3.4 we get
hi(Zp(a,b)) =0,i=0,1, for a general B € M(("}?), (“1")). Thus h*(Zg(a,b)) =
0 for a general £ € M(u,v) if either u < (bgl) and v < (a;Q) or u < (b;r?) and

v < (*3") and h°(Zp(a,b)) = 0 for a general F € M(u,v) if cither u > (*}') and

v (%7) oru> () and v > (*})

Theorem 3.6. Fiz (a,b,u,v) € N* such that (a, ) # (0,0) and (u,v) # (0,0).
Take any A € M(u,v). If u > (b+2) (resp. v > (4} 2)) then hl(IA(a,b)) >
u— (") (resp. K (Za(a,b)) >v— (“3%)).

2

Proof. Write A = U UV with U € M(u,0), V € M(0,v) and UNV = {.
Since UNV = 0, k' (Za(a,b)) > max{h'(Zy(a,b)),h* (Zyv(a,b)}. Call pypyv :
H°(Og(a,b)) — H°(Ov(a,b)) and papr : H(Or(a,b)) — H°(Op(a,b)) the re-

striction maps. To conclude the proof note that Im(p,pv) = Im(p.0v) and
Im(pap,r) = Im(pop,v)- 0
Proof of Theorem 1.1: Part (i) is Theorem 2.1 and Remark 3.5 . Part (ii) is
Proposition 3.2. Part (iii) is Theorem 2.1. O

Proposition 3.7. Fiz (u,v) € N2\ {(0,0)}. We have h°(Za(a,b)) = h°(Zg(a,b))
for all A, B € M(u,v) and all (a,b) € N? if and only if u < 2 and v < 2.

Proof. Since the natural action of Aut(P?) on P? is 2-transitive, Aut(P?) x Aut(P?)
is transitive on the set M (0,z) x M(y,0) if 1 <z <2 and 1 <y < 2. Thus if
u < 2 and v < 2 all elements of M (u,v) have the same bigraded Hilbert function.

Assume v > 3. Take VW € M(0,v) such that V is general (i.e. m (V) is
general in P?) and 7, (W) is formed by v collinear points. Take E, F' € M(u,0)
such that E is general and 7 (F) is formed by collinear points (the assumption
on F' is always satisfied if u € {0,1,2}). Set A := VUFE and B := W U F.
Assume for the moment u > 2. We get h°(Z4(1,1)) = 0 and h°(Zp(1,1)) # 0.
Now assume u = 0. We get h%(Z4(0,1)) = 0 and h°(Zp(0,1)) = 1. Now assume
u = 1. We see that h°(Zp(1,1)) = 2. Since h°(Zy(1,0) = 0, a residual exact
sequence shows that h°%(Z4(1,1)) < 1.

In the same way we conclude if v < 2 and u > 3. OJ

Proof of Proposition 1.2: Write A = U UV with U general in M (u,0), V general
in M(0,v) and UNV = (. First assume v > 2. Let a be the maximal non-negative
integer such that (“**) < v. For b > 0 we have (a + 1)(b+ 1)(a +b+2)/2 >
uwb+ 1) + v(a+1). Thus h°(Za(a,b)) > 0. Part (iii) of Theorem 1.1 gives
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h*(Z4(a,b)) > 0. In the same way we analyse the case u > 2. If u < 1 and v < 1,
then h'(Za(a,b)) = 0 for all (a,b) € N?\{(0,0)}. Since u+v > 0, h°(Z4) =0. O

4. GEOMETRIC PROPERTIES

The case (a,b) = (¢, d) of the following result gives a sufficient condition for
the uniqueness of an integral X € |Op(a,b)| containing at least one element of
M (u,v). Obviously the assumption that X is integral is essential.

Proposition 4.1. Fiz (a,b,c,d,u,v) € N° such that (u,v) # (0,0), (a,b) #
(0,0), ¢>0,d>0 and (a,b) # (c,d). Take A € M(u,v). Assume the existence
of an integral X € |Za(a,b)|. Assume one of the following conditions:

(1) ac+ ad + be < v;
(2) bd + ad + be < u;
(3) ac+ ad + be = v and bd + ad + bc = w.

Then each element of |Z4(c,d)| contains X and in particular ¢ > a and d > b.

Proof. Assume the existence of X' € |Zs(c,d)| such that X’ 2 X. We have
OF(CL, b) . OF(C, d) = CLCO]F(L 0) . OF(L O) + (CLd+ bC)OF(l, O) : O]F(O, 1) +deF<O, 1) :
Or(0,1). Note that Og(1,0) - Op(1,0) (resp. Og(1,0) - Or(0,1), resp. Or(0,1) -
Or(0,1)) is a one-dimensional cycle of bidegree (0, 1) (resp. bidegree (1, 1), resp.
bidegree (1,0)). Thus the one-dimensional cycle Og(a,b) - Op(c, d) has bidegree
(bd + ad + be,ad + ac + bd). Since ¢ > 0 and d > 0, Op(c,d) is ample. Since
X" 2 X, X is irreducible, A has bidegree (u,v) and A is not connected, either
ac+ad+be > x and bd+ad+be > x or ac+ad+be > x and bd+ad+be > z. U

Lemma 4.2. Fix integers d > 0 and x such that 0 < x < (d'gz) —3. Let SCP?

be a general subset of P? such that #S = x. Then h'(Zs(d)) = 0 and S is the

scheme-theoretic base locus of |Zs(d)|.

