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ON TRAIN ALGEBRAS OF DEGREE 2 AND EXPONENT 4

WENDINGOUDI ACHILE ZANGRE 1 AND ANDRÉ CONSEIBO2∗

Abstract. In this paper, we deal with a class of nonassociative algebras called
train algebras of degree 2 and exponent 4; Thus we give some results on al-
gebras verifying a train identity of degree 2 and exponent 4. The structure
of this class of algebras is studied through Peirce decomposition relative to a
non zero idempotent. We give the necessary and sufficient conditions for an
algebra verifying a train identity of degree 2 and exponent 4 to be Bernstein or
train algebra of rank less than or equal to 3. Finally, we give some necessary
conditions that must be verified by a train algebra of degree 2 and exponent
4, mainly in dimension four.

1. Introduction

A commutative algebra A over a field K is called Bernstein algebra if any
element x of A verifies the identity x2x2 = ω(x)2x2 where ω : A → K is a non
zero morphism of algebras called the weight function of A. Bernstein algebras
which have been the subject of many publications ([1],[12],[14],[17]) from the
years 1975 are the formulation in terms of nonassociative algebras of stationarity
principle or Hardy Weinberg’s law in Mendelian genetics. They were introduced
by Holgate ([11],[10]). Several authors have subsequently studied algebras which
enter into attempts to model genetic phenomena. These include, among others,
train algebras. In ([18]) the author establishes the following results: in a Bernstein
algebra over a field K of characteristic different from 2, 2xixj = ω(x)ixj+ω(x)jxi

for any x in A and for all i, j ≥ 2. In particular, for i = j = 4 we obtain the
identity x4x4 = ω(x)4x4 which characterizes the algebras which are the subject of
this paper; thus the elements in a Bernstein algebra verifies this latter identity.
The train algebras of degree 2 and exponent n (the case i = j = n) in general and
the train algebras of degree 2 and exponent 3 in particular have been studied in
([4]). Moreover, we find there some results on the structure of these algebras and
the link with other classes of algebras. In these classes of algebras, the notion of
idempotent is very important. The idempotents constituting equilibrium states
in terms of genetic interpretation and are useful for the Peirce decomposition,
which facilitates the study of the structure of these algebras. In the following, A
will be a commutative algebra not necessarily associative over a field K; the field
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K will be commutative and algebraically closed of characteristic different from 2
and 3.

2. Algebras verifying train identity of degree 2 and exponent 4

An algebra A satisfies a train identity of degree 2 and exponent 4 if for any x
in A, we have:

(x4)2 = ω(x)4x4. (2.1)

For an element x of weight 1 in A (i.e. ω(x) = 1), the identity (2.1) gives
(x4)2 = x4 and thus x4 is an non zero idempotent of A.
As we pointed out in the introduction, Bernstein algebras satisfies a train

identity of degree 2 and exponent 4. We give in the following, results on the
structure of algebras satisfying a train identity of degree 2 and exponent 4.

2.1. Peirce Decomposition. This section is devoted to the Peirce decomposi-
tion of algebras verifying train identity of degree 2 and exponent 4.

Lemma 2.1. Let A be an algebra satisfying train identity of degree 2 and exponent
4 then for all x, y and z in A we have:

(i) 4x4(x(x(xy)))+2x4(x(yx2))+2x4(yx3) = 2ω(x)4x(x(xy))+ω(x)4x(yx2)+
ω(x)4yx3 + 4ω(x)3ω(y)x4;

(ii) 4(x(y(xy))2+4(y(x(xy))2+(x(xy2))2+8(x(y(xy)))(y(x(xy)))+4(x(y(xy)))(x(xy2))+
4(x(y(xy)))(y(yx2))+4(y(x(xy)))(x(xy2))+4(y(x(xy)))(y(yx2))+2(x(xy2))(y(yx2))+
8(x(x(xy)))(y(y(xy)))+4(x(yx2))(y(y(xy)))+4(yx3)(y(y(xy)))+4(y(xy2))(x(x(xy)))+
2(x(yx2))(y(xy2)) + 2(xy3)(x(yx2)) + 4(x(x(xy)))(xy3)4(xy3)(x(yx2)) +
2(yx3)(xy3)+2x4y4 = ω(x)4y4+8ω(x)3ω(y)y(y(xy))+4ω(x)3ω(y)y(xy2+
4ω(x)3ω(y)xy3+8ω(x)ω(y)3x(x(xy))+4ω(x)ω(y)3x(yx2)+4ω(x)ω(y)3yx3+
12ω(x)2ω(y)2x(y(xy))+12ω(x)2ω(y)2y(x(xy))+6ω(x)2ω(y)2x(xy2)+6ω(x)2ω(y)2y(yx2))+
ω(y)4x4;

(iii) 2(y(x2z)x4+4(y(x(xz)))x4+2(x3y)(x3z)+2(x3y)(x(x2z))+4(x3y)(x(x(xz)))+
2(z(x2y))x4+4(x(y(xz)))x4+2(x(x2y))(x3z)+2(x(x2y))(x(x2z))+4(x(x2y))(x(x(xz)))+
4(z(x(xy)))x4+4(x(z(xy)))x4+4(x(x(yz)))x4+4(x(x(xy)))(x3z)+4(x(x(xy)))(x(x2z))+
8(x(x(xy)))(x(x(xz))) = 12ω(y)ω(z)ω(x)2x4+4ω(x)3ω(y)zx3+4ω(x)3ω(y)x(zx2)+
8ω(x)3ω(y)x(x(xz))+8ω(x)3ω(z)x(x(xy))+2ω(x)4z(x(xy))+2ω(x)4x(z(xy))+
ω(x)4x(x(yz))+4ω(x)3ω(z)x(yx2)+ω(x)4z(yx2)+2ω(x)4x(y(xz))+4ω(x)3ω(z)yx3+
ω(x)4y(zx2) + 2ω(x)4y(x(xz)).

