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EXPLICIT REPRESENTATIONS OF SOME GENERALIZED
AND MIXED RELATIVES OF THE BESSEL FUNCTIONS

MOHAMMAD IDRIS QURESHI1 AND MAHVISH ALI2∗

Abstract. Special functions can be defined in different ways such as Ro-
drigue’s formulae, generating functions, summation formulae, integral repre-
sentations et cetera, but it is usually shown to be expressible as a series, be-
cause this is frequently the most practical way to obtain numerical values for
the functions. In this paper, the explicit representations of certain mixed spe-
cial functions related to the Bessel functions are obtained. A Laurent type
hypergeometric generating relation is derived using series rearrangement tech-
nique. Some special cases are obtained as generating function of the known
mixed type relatives of the Bessel functions. Finally explicit forms of these
mixed type special functions are obtained as applications.

1. Introduction and preliminaries

The analytical and numerical study of generalized Bessel functions has revealed
their interesting properties, which in some sense can be regarded as an extension
of the properties of Bessel functions to a two-dimensional domain. In this con-
nection, the relevance of generalized Bessel functions and their multi-variable
extension in mathematical physics has been emphasized, since they provide an-
alytical solutions to partial differential equations such as the multi-dimensional
diffusion equation, the Schrödinger and Klein-Gordon equations. The algebraic
structure underlying generalized Bessel functions can be recognized in full anal-
ogy with Bessel functions, thus providing a unifying view to the theory of both
Bessel and generalized Bessel functions. Hence the interest for the generalized
Bessel functions is justified, for details see [3] and references therein.

The 2-variable Bessel functions Jn(x, y) are defined by the following generating
function [3, p. 332 (2.7)]:
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Also, the generalized Bessel functions J
(m)
n (x, y) possess the generating function

[4, p. 117, Eq. (3.3b)]:

exp

[
x

2

(
t− 1

t

)
+
y

2

(
tm − 1

tm

)]
=

∞∑
n=−∞

J (m)
n (x, y)tn. (1.2)

Very recently, Sheffer-Bessel functions sJn(x, y) are introduced in [7] and dis-
cussed their special case as Hermite-Bessel functions HJn(x, y).

The following generating function for the 2-variable Hermite-Bessel functions

HJn(x, y) is obtained [7, p. 277, Eq. (4.4)]:

exp

[
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]
=
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HJn(x, y)t
n. (1.3)

Dattoli et al. [5, p.405, Eq. (36)] generated the Hermite-Bessel functions asso-

ciated with the Bell-type polynomials H
(3,2)
n (x,w, y) by the following generating

function:
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=
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H(3,2)Jn(x,w, y)t
n.

(1.4)
The explicit form of H(3,2)Jn(x,w, y) are given as:

H(3,2)Jn(x,w, y) =
∞∑
r=0

(−1)r H
(3,2)
n+2r(x,w, y)

r! (n+ r)! 2n+2r
, (1.5)

where H
(3,2)
n (x,w, y) are defined by

H(3,2)
n (x,w, y) = n!

[n/3]∑
r=0

yr H
(2)
n−3r(x,w)

r! (n− 3r)!
(1.6)

and the 2-variable Hermite Kampé de Fériet polynomials 2VHKdFP Hn(x,w) [1]
are defined as:

H(2)
n (x,w) =

[n
2
]∑

r=0

xn−2rwr

r!(n− 2r)!
. (1.7)

The classical Hermite polynomials Hj(z) are defined as [8, p. 187 and p. 191]:

Hj(z) = (2z)j 2F0

 −j
2
, −j+1

2
;

− 1
z2

;

 , j ∈ N0 (1.8)

=

[ j
2
]∑

k=0

(−1)k j! (2z)j−2k

k! (j − 2k)!
, j ∈ N0. (1.9)

Also, it is given that [8, p. 188, Eq. (4)]:

Hj(−z) = (−1)j Hj(z). (1.10)
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The Gould-Hopper generalizations of the Hermite polynomials are defined as
[6, p.58, Eqn. (6.2)]:

gmn (x, h) =

[n/m]∑
k=0

n!

k! (n−mk)!
hk xn−mk (1.11)

= xn mF0

 ∆(m;−n) ;
h
(−m

x

)m
;

 , (1.12)

where ∆(m;−n) abbreviates the array of m parameters given as:

−n
m
,
−n+ 1

m
,
−n+ 2

m
, · · · −n+m− 1

m
; m ≥ 1.

