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ON TRAIN ALGEBRAS OF DEGREE 2 AND EXPONENT 4
WENDINGOUDI ACHILE ZANGRE ! AND ANDRE CONSEIBO2*

ABSTRACT. In this paper, we deal with a class of nonassociative algebras called
train algebras of degree 2 and exponent 4; Thus we give some results on al-
gebras verifying a train identity of degree 2 and exponent 4. The structure
of this class of algebras is studied through Peirce decomposition relative to a
non zero idempotent. We give the necessary and sufficient conditions for an
algebra verifying a train identity of degree 2 and exponent 4 to be Bernstein or
train algebra of rank less than or equal to 3. Finally, we give some necessary
conditions that must be verified by a train algebra of degree 2 and exponent
4, mainly in dimension four.

1. INTRODUCTION

A commutative algebra A over a field K is called Bernstein algebra if any
element z of A verifies the identity z22? = w(z)*z? where w : A — K is a non
zero morphism of algebras called the weight function of A. Bernstein algebras
which have been the subject of many publications ([1],[12],[14],[17]) from the
years 1975 are the formulation in terms of nonassociative algebras of stationarity
principle or Hardy Weinberg’s law in Mendelian genetics. They were introduced
by Holgate ([11],[10]). Several authors have subsequently studied algebras which
enter into attempts to model genetic phenomena. These include, among others,
train algebras. In ([18]) the author establishes the following results: in a Bernstein
algebra over a field K of characteristic different from 2, 22’2/ = w(x)'a’ +w(x)x’
for any x in A and for all 7,5 > 2. In particular, for i = j = 4 we obtain the
identity z*x? = w(z)?2z* which characterizes the algebras which are the subject of
this paper; thus the elements in a Bernstein algebra verifies this latter identity.
The train algebras of degree 2 and exponent n (the case i = j = n) in general and
the train algebras of degree 2 and exponent 3 in particular have been studied in
([4]). Moreover, we find there some results on the structure of these algebras and
the link with other classes of algebras. In these classes of algebras, the notion of
idempotent is very important. The idempotents constituting equilibrium states
in terms of genetic interpretation and are useful for the Peirce decomposition,
which facilitates the study of the structure of these algebras. In the following, A
will be a commutative algebra not necessarily associative over a field K; the field
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K will be commutative and algebraically closed of characteristic different from 2
and 3.

2. ALGEBRAS VERIFYING TRAIN IDENTITY OF DEGREE 2 AND EXPONENT 4

An algebra A satisfies a train identity of degree 2 and exponent 4 if for any x
in A, we have:

()2 = w(z)*x™. (2.1)

For an element = of weight 1 in A (i.e. w(z) = 1), the identity (2.1) gives
)2 = 2% and thus z* is an non zero idempotent of A.

As we pointed out in the introduction, Bernstein algebras satisfies a train
identity of degree 2 and exponent 4. We give in the following, results on the
structure of algebras satisfying a train identity of degree 2 and exponent 4.

(x

2.1. Peirce Decomposition. This section is devoted to the Peirce decomposi-
tion of algebras verifying train identity of degree 2 and exponent 4.

Lemma 2.1. Let A be an algebra satisfying train identity of degree 2 and exponent
4 then for all x,y and z in A we have:

(1) dot(z(2(2y))) +22% (2 (ya?)) +22% (y2®) = 2w(2) e (z(zy)) +w(r) e (yz®) +
w(x)4g(/x3 + dw(x)3w(y)zt;

(11) 4(z(y(zy))*+4(y(x(zy))*+(x(2y?))*+8(x(y(zy))) (y(z(xy))) +4(z(y(zy))) (x(zy?) )+
A2 (y () (y(ya?)) +H4(y(z(zy))) (2 (y?) 4y (e (2y)) (y(yae?)+2(x(zy?)) (y(ya?))+
8(w(x(xy))) (y(y(xy)))+4(x(yz*)) (y(y(xy)))+4(y2®) (y (y(2y))) +4(y(xy?)) (z(z(ry)) )+
2(x(y2?) (y(@y?)) + 2(xy®) (x(yz?)) + 4(x(x(ry))) (y®)4(zy®) (2(ya?)) +
2(y2®) (vy?) +22%y* = w(2)y* +8w(x)’w(y)y(y(ry)) +4w(z)’w(y)y(ry® +
4w (z)3w(y)zyd+8w(x)w(y)3x(z(zy))+w(z)w(y) o (yr?) +w(z)w(y ) yz®+
12(w>(f)zw(y)%(y(wy))H?w(:v w(y)?y(z(zy))+6w(z)’w(y)*z(ry?)+6w(r)*w(y) y(y2?))+
w(y)*at;

(111) 2(y(2*2)x* +4(y(2(22))) 2 +2(2%y) (2% 2) +2(2%y ) (2 (222)) +4(2%y) (2 (2(22) ) )+
2(2(x?y))a* +4(x (y(22))) v +2(x(2y) ) (2°2) +2(x (2%y) ) (2 (2% 2) ) +4(z(2?y)) (z(2(22) ) )+
A(z(x(zy))) o +4(z(2(2y))) 2 +4(x(x(y2)))rt +4(x(z(y)) ) (2 2) +4(x(z(2y))) (z(222)) +
8(x(z(zy)))(z(x(r2))) = 12w(y)w(z)w(z)*z! +4w(z)’w(y) z2* +4w(z) w(y)z(227)+
8w () w(y)a(x(r2))+8w(w) w(2)z(x(ry))+2w(r) 2(2(zy))+2w(z) 2 (2 (2y))+