Proof. The identities (i), (ii) and (iii) are obtained by partially linearizing the
identity (2.1). □

Proposition 2.2. Let A be an algebra satisfying train identity of degree 2 and
exponent 4 and e an idempotent of A. Then A has a Peirce decomposition as
follows A = Ke⊕ A1/2 ⊕ A0 ⊕ Aλ ⊕ Aλ, where Aα = {y ∈ ker(ω) | ey = αy} for

α ∈ {0; 1/2;λ = −1 + i
√
7

4
;λ =

−1 + i
√
7

4
}.
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Proof. By setting x = e and y ∈ Ker(ω) in the identity (i) of Lemma 2.1 we
get: 4e(e(e(ey))) + e(ey)− ey = 0, so (4ℓ4e + ℓ2e − ℓe)(y) = 0 for any y ∈ ker(ω),
where ℓe : kerω → kerω, y 7→ ey. So it comes that the minimal polynomial
of the operator ℓe is : P (X) = 4X4 + X2 − X and the roots of this one are

0,
1

2
,−1 + i

√
7

4
and

−1 + i
√
7

4
. According to the kernel decomposition lemma

: kerω = A1/2 ⊕ A0 ⊕ Aλ ⊕ Aλ where Aα = {y ∈ ker(ω) | ey = αy} for α ∈

{0; 1/2;λ = −1 + i
√
7

4
;λ =

−1 + i
√
7

4
} and we get a Peirce decomposition A =

Ke⊕ A1/2 ⊕ A0 ⊕ Aλ ⊕ Aλ. □

Proposition 2.3. Let A = Ke⊕A0⊕A1/2⊕Aλ⊕Aλ be the Peirce decomposition
relatively to a non-zero idempotent e of an algebra satisfying train identity of
degree 2 and exponent 4. If A is of finite dimension then the dimensions of A0,
A1/2, Aλ and Aλ are independent of the chosen idempotent e.

Proof. This is a particular case (n = 4) of the general case treated in [4] (Propo-
sition 2).

□

in view of the previous proposition, we define in what follows the type of an
algebra satisfying train identity of degree 2 and exponent 4 of dimension n. We
can therefore observe that the type of an algebra verifying a train identity of
degree 2 and exponent 4 is an invariant of the algebra.

Definition 2.4. Let A = Ke⊕A1/2⊕A0⊕Aλ⊕Aλ be a Peirce decomposition of
an algebra satisfying train identity of degree 2 and exponent 4 of dimension n ≥ 1.
We call type of A, the quadruplet (1+ r, s, t1, t2) such that 1+ r+ s+ t1+ t2 = n,
with r = dimA1/2, s = dimA0, t1 = dimAλ, t2 = dimAλ.

Theorem 2.5. Let A = Ke⊕ A1/2 ⊕ A0 ⊕ Aλ ⊕ Aλ be the Peirce decomposition
relative to a non-zero idempotent e of an algebra satisfying a train identity of
degree 2 and exponent 4. Then :

(i) A2
0 ⊂ A0 ⊕ A1/2;

(ii) A2
1/2 ⊂ A0 ⊕ Aλ ⊕ Aλ;

(iii) A2
λ ⊂ A1/2;

(iv) A2
λ
⊂ A1/2;

(v) A1/2A0 ⊂ A1/2 ⊕ Aλ ⊕ Aλ;
(vi) A0Aλ ⊂ A1/2;
(vii) A0Aλ ⊂ A1/2;
(viii) A1/2Aλ ⊂ A1/2 ⊕ A0 ⊕ Aλ;
(ix) A1/2Aλ ⊂ A 1

2
⊕ A0 ⊕ Aλ;

(x) AλAλ ⊂ A1/2.

Proof. By setting x = e, y ∈ Aα and z ∈ Aβ in the identity (iii) of the Lemma
2.1, we obtain the equality:

(−α− β − 2α2 − 2β2 + 2αβ + 2α2β + 2αβ2 + 4αβ3 + 4α3β + 2α2β2 + 4α3β2 +
4α2β3+8α3β3)(yz)+(4α2+4β2)e(yz)+(4α+4β−2)e(e(yz))+4e(e(e(yz))) = 0.
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(i) Suppose that α = β = 0, we get (2ℓ3e − ℓ2e)(yz) = 0, so ℓ2e(2ℓe − id)(yz) = 0
and A2

0 ⊂ A1/2 ⊕ A0, then (i) is verified.
(ii) For α = β = 1

2
, we have (2ℓ3e + ℓ2e + ℓe)(yz) = 0, so ℓe(2ℓ

2
e + ℓe+ id)(yz) = 0

and A2
1/2 ⊂ A0 ⊕ Aλ ⊕ Aλ;