It should be noted that:

g2n(2x,−1) = Hn(x).

There have been tremendous studies on special polynomials and holomorphic
functions (see, [2, 9] and references therein). There has been a great revival of
interest in the study of hypergeometric functions in the last two decades. This
newfound interest comes from the connections between hypergeometric functions
and many areas of mathematics such as representation theory, algebraic geometry
and Hodge theory, combinatorics, D-modules, number theory, mirror symmetry,
etc. The integral representations played an important role in the study of the
hypergeometric functions. The celebrated Euler’s integral for the Gauss functions

2F1 was probably the first among them.

A natural generalization of the Gaussian hypergeometric series 2F1[α, β; γ; z], is
accomplished by introducing any arbitrary number of numerator and denominator
parameters. Thus, the resulting series

pFq

 (αp);
z

(βq);

 = pFq

 α1, α2, . . . , αp;
z

β1, β2, . . . , βq;

 =
∞∑
n=0

(α1)n(α2)n . . . (αp)n
(β1)n(β2)n . . . (βq)n

zn

n!

(1.13)
is known as the generalized hypergeometric series, or simply, the generalized
hypergeometric function. Here p and q are positive integers or zero and we assume
that the variable z, the numerator parameters α1, α2, . . . , αp and the denominator
parameters β1, β2, . . . , βq take on complex values, provided that

βj ̸= 0,−1,−2, . . . ; j = 1, 2, . . . , q.

In contracted notation, the sequence of p numerator parameters α1, α2, . . . , αp
is denoted by (αp) with similar interpretation for others throughout this paper.

Supposing that none of numerator parameters is zero or a negative integer and
for βj ̸= 0,−1,−2, . . .; j = 1, 2, . . . , q, we note that the pFq series defined by
equation (1.13):

(i) converges for |z| <∞, if p ≤ q,



4 M. I. QURESHI, M. ALI

(ii) converges for |z| < 1, if p = q + 1 and
(iii) diverges for all z, z ̸= 0, if p > q + 1.

Fox-Wright generalized hypergeometric function of one variable [14, p.
50-51]

pΨq

 (α1, A1), · · · , (αp, Ap) ;
z

(β1, B1), · · · , (βq, Bq) ;

 =
∞∑
n=0

Γ(α1 + nA1) · · ·Γ(αp + nAp)

Γ(β1 + nB1) · · ·Γ(βq + nBq)

zn

n!
,

(1.14)

pΨ
⋆
q

 (α1, A1), · · · , (αp, Ap) ;
z

(β1, B1), · · · , (βq, Bq) ;

 =
∞∑
n=0

(α1)nA1 · · · (αp)nAp
(β1)nB1 · · · (βq)nBq

zn

n!
, (1.15)

where A1, · · · , Ap, B1, · · · , Bq are positive real numbers; subject to the conver-
gence conditions:

(i) 1 +

q∑
i=1

Bi −
p∑
i=1

Ai > 0 and 0 < |z| <∞; z ̸= 0

(ii) 1 +

q∑
i=1

Bi −
p∑
i=1

Ai = 0 and 0 < |z| < A−A1
1 · · ·A−Ap

p BB1
1 · · ·BBq

q .

For A1 = A2 = · · · = Ap = B1 = B2 = · · · = Bq = 1, pΨ
⋆
q in equation (1.15)

reduces to pFq defined by equation (1.13).