Proof. The equality h'(Zs(d)) = 0 holds, because x < (d"f) and S is general. Call
B the scheme-theoretic base locus of [Zg(d)|. Take a general S’ C P? such that

#S' = (d;2) — 2 — 1z (more precisely we take SN S’ = () and we assume that SUS’

is a general subset of P? of cardinality (“3?) — 2. Thus h°(Zsus(d)) = 2 and the
pencil |Zgys/(d)| is the general pencil of degree d plane curves. Call C, D be two
distinct elements of |Zg s (d)|. Thus the scheme Z := C'N D is a general complete
intersection of 2 degree d plane curves. By Bertini’s theorem Z is smooth. Thus
Z is a union of d* distinct points. Obviously S C Z. Since [Zsus (d)| C |Zs(d)],
B C Z. Since Z is formed buy distinct points, to prove the lemma it is sufficient
to prove that for each p € Z \ S there is H € |Zg(d)| such that p ¢ S, i.e. it is
sufficient to prove that h°(Zg,g (d)) = h%(Zs(d)) — 1. This is true, because by a

monodromy argument we may assume that p is one of the points of S’. O

Theorem 4.3. Fiz (a,b,u,v) € N* such thata > 0b > 0, v < (“;2) — 3 and
u < (“;’2) — 3. Let A be a general element of M(u,v). Then A is the scheme-

theoretic base locus of the linear system |Za(a,b)].

Proof. Write A = U UV with V' a general element of M(0,v) and U a general
element of M(u,0). Thus (V) is a general subset of P? with cardinality v and
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m(U) is a general subset of P? with cardinality 1. Set Wy := H°(Zy(a,b)) =
i (HY(P?, Zr, vy (a))) and Wy := H*(Zy(a,b)) = n5(H(P?, Zy,w) (b)) The pro-
jective space |Z4(a,b)| contains the set W + Ws of all unions GU F' with G € W
and F' € W,. Lemma 4.2 gives that V' is the scheme-theoretic base locus of W;
and that U is the scheme-theoretic base locus of W5. A is the scheme-theoretic
base locus of the linear system |Z4(a, b)|. O

5. MULTIPLE COMPONENTS

For any p € P? and any positive integer m let mp or (mp, P?) denote the closed
subscheme of P? with (Z,)™ as its ideal sheaves. For all positive integers s and m;,
1 < s, and any s distinct points pi,...,ps € P? the scheme mip; U --- U mgp, is
called a fat subscheme of P? with multiplicities my, ..., m,. The Hilbert function
of such general fat points (the so-called Segre-Harbourne-Hirschowitz conjecture
and the many papers proving particular cases of it) is a vast topic. Let C' be a
smooth curve embedded in a smooth projective variety 1" such that dim T > 3.
For any positive integer m let (mC,T) denote the closed subscheme of T" with
(Zer)™ as its ideal sheaf. We may take general unions of finitely many schemes
m;C; C T and consider their Hilbert function with respect to the line bundles
on T'. General unions of multiple lines in projective spaces are quite difficult to
handle. However, if we take T' = F and give u + v prescribed multiplicities to
the connected component of a general A € M (u,v), then we land in a far easier
problem because each connected component C' of A has trivial normal bundle and
its m-fattening is the pull-back by m; of the scheme m;(p) with p = m;(C) (here
i=1if C e M(0,1) and i =2 if C € M(1,0)). Thus the proofs of Theorem 3.4
and Remark 3.5 give the following result.

Proposition 5.1. Fiz (a,b,u,v) € N* such that (u,v) # (0,0) and u+v positive
integers my, ..., My, fi1, - .., My. Fiz a general A € M(u,v) and write A = Ly U
- -UL,URU---UR, with L; € M(1,0) and R; € M(0,1). Set Z :=m;L;U---U
MuLyUpi R U- - -Up,R,. Take u+v general points pi,...,pu,q1,- -, q of P and
set Z' = pqr U U ppgy, and Z" :=mypy U -+ Umypy. If B (P?, Lz p2(b)) =0
(resp. W' (P2, Zzp2(b)) = 0) and h' (P, Zznp2(a—1)) = 0 (resp. h°(P?, Zznp2(a—
1)) =0), then h'(Zz(a,b)) =0 (resp. h°(Zz(a,b)) =0).

Note that the conditions h'(P? Zz p2(b)) = h'(P?,Zznp2(a — 1)) = 0 and
h'0(P?,Zz p2(b)) = RO(P*,Zznp2(a — 1)) = 0 are known to be true in many
cases by the works on the Segre-Harbourne-Hirschowitz conjecture.
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