(iii) For α = β = λ, we have (2ℓ3e + (4λ − 1)ℓ2e − 2(λ + 1)ℓe + id)(yz) = 0, so
A2

λ ⊂ A1/2;

(iv) For α = β = λ, we have (2ℓ3e + (4λ − 1)ℓ2e − 2(λ + 1)ℓe + id)(yz) = 0, so
A2

λ
⊂ A1/2;

(v) For α = 1
2
and β = 0, we have (4ℓ3e + ℓe − id)(yz) = 0, so A0A1/2 ⊂

A1/2 ⊕ Aλ ⊕ Aλ;
(vi) For α = λ and β = 0, we have (4ℓ3e+2(2λ−1)ℓ2e−2(λ+1)ℓe+ id)(yz) = 0,

so A0Aλ ⊂ A1/2;

(vii) For α = λ and β = 0, we have (4ℓ3e+2(2λ−1)ℓ2e−2(λ+1)ℓe+ id)(yz) = 0,
so A0Aλ ⊂ A1/2;

(viii) For α = 1
2
and β = λ, we have ℓe(4ℓ

2
e + 4λℓe − (2λ + 1)id)(yz) = 0, so

A1/2Aλ ⊂ A1/2 ⊕ A0 ⊕ Aλ;

(ix) For α = 1
2
and β = λ, we have ℓe(4ℓ

2
e + 4λℓe − (2λ + 1)id)(yz) = 0, so

A1/2Aλ ⊂ A1/2 ⊕ A0 ⊕ Aλ;

(x) For α = λ and β = λ, we have (4ℓ3e − 4ℓ2e − 3ℓe + 2id)(yz) = 0, so AλAλ ⊂
A1/2;

□

2.2. Link with Bernstein algebras. The examples below show that there are
algebras satisfying train identity of degree 2 and exponent 4 which are not Bern-
stein algebras.

Example 2.6. Let A =< e, e0, e1, e2 > be a commutative algebra whose multi-

plication table is given by : e2 = e; ee0 =
1

2
e0; ee2 = λe2 where λ = −1 + i

√
7

4
;

e20 = e1, the other products being zero. We can observe that ω : A → K such
that ω(e) = 1 and ω(e0) = ω(e1) = ω(e2) = 0 is a weight function.

Let x = µe+ αe0 + βe1 + γe2 an element in A, then :
x2 = µ2e+ α2e1 + µαe0 + 2µλγe2;
(x2)2 = µ4e+ µ3αe0 + µ2α2e1 + 4µ3λ2γe2 ̸= ω(x)2x2 if γµ ̸= 0 ;
x3 = µ3e+ µ2αe0 + µα2e1 + µ2γ(2λ2 + λ)e2;
x4 = µ4e+ µ3αe0 + µ2α2e1 + µ3λγ(2λ2 + λ+1)e2 = µ4e+ µ3αe0 + µ2α2e1; and

(x4)2 = µ8e+ µ7αe0 + µ6α2e1 = µ4(µ4e+ µ3αe0 + µ2α2e1) = ω(x)4x4.
Thus A is an algebra satisfying a train identity of degree 2 and exponent 4 but

it is not Bernstein algebra.

Example 2.7. Let A =< e, e0, e1, e2 > be a commutative algebra such that :

e2 = e; ee0 =
1

2
e0; e

2
0 = e1; e

2
2 = e1; the other products being zero; As in the

previous example, A has a weight morphism ω : A → K defined in a similar way.
Let x = µe+ αe0 + βe1 + γe2 an element in A. Then :
x2 = µ2e+ µαe0 + (α2 + γ2)e1;
(x2)2 = µ4e+ µ3αe0 + µ2α2e1 ̸= ω(x)2x2 if γµ ̸= 0;
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x3 = µ3e+ µ2αe0 + µα2e1; x
4 = µ4e+ µ3αe0 + µ2α2e1

(x4)2 = µ8e+ µ7αe0 + µ6α2e1 = ω(x)4x4.
So A satisfies a train identity of degree 2 and exponent 4 but is not Bernstein

algebra.

Lemma 2.8. Let A = Ke⊕A1/2 ⊕A0 ⊕Aλ ⊕Aλ the Peirce decomposition with
respect to a non-zero idempotent e of an algebra satisfying a train identity of
degree 2 and exponent 4. Let xα in Aα with α ∈ {0; 1/2;λ;λ}. We have :

(i) If Aλ = 0, Aλ = 0 and A2
0 ⊂ A1/2, then :

(i1) x1/2(x1/2x0) = 0;
(i2) x1/2x

2
0 = 0;

(i3) x3
1/2 = 0;

(i4) x2
1/2x

2
0 = 0;

(i5) (x1/2x0)
2 = 0;

(i6) (x2
0)

2 = 0;
(i7) (x2

1/2)
2 = 0.