About five decades ago, Srivastava and Daoust [10] first considered the two-
variable case of their multiple hypergeometric function [11, p.454]; see also [12]).
For the sake of ready reference, we choose to recall here their definition only in
the two-variable case as follows [10, p.199, Equation (2.1)]:

FA:B;B′

C:D;D′

 [(aA) : θ, ϕ] : [(bB) : ψ] ; [(b
′
B′) : ψ′] ;

x, y
[(cC) : ξ, η] : [(dD) : ζ] ; [(d

′
D′) : ζ ′] ;



=
∞∑
m=0

∞∑
n=0

A∏
j=1

(aj)mθj+nϕj

C∏
j=1

(cj)mξj+nηj

B∏
j=1

(bj)mψj

D∏
j=1

(dj)mζj

B′∏
j=1

(b′j)nψ′
j

D′∏
j=1

(d′j)nζ′j

xm yn

m!n!
, (1.16)

where, for convergence of the double hypergeometric series,

1 +
C∑
j=1

ξj +
D∑
j=1

ζj −
A∑
j=1

θj −
B∑
j=1

ψj ≥ 0 (1.17)
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and

1 +
C∑
j=1

ηj +
D′∑
j=1

ζ ′j −
A∑
j=1

ϕj −
B′∑
j=1

ψ′
j ≥ 0, (1.18)

with equality only when |x| and |y| are constrained appropriately (see, for de-
tails, [12]). Here, for the sake of convenience, [(aA) : θ, ϕ] represents the set of
“A” number of parameters [a1 : θ1, ϕ1], [a2 : θ2, ϕ2], . . . , [aA : θA, ϕA]. The values
of positive real coefficients θ1, θ2, . . . , θA may be equal or different with similar
interpretation for coefficients ϕ1, ϕ2, . . . , ϕA and others.

Remark 1.1. The positivity of these coefficients was assumed by Srivastava-
Daoust [12, pp. 153-158] in order merely to facilitate their investigations of the
region of convergence of the multiple hypergeometric series (1.16).

Remark 1.2. For notational purposes the coefficients ξj, ζj, θj, ψj, ηj, ζ
′
j, ψ

′
j

are allowed to take on all real values including, for example, zero and negative
integers, see [13, pp.270-272].

Many useful cases of reducibility of double hypergeometric functions are known
to exist when the coefficients θ, ϕ, ψ, ψ′, ξ, η, ζ and ζ ′ in equation (1.16) are cho-
sen to be unity.

In this article, the following lemma and definition have been used in proving
our main results:

Lemma 1.3. [14, p.102, Eqn(16)] For positive integers m1, · · · ,mr (r ≥ 1),

∞∑
n=0

∞∑
k1,··· ,kr=0

Θ(k1, · · · , kr;n) =
∞∑
n=0

m1k1+···+mrkr≤n∑
k1,··· ,kr=0

Θ(k1, · · · , kr;n−m1k1−· · ·−mrkr),

(1.19)
provided that concerned multiple series of both sides are absolutely convergent.

Definition 1.4. Gauss’s Multiplication Theorem[14, p.23]
For every positive integer m, we have

(λ)mn = mmn

m∏
j=1

(
λ+ j − 1

m

)
n

, n = 0, 1, 2, · · · . (1.20)

The explicit forms of the generalized and hybrid Bessel functions discussed
above have not been studied so far. In this article, we obtain the series definitions
of the special functions related Bessel functions by using series rearrangement
technique.

2. General series identity

In this section, we derive a general series identity in the form of the following
theorem:
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Theorem 2.1. Let {Ω1(ℓ)}, {Ω2(ℓ)}, {Ω3(ℓ)}, {Ω4(ℓ)}, {Ω5(ℓ)} and {Ω6(ℓ)};
ℓ ∈ {1, 2, 3, · · · } are six bounded sequences of arbitrary complex numbers and
Ωi(0) ̸= 0 (i = 1, 2, 3, 4, 5, 6). Then

∞∑
v,ℓ,m,i,j,k=0

Ω1(v)Ω2(ℓ)Ω3(m)Ω4(i)Ω5(j)Ω6(k)
(βt)v (γtθ)ℓ (ζtϕ)m

(
λ
t

)i (
µ
tψ

)j (
σ
tν

)k
v! ℓ! m! i! j! k!

=
∞∑

n=−∞

∞∑
i=0

βi+n
⋆+nλi+n

⋆

(i+ n⋆ + n)! (i+ n⋆)!

θℓ+ϕm≤i+n⋆+n∑
ℓ,m=0

Ω1(i+ n⋆ + n− θℓ− ϕm) Ω2(ℓ) Ω3(m)×

× (−i− n⋆ − n)θℓ+ϕm

(
(−1)θγ
βθ

)ℓ
ℓ!

(
(−1)ϕζ
βϕ

)m
m!

ψj+νk≤i+n⋆∑
j,k=0

Ω4(i+ n⋆ − ψj − νk) ×

×Ω5(j) Ω6(k) (−i− n⋆)ψj+νk

(
(−1)ψµ
λψ

)j
j!

(
(−1)νσ
λν

)k
k!

tn, (2.1)

where θ, ϕ, ψ and ν are relatively prime positive integers and n⋆ is defined as:

n⋆ = max {0,−n} =

{
−n, when n = · · · ,−3,−2,−1

0, when n = 0, 1, 2, · · · ,
(2.2)

provided that each of the multiple series involved is absolutely convergent.

Proof. Suppose the l.h.s. of equation (2.1) is denoted by Λ. Then, we have

Λ =
∞∑

v,ℓ,m=0

Ω1(v)Ω2(ℓ)Ω3(m)
βvγℓζm

v! ℓ! m!
tv+θℓ+ϕm

∞∑
i,j,k=0

Ω4(i)Ω5(j)Ω6(k)
λiµjσk

i! j! k!

1

ti+ψj+νk
.

(2.3)

On replacing v by v− θℓ−ϕm and i by i−ψj− νk in equation (2.3) and then
using Lemma 1.3, we obtain

∆ =
∞∑
v=0

θℓ+ϕm≤v∑
ℓ,m=0

Ω1(v − θℓ− ϕm)Ω2(ℓ)Ω3(m)
βv−θℓ−ϕmγℓζm

(v − θℓ− ϕm)! ℓ! m!
×

×
∞∑
i=0

ψj+νk≤i∑
j,k=0

Ω4(i− ψj − νk)Ω5(j)Ω6(k)
λi−ψj−νkµjσk

(i− ψj − νk)! j! k!
tv−i.(2.4)
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Putting v = i+ n in equation (2.4), we get

∆ =
∞∑

n=−∞

∞∑
i=0

θℓ+ϕm≤i+n∑
ℓ,m=0

ψj+νk≤i∑
j,k=0

Ω1(i+ n− θℓ− ϕm)Ω2(ℓ)Ω3(m)Ω4 ×

×Ω4(i− ψj − νk)Ω5(j)Ω6(k)
βi+n−θℓ−ϕmγℓζm

(i+ n− θℓ− ϕm)! ℓ! m!

λi−ψj−νkµjσk

(i− ψj − νk)! j! k!
tn

=
∞∑

n=−∞

∞∑
i=0

βi+nλi

(i+ n)! i!
×

×
θℓ+ϕm≤i+n∑

ℓ,m=0

ψj+νk≤i∑
j,k=0

(−1)(θℓ+ϕm) (−1)(ψj+νk) (−i− n)θℓ+ϕm (−i)ψj+νk ×

×Ω1(i+ n− θℓ− ϕm) Ω2(ℓ) Ω3(m) Ω4(i− ψj − νk) Ω5(j) Ω6(k)×

×

(
γ
βθ

)ℓ (
ζ
βϕ

)m (
µ
λψ

)j (
σ
λν

)k
ℓ! m! j! k!

tn. (2.5)

Since n varies from −∞ to ∞ and i varies from 0 to ∞, therefore due to
the presence of (i+ n)! in denominator of above equation, equation (2.5) can be
modified in the following form:

∆ =
∞∑

n=−∞

∞∑
i=n⋆

θℓ+ϕm≤i+n∑
ℓ,m=0

ψj+νk≤i∑
j,k=0

Ω1(i+ n− θℓ− ϕm)Ω2(ℓ)Ω3(m)Ω4 ×

×Ω4(i− ψj − νk)Ω5(j)Ω6(k)
βi+n−θℓ−ϕmγℓζm

(i+ n− θℓ− ϕm)! ℓ! m!