(ii) If A0 = 0 and Aλ = 0 then :
(ii1) x3

1/2 = 0;

(ii2) x1/2(x1/2xλ) = 0;
(ii3) x1/2x

2
λ
= 0;

(ii4) (x2
1/2)

2 = 0;

(ii5) (x2
λ
)2 = 0;

(ii6) (xλx1/2)
2 = 0;

(iii) If A0 = 0 and Aλ = 0 then :
(iii1) x3

1/2 = 0;

(iii2) x1/2(x1/2xλ) = 0;
(iii3) x1/2x

2
λ = 0;

(iii4) (x2
1/2)

2 = 0;

(iii5) (x2
λ)

2 = 0;
(iii6) (xλx1/2)

2 = 0;
(iv) If Aλ = 0 and Aλ = 0 then :

(iv1) 2e(x0x
2
1/2) + 2x1/2(x0x1/2)− x0x

2
1/2 = 0;

(iv2) x1/2(ex
2
0)− x1/2x

2
0 = 0;

(iv3) x3
1/2 = 0;

(iv4) (x2
1/2)

2 = 0;

(iv5) (e(ex2
0))

2 + 2ex4
0 − x4

0 = 0.

Proof. (i) Indeed let us suppose that A is an algebra verifying an train iden-
tity of degree 2 and exponent 4 such that Aλ = Aλ = 0 and A2

0 ⊂ A1/2. let
x = e+ αx1/2 + βx0 ∈ A; then :

x4 = e+ αx1/2 +
β2

4
x2
0 + α2x2

1/2 + 3
α3

2
x3
1/2 + 2αβx0x1/2 + β3x3

0 + α2β[3
2
x0x

2
1/2 +

2x1/2(x0x1/2)] + αβ2[1
2
x2
0x1/2 + 3x0(x0x1/2)] + α3β[x0x

3
1/2 + 2x1/2(x1/2(x0x1/2)) +

x1/2(x0x
2
1/2)] + αβ3[x3

0x1/2 + 2x0(x0(x0x1/2)) + x0(x
2
0x1/2)] + α2β2[x1/2(x

2
0x1/2) +
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2x1/2(x0(x0x1/2)) + x0(x0x
2
1/2) + 2x0(x1/2(x0x1/2))] + β4x4

0 + α4x4
1/2.

(x4)2 = e+αx1/2+
β2

16
x2
0+α2x2

1/2+2αβx1/2x0+7
α3

2
x3
1/2+β3x3

0+α2β[3
2
x0x

2
1/2+

4x1/2(x0x1/2) + αβ2[3x0(x0x1/2) +
1
2
x2
0x1/2] + α3β[x0x

3
1/2 + 6x1/2(x1/2(x1/2x0)) +

3x1/2(x0x
2
1/2)+4x2

1/2(x1/2x0)]+αβ2[3x0(x0x1/2)+
1
2
x2
0x1/2]+α3β[x0x

3
1/2+6x1/2(x1/2(x1/2x0))+

3x1/2(x0x
2
1/2)+4x2

1/2(x1/2x0)]+αβ3[2x0(x0(x0x1/2))+x0(x1/2x
2
0)+2x3

0x1/2+x2
0(x0x1/2)]+

α2β2[4(x2
0x1/2) + 2x1/2(x

2
0x1/2) + x0(x0x

2
1/2) + 2x0(x1/2(x1/2x0)) + x0(x0x

2
1/2) +

2x0(x1/2(x0x1/2))+x1/2(x1/2x
2
0)+6x1/2(x0(x0x1/2))+

1
2
x2
0x

2
1/2]+α4[3x4

1/2+(x2
1/2)

2]+

β4[x4
0 +

1
16
(x2

0)
2] + . . .

Theses identities are obtained by identifying the coefficients of αiβj in equality
(x4)2 = x4 for 1 ≤ j + i ≤ 4.

(ii), (iii) and (iv). Theses identities are obtained using a method similar to
that of (i). □

The theorem below gives the necessary and sufficient conditions for a train
algebra of degree 2 and exponent 4 to be a Bernstein algebra.

Theorem 2.9. Let A = Ke⊕ A1/2 ⊕ A0 ⊕ Aλ ⊕ Aλ be the Peirce decomposition
relative to a non-zero idempotent e of a train algebra of degree 2 and exponent 4.
Then A is a Bernstein algebra if and only if Aλ = Aλ = 0 and A2

0 ⊂ A1/2.

Proof. Indeed, suppose that A satisfies these conditions and establish that this
one is Bernstein. Let x = e+ x1/2 + x0 an element of weight 1 in A then :

x2 = e+ x1/2 + 2x0x1/2 + x2
0 + x2

1/2;

(x2)2 = e+ x1/2 +2x0x1/2 + x2
0 + x2

1/2 +4x1/2(x0x1/2) + 2x1/2x
2
0 +4x2

0(x0x1/2) +

4x2
1/2(x0x1/2) + 2x2

0x
2
1/2 + 4(x0x1/2)

2 + (x2
0)

2.

By using identities of the Lemma 2.8, we shown that x2 = (x2)2.Since the set
of elements of weight 1 is dense in A according to the Zariski topology, then for
any x in A, (x2)2 = ω(x)2x2 and A is a Bernstein algebra.

Conversely, suppose that A is a Bernstein algebra then the relations Aλ = Aλ =
0 and A2

0 ⊂ A1/2 are immediate (see [1]) .
□

2.3. Link with principal train algebras. Let A be a commutative nonasso-
ciative algebra and ω : A → K his weight function. We say that A is principal
train algebra of rank r if there exist γ1, . . . , γr in K such that xr + γ1ω(x)x

r−1 +
· · · + γr−1ω(x)

r−1x = 0, ∀x ∈ A, where r ≥ 2 is the smallest integer for which
such an equation holds. The Equation is called the train equation of A.

An algebra satisfying train identity of degree 2 and exponent 4 is principal
train algebra under some conditions.

Proposition 2.10. Let A = Ke⊕A1/2⊕A0⊕Aλ⊕Aλ be the Peirce decomposition
relative to an idempotent e of an algebra satisfying train identity of degree 2 and
exponent 4. If A1/2 = 0 then A check the train equation :

x7 − 1

2
ω(x)x6 − 1

2
ω(x)3x4 = 0.
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Proof. : Indeed, let A be an algebra verifying an train identity of degree 2 and
exponent 4 such that A1/2 = 0. Then A2

0 ⊂ A0, A
2
λ = A2

λ
= AλAλ = A0Aλ =

A0Aλ = 0. Let x = e+ αx0 + γxλ + µxλ any element of weight 1 in A.

We have: x2 = e + α2x2
0 + 2λγxλ + 2λµxλ; x

3 = e + γ(2λ2 + λ)xλ + µ(2λ
2
+

λ)xλ + α3x3
0 = e− γxλ − µxλ + α3x3

0; x
4 = e + α4x4

0 and (x4)2 = e + α8(x4
0)

2; or
(x4

0)
2 = 0, hence x4

0 = 0 due to identity (x4)2 = x4, so x4 = e. We have x3 + x =
2e+αx0 +α3x3

0 = 2x4 +α3x3
0 so 2x4 − x3 − x = −αx0 −αx3

0. The multiplication

of the last equality three successive times by x give x7 − 1

2
x6 − 1

2
x4 = 0. The

elements of weight 1 being dense in A by Zariski topology, then for any x in A

x7 − 1

2
ω(x)x6 − 1

2
ω(x)3x4 = 0. □

Theorem 2.11. Let A be an algebra satisfying train identity of degree 2 and
exponent 4. If A is train of rank 3, then the train equation of A is

x3 − (1 + α)ω(x)x2 + αω(x)2x = 0 = 0;

where α ∈ {0;λ = −1 + i
√
7

4
;λ =

−1 + i
√
7

4
}.

Proof. Let A be an algebra satisfying train identity of degree 2 and exponent 4.
Suppose that A is principal train of rank 3, then for any x in A, the following
equations hold :

x3 − (1 + α)ω(x)x2 + αω(x)2x = 0 (1).

A partial linearization of (1) gives

x2y + 2x(xy) = (1 + α)ω(y)x2 + 2(1 + α)ω(x)xy − 2αω(xy)x− αω(x)2y (2)

.
For y = x2 in (2), we get

x2x2 = −2x4 + (1 + α)ω(x)2x2 + 2(1 + α)ω(x)x3 − 2αω(x)3x− αω(x)2x2

= (1 + 2α)ω(x)2x2 − 2αω(x)3x.

By multiplying the equation (1) by x we obtain :

x4 = (1 + α)ω(x)x3 − αω(x)2x2

= (1 + α)ω(x)[(1 + αω(x)x2 − αω(x)2x]− αω(x)2x2

= (1 + α)2ω(x)2x2 − α(1 + α)ω(x)3x− αω(x)2x2.

So it comes that :

x4 = (1 + α + α2)ω(x)2x2 − α(1 + α)ω(x)3x (a)
Relation (a) gives us:

x4x4 = (1 + α + α2)2ω(x)4x2x2 − 2α(1 + α)(1 + α + α2)ω(x)5x3

+ α2(1 + α)2ω(x)6x2
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and if we replace x2x2 and x3 by their expressions, we obtain:

x4x4 = (1 + α + α2)2ω(x)4[(1 + 2α)ω(x)2x2 − 2αω(x)3x]

− 2α(1 + α)(1 + α + α2)ω(x)5[(1 + α)ω(x)x2 − αω(x)2x] + α2(1 + α)2ω(x)6x2; = (1 + 2α)(1 + α + α2)2ω(x)6x2 − 2α(1 + α + α2)2ω(x)7x

− 2α(1 + α)2(1 + α + α2)ω(x)6x2 + 2α2(1 + α)(1 + α + α2)ω(x)7x+ α2(1 + α)2ω(x)6x2

= [(1 + 2α)(1 + α + α2)2 − 2α(1 + α)2(1 + α + α2) + α2(1 + α)2]ω(x)6x2

+ 2α(1 + α + α2)[α(1 + α)− (1 + α + α2)]ω(x)7x

= [(2α5 + 6α4 + 10α3 + 8α2 + 4α + 1)− (2α5 + 6α4 + 8α3 + 6α2 + 2α)]ω(x)6x2

− 2α(1 + α + α2)ω(x)7x;

so :

x4x4 = (2α3 + 2α2 + 2α + 1)ω(x)6x2 − 2α(1 + α + α2)ω(x)7x (b)
The multiplication of (a) by ω(x)4 gives :

ω(x)4x4 = (1 + α + α2)ω(x)6x2 − α(1 + α)ω(x)7x (c)
The difference of (b)and(c) gives :

x4x4 − ω(x)4x4 = [(2α3 + 2α2 + 2α + 1)− (1 + α + α2)]ω(x)6x2

+ [α(1 + α)− 2α(1 + α + α2)]ω(x)7x

= ω(x)6[α(2α2 + α + 1)x2 − α(2α2 + α + 1)ω(x)x]

Since x4x4 − ω(x)4x4 = 0, then α(2α2 + α + 1)ω(x)6[x2 − ω(x)x] = 0;
so α = 0 or (2α2 + α + 1) = 0 because x2 − ω(x)x ̸= 0. Therefore α ∈ {0;λ =

−1 + i
√
7

4
;λ = −1− i

√
7

4
} and the train equation of A is one of the forms given

in the theorem. □

3. Train algebras of degree 2 and exponent 4

An algebra A is called a train algebra of degree 2 and exponent 4 if it satisfies
an train identity of degree 2 and exponent 4 and does not verify a polynomial
identity of degree less than 8.