λi−ψj−νkµjσk

(i− ψj − νk)! j! k!
tn

=
∞∑

n=−∞

∞∑
i=0

βi+nλi

(i+ n)! i!
×

×
θℓ+ϕm≤i+n∑

ℓ,m=0

ψj+νk≤i∑
j,k=0

(−1)(θℓ+ϕm) (−1)(ψj+νk) (−i− n)θℓ+ϕm (−i)ψj+νk ×

×Ω1(i+ n− θℓ− ϕm) Ω2(ℓ) Ω3(m) Ω4(i− ψj − νk) Ω5(j) Ω6(k)×

×

(
γ
βθ

)ℓ (
ζ
βϕ

)m (
µ
λψ

)j (
σ
λν

)k
ℓ! m! j! k!

tn. (2.6)

On replacing i by i+ n⋆ in equation (2.6), we get assertion (2.1). □

3. Hypergeometric generating relation

In this section, a Laurent type hypergeometric generating relation in terms of
six generalized hypergeometric functions of type pFq is established.
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Theorem 3.1. The following Laurent type hypergeometric generating relation
holds true:

AFB

 (aA) ;
βt

(bB) ;


CFD

 (cC) ;
γtθ

(dD) ;


GFH

 (gG) ;
ζtϕ

(hH) ;


PFQ

 (pP ) ;
λ
t

(qQ) ;

×

×RFS

 (rR) ;
µ
tψ

(sS) ;


UFW

 (uU) ;
σ
tν

(wW ) ;



=
∞∑

n=−∞

∞∑
i=0

A∏
δ=1

(aδ)i+n⋆+n
P∏
δ=1

(pδ)i+n⋆

B∏
δ=1

(aδ)i+n⋆+n
Q∏
δ=1

(qδ)i+n⋆

βi+n
⋆+n λi+n

⋆

(i+ n⋆ + n)! (i+ n⋆)!
×

×FB+1:C;G
A :D;H

 [1− (bB)− i− n⋆ − n : θ, ϕ], [−i− n⋆ − n : θ, ϕ] : [(cC) : 1] ;

[1− (aA)− i− n⋆ − n : θ, ϕ] : [(dD) : 1] ;

[(gG) : 1] ; (
(−1)(A+B+1)

β

)θ
γ,

(
(−1)(A+B+1)

β

)ϕ
ζ

[(hH) : 1] ;

×

×FQ+1:R;U
P :S;W

 [1− (qQ)− i− n⋆ : ψ, ν], [−i− n⋆ : ψ, ν] : [(rR) : 1] ;

[1− (pP )− i− n⋆ : ψ, ν] : [(sS) : 1] ;

[(uU) : 1] ; (
(−1)(P+Q+1)

λ

)ψ
µ,

(
(−1)(P+Q+1)

λ

)ν
σ

[(wW ) : 1] ;

 tn, β, λ, t ̸= 0, (3.1)

where θ, ϕ, ψ and ν are positive integers and n⋆ is defined by equation (2.2).

Proof. Taking

Ω1(v) =

A∏
δ=1

(aδ)v

B∏
δ=1

(bδ)v

, Ω2(ℓ) =

C∏
δ=1

(cδ)ℓ

D∏
δ=1

(dδ)ℓ

, Ω3(m) =

G∏
δ=1

(gδ)m

H∏
δ=1

(hδ)m

, Ω4(i) =

P∏
δ=1

(pδ)i

Q∏
δ=1

(qδ)i

,

Ω5(j) =

R∏
δ=1

(rδ)j

S∏
δ=1

(sδ)j

, Ω6(k) =

U∏
δ=1

(uδ)k

W∏
δ=1

(wδ)k
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in general series identity (2.1), applying some algebraic properties of Pochhammer
symbols and after simplification, we obtain:

AFB

 (aA) ;
βt

(bB) ;


CFD

 (cC) ;
γtθ

(dD) ;


GFH

 (gG) ;
ζtϕ

(hH) ;


PFQ

 (pP ) ;
λ
t

(qQ) ;

×

×RFS

 (rR) ;
µ
tψ

(sS) ;


UFW

 (uU) ;
σ
tν

(wW ) ;