3.1. General results.

Proposition 3.1. Let A = Ke ⊕ A1/2 ⊕ Aλ ⊕ Aλ be the Peirce decomposition
of a train algebra of degree 2 and exponent 4 relatively to an idempotent e. The
following assertions are verified :

(i) A1/2 ̸= 0;
(ii) the dimension of A is greater than or equal to 4.

Proof. (i) Indeed if A1/2 = 0, according to Proposition 2.10, A est principal train
algebra of rank less or equal to 7, which is absurd because A is train algebra of
degree 2 and exponent 4. Therefore A1/2 ̸= 0.
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(ii) Since A1/2 ̸= 0, the dimension of A is greater than or equal to 2. If the
dimension of A is 2, then A0 = Aλ = Aλ = 0 and for any x ∈ A, x2 = ω(x)x,
which is impossible. Suppose dimension of A is 3. Thus the possible types of A
is (2, 1, 0, 0), (2, 0, 1, 0), (2, 0, 0, 1), the type (3, 0, 0, 0) being impossible because
otherwise A checked the train equation x2 = ω(x)x. It remains to show that the
type of A cannot be one of the other previous types to conclude.

Suppose the type of A is (2, 0, 1, 0) and setting A1/2 =< e0 > and Aλ =< e1 >.
Then A =< e, e0, e1 >, e2 = e, ee0 = 1

2
e0, ee1 = λe1, e

2
0 = α0e1, e

2
1 = α1e0 and

e0e1 = β0e0. We have 0 = e30 = α0β0e0 and 0 = (e20)
2 = α2

0α1e0, so α0β0 = 0 and
α0α1 = 0.

We distinguish two cases :
Case 1 : α0 ̸= 0 so β0 = α1 = 0.
Let x = e + αe0 + βe1, an element of A such that ω(x) = 1; so x2 =

e+ αe0 + (α2α0 + 2λβ)e1 and we have (x2 − x)2 = (α2α0 + β(2λ− 1)e1)
2 = 0; so

x2x2 − 2x3 + x2 = 0 and A satisfies a polynomial identity of degree 4.

Case 2 : α0 = 0.
In this case, we have x2 = e+(α+β2α1+2αββ0)e0+2λβe1; and (x2−2λx)2 =

((1 − 2λ)e + (α(1 − 2λ) + β2α1 + 2αββ0)e0)
2 = (1 − 2λ)x2 − 2(1 + 2λ)x; so

x2x2 − 4λx3 − 3x2 + 2(1 + 2λ)x = 0. The algebra A satisfies a polynomial
equation of degree 4.

We conclude that the type of a train algebra of degree 2 and exponent 4 cannot
be (2, 0, 1, 0). By reasoning as previously, we show that the type of A can’t be
either (2, 0, 0, 1).

Suppose the type of A is (2, 1, 0, 0), and setting A1/2 =< e0 >, A0 =< e1 >
then A =< e, e0, e1 > and e2 = e, ee0 =

1
2
e0, ee1 = 0, e20 = α0e1, e

2
1 = α1e0+α2e1,

e0e1 = β0e0.
We have 0 = e30 = α0β0e0 and 0 = (e20)

2 = α2
0α1e0+α2

0α2e1 = 0, then we obtain
the following equalities: α0β0 = 0, α0α1 = 0 and α0α2 = 0.

Let x = e+αe0+βe1 an element of weight one of A Let’s distinguish the cases
:

Case 1 : α0 ̸= 0 so β0 = α1 = α2 = 0.
We have x2 = e+ αe0 + α2α0e1, so x2x2 = x2. Therefore, A verifies Bernstein

algebras identity.
Case 2 : α0 = 0.
We have 0 = (e(ee21))

2+2ee41− e41 = −α3
2e1, so α2 = 0. Since α2 = 0, according

to Theorem2.9, A is Bernstein algebra. Thus the type of A can not be (2, 1, 0, 0).
□

3.2. train algebra of degree 2 and exponent 4 of dimension 4.

Proposition 3.2. Let A = Ke⊕A1/2⊕A0⊕Aλ⊕Aλ be the Peirce decomposition
relatively to a nonzero idempotent e of a train algebra of degree 2 and exponent 4.
If A is of dimension 4, then the type of A is different from (2, 0, 2, 0), (2, 0, 0, 2), (3, 0, 0, 1), (3, 0, 1, 0)
and (3, 1, 0, 0)
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Proof. Suppose the type of A is (2, 0, 2, 0), and setting A1/2 =< e0 >, Aλ =<
e1, e2 >. Then A =< e, e0, e1, e2 > with e2 = e, ee0 =

1
2
e0, ee1 = λe1, ee2 = λe2,

e20 = α0e1 + α1e2, e
2
1 = β0e0 and e22 = β1e0, e1e2 = β2e0, e0e1 = γ0e0, e0e2 = γ1e0.

By using identities of Lemma 2.8 We have:
0 = e30 = (α0γ0 + α1γ1)e0, 0 = (e20)

2 = (α2
0β0 + α2

1β1 + 2α0α1β2)e0, 0 = (e21)
2 =

α0β
2
0e1 + α1β

2
0e2, 0 = (e22)

2 = α0β
2
1e1 + α1β

2
1e2, 0 = (e1e2)

2 = α0β
2
2e1 + α1β

2
2e2,

0 = (e0e1)
2 = γ2

0α0e1 + γ2
0α1e0 and 0 = (e0e2)

2 = γ2
1α0e1 + γ2

1α1e0.
Therefore, we have the following systems :

(S1) :


α0β0 = 0
α0β1 = 0
α0β2 = 0
α0γ0 = 0
α0γ1 = 0

(S2) :


α1β0 = 0
α1β1 = 0
α1β2 = 0
α1γ0 = 0
α1γ1 = 0

We can thus distinguish the following cases :
Case 1 : α0 ̸= 0 so β0 = β1 = β2 = γ0 = γ1 = 0.
Let x = e + αe0 + βe1 + γe2 an element of A such that ω(x) = 1; then

x2 = e+ αe0 + (α2α0 + 2λβ)e1 + (α2α1 + 2λγ)e2, so (x2 − x)2 = ((α2α0 + β(2λ−
1))e1+(α2α1+γ(2λ−1))e2)

2 = 0 and for any x in A, x2x2−2ω(x)x3+ω(x)2x2 = 0.
We obtain an algebra satisfying a polynomial equation of degree 4.

Case 2 : α0 = 0 and α1 ̸= 0.
We show that any element x in A satisfies the equation x2x2 − 2ω(x)x3 +

ω(x)2x2 = 0.
Case 3 : α0 = α1 = 0.
Let x = e + αe0 + βe1 + γe2 an element of A such that ω(x) = 1. We

have x2 = e + (α + β2β0 + γ2β1 + 2αβγ0 + 2αγγ1 + 2ββ2γ)e0 + 2λβe1 + 2λγe2;
(x2−2λx)2 = (e(1−2λ)+(α(1−2λ)+β2β0+γ2β1+2αβγ0+2αγγ1+2ββ2γ)e0)

2 =
(1− 2λ)x2− 2λ(1− 2λ)x; so x2x2− 4λx3− 3x2+2(1+2λ)x = 0. Thus A satisfies
a polynomial equation of degree 4. The type of A can’t therefore be (2, 0, 2, 0) or
(2, 0, 0, 2).

Suppose the type of A is (3, 0, 1, 0), and setting A1/2 =< e0, e1 >, Aλ =< e2 >,
so A =< e, e0, e1, e2 >, e2 = e; ee0 = 1

2
e0; ee1 = 1

2
e1; ee2 = λe2; e

2
0 = α0e2;

e21 = α1e2; e0e1 = α2e2; e
2
2 = β0e0 + β1e1; e0e2 = γ0e0 + γ1e1; e1e2 = µ0e0 + µ1e1.

Using equality x3
1/2 = 0, we have : e30 = α0γ0e0 + α0γ1e1 = 0; and e31 =

α1µ0e0 + α1µ1e1 = 0.
Also, the equality (x2

1/2)
2 = 0 leads to (e20)

2 = α2
0β0e0 + α2

0β1e1 = 0, and

(e21)
2 = α2

1β0e0 + α2
1β1e1 = 0.

The equality y1/2x
2
1/2 + 2x1/2(x1/2y1/2) = 0 (this identity is obtain by partial

linearization of the identity x3
1/2 = 0)leads to e1e

2
0+2e0(e1e0) = (α0µ0+2α2γ0)e0+

(α0µ1+2α2γ1)e1 = 0 and e0e
2
1+2e1(e0e1) = (α1γ0+2α2µ0)e0+(α1γ1+2α2µ1)e1 =

0.
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Finally, the equality y21/2x
2
1/2 + 2(x1/2y1/2)

2 = 0 (obtain by linearizing partially

the identity (x2
1/2)

2 = 0) allows us to obtain e20e
2
1+2(e0e1)

2 = 2α2
2β0e0+2α2

2β1e1 =
0.

From these previous equalities derive the following systems :

(S1) :


α0γ0 = 0 (1)
α0γ1 = 0 (2)
α1µ0 = 0 (3)
α1µ1 = 0 (4)

(S2) :


α0β0 = 0 (1)
α0β1 = 0 (2)
α1β0 = 0 (3)
α1β1 = 0 (4)

(S3) :


α0µ0 + 2α2γ0 = 0 (1)
α0µ1 + 2α2γ1 = 0 (2)
α1γ0 + 2α2µ0 = 0 (3)
α1γ1 + 2α2µ1 = 0 (4)

By multiplying (1) of (S3) with γ0 and using (1) of (S1) we obtain α2γ0 = 0
and α0µ0 = 0.

By multiplying (2) of (S3) with γ1 then let’s use (2) of (S1) we obtain α2γ1 = 0
and α0µ1 = 0.

If we multiply (3) of (S3) by µ0 then we use (3) of (S1) we have α2µ0 = 0 and
α1γ0 = 0.