=
∞∑

n=−∞

∞∑
i=0

A∏
δ=1

(aδ)i+n⋆+n

B∏
δ=1

(bδ)i+n⋆+n

P∏
δ=1

(pδ)i+n⋆

Q∏
δ=1

(qδ)i+n⋆

βi+n
⋆+nλi+n

⋆

(i+ n⋆ + n)! (i+ n⋆)!
×

×
θℓ+ϕm≤i+n⋆+n∑

ℓ,m=0

B∏
δ=1

(1− bδ − i− n⋆ − n)θℓ+ϕm

A∏
δ=1

(1− aδ − i− n⋆ − n)θℓ+ϕm

(−i− n⋆ − n)θℓ+ϕm ×

×

C∏
δ=1

(cδ)ℓ

D∏
δ=1

(dδ)ℓ

G∏
δ=1

(gδ)m

H∏
δ=1

(hδ)m

(
(−1)(A+B+1)θγ

βθ

)ℓ
ℓ!

(
(−1)(A+B+1)ϕζ

βϕ

)m
m!

×

ψj+νk≤i+n⋆∑
j,k=0

Q∏
δ=1

(1− qδ − i− n⋆)ψj+νk

P∏
δ=1

(1− pδ − i− n⋆)ψj+νk

(−i− n⋆)ψj+νk ×

×

R∏
δ=1

(rδ)j

S∏
δ=1

(sδ)j

U∏
δ=1

(uδ)k

W∏
δ=1

(wδ)k

(
(−1)(P+Q+1)ψµ

λψ

)j
j!

(
(−1)(P+Q+1)νσ

λν

)k
k!

tn. (3.2)

On using definition of the Srivastava and Daoust hypergeometric function
(1.16) in the r.h.s. of equation (3.2), we obtain assertion (3.1).

□

Remark 3.2. Taking A = B = C = D = G = H = P = Q = R = S = U = W =
0 in equation (3.1), we deduce the following consequence of Theorem 3.1:
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Corollary 3.3. The following bilateral generating relation holds true:

exp

[
βt+ γtθ + ζtϕ +

λ

t
+
µ

tψ
+
σ

tν

]
=

∞∑
n=−∞

∞∑
i=0

βi+n
⋆+nλi+n

⋆

(i+ n⋆ + n)! (i+ n⋆)!
×

×F 1:0;0
0:0;0

 [−i− n⋆ − n : θ, ϕ] : ; ; (
−1
β

)θ
γ,

(
−1
β

)ϕ
ζ

: ; ;

×

×F 1:0;0
0:0;0

 [−i− n⋆ : ψ, ν] : ; ; (−1
λ

)ψ
µ,

(−1
λ

)ν
σ

: ; ;

 tn, β, λ, t ̸= 0,

(3.3)

where θ, ϕ, ψ and ν are positive integers and n⋆ is defined by equation (2.2).

Remark 3.4. Taking ζ = µ = 0 in equation (3.3), we deduce the following conse-
quence of Corollary 3.3:

Corollary 3.5. The following bilateral generating relation holds true:

exp

[
βt+ γtθ +

λ

t
+
σ

tν

]
=

∞∑
n=−∞

∞∑
i=0

βi+n
⋆+nλi+n

⋆

(i+ n⋆ + n)! (i+ n⋆)!
×

× 1Ψ
⋆
0

 (−i− n⋆ − n, θ) ; (
−1
β

)θ
γ

;

 1Ψ
⋆
0

 (−i− n⋆, ν) ; (−1
λ

)ν
σ

;

 tn(3.4)

or

exp

[
βt+ γtθ +

λ

t
+
σ

tν

]
=

∞∑
n=−∞

∞∑
i=0

βi+n
⋆+nλi+n

⋆

(i+ n⋆ + n)! (i+ n⋆)!
×

× θF0

 ∆(θ;−i− n⋆ − n) ; (
−θ
β

)θ
γ

;

 νF0

 ∆(ν;−i− n⋆) ; (−ν
λ

)ν
σ

;

 tn(3.5)

or

exp

[
βt+ γtθ +

λ

t
+
σ

tν

]
=

∞∑
n=−∞

∞∑
i=0

gθi+n⋆+n(β, γ) g
ν
i+n⋆(λ, σ)

(i+ n⋆ + n)! (i+ n⋆)!
tn. (3.6)

4. Applications

In this section, we obtain the explicit forms of certain generalized and mixed
relatives of the Bessel functions in the form of following results:
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Result 4.1. The 2-variable Bessel functions Jn(x, y) have the following explicit
representation:

Jn(x, y) = (−ω)n
(y
2

)n
2

∞∑
i=0

(
ωy
2

)i+n⋆
Hi+n⋆+n

(
ωx

2
√
2y

)
Hi+n⋆

(
x

2
√
2y

)
(i+ n⋆ + n)! (i+ n⋆)!

, ω2 = −1.

(4.1)

Interpretation: Taking β = x
2
, γ = y

2
, θ = 2, ζ = 0 λ = −x

2
, µ = −y

2
, ψ = 2,

σ = 0 in Corollary 3.3, we get

exp

[
x

2

(
t− 1

t

)
+
y

2

(
t2 − 1

t2

)]
=

∞∑
n=−∞

∞∑
i=0

(
x
2

)i+n⋆+n (−x
2

)i+n⋆
(i+ n⋆ + n)! (i+ n⋆)!

×

×
2ℓ≤i+n⋆+n∑

ℓ=0

2j≤i+n⋆∑
j=0

(−i− n⋆ − n)2ℓ (−i− n⋆)2j

(
2y
x2

)ℓ
ℓ!

(
− 2y
x2

)j
j!

tn

=
∞∑

n=−∞

∞∑
i=0

(
x
2

)i+n⋆+n (−x
2

)i+n⋆
(i+ n⋆ + n)! (i+ n⋆)!

×

× 2F0

 −(i+n⋆+n)
2

, −(i+n⋆+n)+1
2

;
8y
x2

;


2F0

 −(i+n⋆)
2

, −(i+n⋆)+1
2

;
− 8y
x2

;

 tn

=
∞∑

n=−∞

∞∑
i=0

(
x
2

)i+n⋆+n (−x
2

)i+n⋆
(i+ n⋆ + n)! (i+ n⋆)!

×

×
(√

2y

ωx

)i+n⋆+n

Hi+n⋆+n

(
ωx

2
√
2y

) (√
2y

x

)i+n⋆

Hi+n⋆

(
x

2
√
2y

)
tn.(4.2)

On comparison of equations (4.2) and (1.1), Result 4.1 follows.

Result 4.2. The 2-variable Hermite-Bessel functions HJn(x, y) have the following
explicit representation:

HJn(x, y) = e
1
2

∞∑
i=0

xi+n
⋆+n(−x)i+n⋆

(i+ n⋆ + n)! (i+ n⋆)!


√

1
4
− y

2

2x

i+n⋆+n

Hi+n⋆+n

 x√
1
4
− y

2

×

×


√

1
4
+ y

2

2x

i+n⋆

Hi+n⋆

 x√
1
4
+ y

2

 . (4.3)
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Interpretation: Multiplying by e
1
2 on both sides of equation (3.3) and then

taking β = x, γ = y
2
− 1

4
, θ = 2, ζ = 0, λ = −x, µ = −y

2
− 1

4
, ψ = 2, σ = 0, we get

exp

[
x

(
t− 1

t

)
+
y

2

(
t2 − 1

t2

)
− 1

4

(
t− 1

t

)2
]
= e

1
2

∞∑
n=−∞

∞∑
i=0

xi+n
⋆+n(−x)i+n⋆

(i+ n⋆ + n)! (i+ n⋆)!
×

×
2ℓ≤i+n⋆+n∑

ℓ=0

(−i− n⋆ − n)2ℓ

( y
2
− 1

4

x2

)ℓ
ℓ!