Finally, the product of (4) of the system (S3) par µ1 and using (4) de (S1) we
obtain α2µ1 = 0 and α1γ1 = 0.

This allows us to obtain the three new systems :

(S ′
1) :



α0β0 = 0 (1)
α0β1 = 0 (2)
α0γ0 = 0 (3)
α0γ1 = 0 (4)
α0µ0 = 0 (5)
α0µ1 = 0 (6)

(S ′
2) :



α1β0 = 0 (1)
α1β1 = 0 (2)
α1γ0 = 0 (3)
α1γ1 = 0 (4)
α1µ0 = 0 (5)
α1µ1 = 0 (6)

(S ′
3) :



α2β0 = 0 (1)
α2β1 = 0 (2)
α2γ0 = 0 (3)
α2γ1 = 0 (4)
α2µ0 = 0 (5)
α2µ1 = 0 (6)

We distinguish two cases :
Case 1 : α0 ̸= 0 so β0 = β1 = β2 = γ0 = γ1 = µ0 = µ1 = 0.
Let x = e + αe0 + βe1 + γe2, an element of A such that ω(x) = 1. So x2 =

e + αe0 + βe1 + (α2α0 + β2α1 + 2αβρ0)e2 = (x2)2. In this case, A verifies the
Bernstein algebras identity.

Case 2 : α0 = α1 = α1 = 0.
Let x = e + αe0 + βe1 + γe2, an element of A such that ω(x) = 1. We have

(x2 − 2λx)2 = (1− 2λ)(x2 − 2λx) and A satisfies a train polynomial of degree 4.
Case 3 : α0 = 0 and α1 ̸= 0. Then β0 = β1 = γ0 = γ1 = µ0 = µ1.
Let x = e + αe0 + βe1 + γe2, an element of A such that ω(x) = 1. We have

x2 = e+ αe0 + βe1 + (β2α1 + 2αβα2 + 2λγ)e2, so (x2 − x)2 = 0 and A satisfies a
train polynomial of degree 4.

Case 4 : α0 = 0 and α2 ̸= 0. Similar to previous case.
To conclude, the type of a train algebra of degree 2 and exponent 4 can’t be

(3, 0, 1, 0) or (3, 0, 0, 1).

Suppose the type of A is (3, 1, 0, 0), and setting A1/2 =< e0, e1 >, A0 =< e2 >
so A =< e, e0, e1, e2 >, e2 = e, ee0 = 1

2
e0, ee1 = 1

2
e1, ee2 = 0, e20 = α0e2,
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e21 = α1e2, e
2
2 = β0e0 + β1e1 + β2e2, e0e2 = γ0e0 + γ1e1, e1e2 = µ0e0 + µ1e1,

e0e1 = ρ0e2.
Using the equality x3

1/2 = 0, we have e30 = α0γ0e0 + α0γ1e1 = 0 and e31 =
α1µ0e0 + α1µ1e1 = 0.

The equality (x2)2 = 0 give (e21)
2 = α2

1β0e0 + α2
1β1e1 + α2

1β2e2 = 0 and (e20)
2 =

α2
0β0e0 + α2

0β1e1 + α2
0β2e2 = 0.

The equality y1/2x
2
1/2 + 2x1/2(x1/2y1/2) = 0 give e1e

2
0 + 2e0(e0e1) = (α0µ0 +

2ρ0γ0)e0+(α0µ1+2ρ0γ1)e1 = 0 and e0e
2
1+2e1(e0e1) = (α1γ0+2ρ0µ0)e0+(α1γ1+

2ρ0µ1)e1 = 0.
And the equality x2

1/2y
2
1/2 + 2(x1/2y1/2)

2 = 0 give e20e
2
1 + 2(e0e1)

2 = 2(e0e1)
2 =

2ρ20β0e0 + 2ρ20β1e1 + 2ρ20β2e2 = 0.
It follows the systems :

(S1) :



α0β0 = 0 (1)
α0β1 = 0 (2)
α0β2 = 0 (3)
α0γ0 = 0 (4)
α0γ1 = 0 (5)
α0µ0 = 0 (6)
α0µ1 = 0 (7)

(S2) :



α1β0 = 0 (1)
α1β1 = 0 (2)
α1β2 = 0 (3)
α1γ0 = 0 (4)
α1γ1 = 0 (5)
α1µ0 = 0 (6)
α1µ1 = 0 (7)

(S3) :



ρ0β0 = 0 (1)
ρ0β1 = 0 (2)
ρ0β2 = 0 (3)
ρ0γ0 = 0 (4)
ρ0γ1 = 0 (5)
ρ0µ0 = 0 (6)
ρ0µ1 = 0 (7)

Consider then the following cases: case 1: α0 ̸= 0 so β0 = β1 = β2 = γ0 = γ1 =
µ0 = µ1 = 0; case 2: α0 = α1 = ρ0 = 0; case 3: α0 = 0 and α1 ̸= 0; case 4:
α0 = 0 and ρ0 ̸= 0. As for the previous type, we show in each of these cases that
A satisfies a polynomial equation of degree 4. □

From the Propositions 3.1 and 3.2 we deduce that the possible types of A in
dimension 4 are : (2, 2, 0, 0), (2, 1, 0, 1), (2, 1, 1, 0) and (2, 0, 1, 1).
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158, (1991), 1–26. https://doi.org/10.1016/0024-3795(91)90048-2
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