2j≤i+n⋆∑
j=0

(−i− n⋆)2j

(
− y

2
− 1

4

x2

)j
j!

tn

= e
1
2

∞∑
n=−∞

∞∑
i=0

xi+n
⋆+n(−x)i+n⋆

(i+ n⋆ + n)! (i+ n⋆)!
×

2F0

 −(i+n⋆+n)
2

, −(i+n⋆+n)+1
2

;
y
2
− 1

4

x2

;

 2F0

 −(i+n⋆)
2

, −(i+n⋆)+1
2

;
− y

2
− 1

4

x2

;

 tn

= e
1
2

∞∑
n=−∞

∞∑
i=0

xi+n
⋆+n(−x)i+n⋆

(i+ n⋆ + n)! (i+ n⋆)!
×

×


√

1
4
− y

2

2x

i+n⋆+n

Hi+n⋆+n

 x√
1
4
− y

2

×

×


√

1
4
+ y

2

2x

i+n⋆

Hi+n⋆

 x√
1
4
+ y

2

 tn. (4.4)

On comparison of equations (4.4) and (1.3), Result 4.2 follows.

Result 4.3. The generalized Bessel functions J
(m)
n (x, y) have the following ex-

plicit representation in terms of Gould-Hopper polynomials:

J (m)
n (x, y) =

∞∑
i=0

gmi+n⋆+n
(
x
2
, y
2

)
gmi+n⋆

(
−x

2
,−y

2

)
(i+ n⋆ + n)! (i+ n⋆)!

. (4.5)

Interpretation: Taking β = x
2
, γ = y

2
, θ = ν = m, λ = −x

2
, σ = −y

2
in Corollary

3.5, we get

exp

[
x

2

(
t− 1

t

)
+
y

2

(
tm − 1

tm

)]
=

∞∑
n=−∞

∞∑
i=0

gmi+n⋆+n
(
x
2
, y
2

)
gmi+n⋆

(
−x

2
,−y

2

)
(i+ n⋆ + n)! (i+ n⋆)!

tn.

(4.6)
On comparison of equations (4.6) and (1.2), Result 4.3 follows.
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Result 4.4. The Hermite-Bessel functions associated with the Bell-type polyno-

mials H
(3,2)
n (x,w, y) have the following explicit representation:

H(3,2)
n (x,w, y)) = e−

w
2

∞∑
i=0

(
x
2
− 3y

8

)i+n⋆+n (−x
2
+ 3y

8

)i+n⋆
(i+ n⋆ + n)! (i+ n⋆)!

×

×F 1:0;0
0:0;0

 [−i− n⋆ − n : 2, 3] : ; ;
w

4(x2−
3y
8 )

2 ,
−y

8(x2−
3y
8 )

3

: ; ;

×

×F 1:0;0
0:0;0

 [−i− n⋆ : 2, 3] : ; ;
−w

4(−x
2
+ 3y

8 )
2 ,

y

8(−x
2
+ 3y

8 )
3

: ; ;

 .

(4.7)

Interpretation: Multiplying by e−
w
2 on both sides of equation (3.3) and then

taking β = x
2
− 3y

8
, γ = w

4
, θ = 2, ζ = y

8
, ϕ = 3, λ = −x

2
+ 3y

8
, µ = −w

4
, ψ = 2,

σ = −y
8
, ν = 3, we get

exp

[
x

2

(
t− 1

t

)
+
w

4

(
t− 1

t

)2

+
y

8

(
t− 1

t

)3
]

= e−
w
2

∞∑
n=−∞

∞∑
i=0

(
x
2
− 3y

8

)i+n⋆+n (−x
2
+ 3y

8

)i+n⋆
(i+ n⋆ + n)! (i+ n⋆)!

×

×F 1:0;0
0:0;0

 [−i− n⋆ − n : 2, 3] : ; ;
w

4(x2−
3y
8 )

2 ,
−y

8(x2−
3y
8 )

3

: ; ;

×

×F 1:0;0
0:0;0

 [−i− n⋆ : 2, 3] : ; ;
−w

4(−x
2
+ 3y

8 )
2 ,

y

8(−x
2
+ 3y

8 )
3

: ; ;

 tn.(4.8)

On comparison of equations (4.8) and (1.4), Result 4.4 follows.

5. Conclusion

The present article deals with finding explicit representations of the generalized
and mixed Bessel functions. The relatives of the Bessel functions considered in
this work have exponential generating functions and thus we get their explicit
forms directly from Corollaries 3.3 and 3.5. The explicit forms of other special
functions which have generating functions other than exponential type can be
obtained by using Theorem 3.1.
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