Proof. The identities (7), (i7) and (éii) are obtained by partially linearizing the
identity (2.1). O

Proposition 2.2. Let A be an algebra satisfying train identity of degree 2 and
exponent 4 and e an idempotent of A. Then A has a Peirce decomposition as
follows A = Ke @ Ay o ® Ay @ Ay ® Ax, where Ay = {y € ker(w) | ey = ay} for
L+iVT —1+iVT

120 = — = .
a € {0;1/2;\ r )
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Proof. By setting = e and y € Ker(w) in the identity (i) of Lemma 2.1 we
get: 4e(e(e(ey))) + e(ey) —ey =0, so (462 + 2 — 0.)(y) = 0 for any y € ker(w),
where ¢, : kerw — kerw,y — ey. So it comes that the minimal polynomial
of the operator /. is : P(X) = 4X* + X? — X and the roots of this one are

1 1+4/7 —1 447
0, 3~ TivT and L\/_ According to the kernel decomposition lemma

4
D kerw = Ay @ Ag @ Ay @ Ax where A, = {y € ker(w) | ey = ay} for a €

144 - -1
{0;1/2; A = — +4“/_; A= —Zl\/_} and we get a Peirce decomposition A =
Ke@Al/QEBAO@A/\@AX. |:|
Proposition 2.3. Let A = Ke® Ag® Ay o ® A\ ® Ay be the Peirce decomposition
relatively to a non-zero idempotent e of an algebra satisfying train identity of

degree 2 and exponent 4. If A is of finite dimension then the dimensions of Ag,
Ay, Ay and Ax are independent of the chosen idempotent e.

Proof. This is a particular case (n = 4) of the general case treated in [1] (Propo-
sition 2).
|

in view of the previous proposition, we define in what follows the type of an
algebra satisfying train identity of degree 2 and exponent 4 of dimension n. We
can therefore observe that the type of an algebra verifying a train identity of
degree 2 and exponent 4 is an invariant of the algebra.

Definition 2.4. Let A = Ke® Ay /2 ® Ay ® Ay ® Ay be a Peirce decomposition of
an algebra satisfying train identity of degree 2 and exponent 4 of dimension n > 1.
We call type of A, the quadruplet (1417, s,t1,ts) such that 1 +r+s+t; +t2 = n,
with r = dimA, 2, s = dimAy, t; = dimAy, ty = dimAs.

Theorem 2.5. Let A= Ke® Ay, ® Ay @ A\ @ Ay be the Peirce decomposition
relative to a non-zero idempotent e of an algebra satisfying a train identity of
degree 2 and exponent 4. Then :
()MC%@AM
it) A 1/2 C Ay @ A\ As;
( ZZ) A C 141/27
(1v) A C Ay
v) A1/2A0 C A @ Ay @ Ay
(U’l) A()A)\ C Al/g,
( ’L) A()A C Al/g,
(UZZ’L) Al/QA)\ C A1/2 D AO D A)\,
(ZZE) A1/2A - Al D Ay D Ay;
(x) A\Ax C A1/2

Proof. By setting x = e, y € A, and z € Az in the identity (ii7) of the Lemma
2.1, we obtain the equality:

(—a— B —2a% = 2B% + 208 + 208 + 2a8% + 4aB3 + 403 B + 2a% 3% + 403 5% +
40233 +8a333) (yz) + (4a® +48%)e(yz) + (da+ 48 —2)e(e(yz)) +4e(e(e(yz))) = 0.
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() Suppose that o = 3 = 0, we get (202 — ?)(yz) = 0, so £*(20, — id)(yz) =0
and A§ C Aij2 & Ay, then (7) is verified.

(#1) For a = 8 = 3, we have (203 + 2+ 0.)(yz) = 0, s0 Le(20% + L.+ id)(yz) = 0
and Af/Q C Ay ® A\ D Ay;

(iii) For « = B = A, we have (202 + (4\ — 1) — 2(A + 1)l + id)(yz) = 0, so
Ai C Al/g;

(iv) For a = B = ), we have (202 4+ (4\ — 1)2 — 2(A + 1){, + id)(yz) = 0, so
A% C Al/g;

(v) For o = 5 and 8 = 0, we have (462 + (, — id)(yz) = 0, so AgAijp C
A ® A\ D Asx;

(vi) For « = X and 8 = 0, we have (403 +2(2\ —1)02 —2(A+ 1)l +id)(yz) = 0,
so AgAx C Ayo;

(vii) For a = A and 8 = 0, we have (403 42(2\ —1)£2 —2(A+1){, +id)(yz) = 0,
so AgAyx C Ayya;

(viii) For a = 3 and 8 = X, we have (. (462 + 4\, — (2X + 1)id)(yz) = 0, so
Ay Ay C A ® Ay @ Ay

(iz) For a = % and 8 = A, we have (. (4¢? + 4\(, — (2 + 1)id)(yz) = 0, so
Ay pAs T Ay ® Ay @ Ay

(z) For a = X and 8 = A, we have (4¢3 — 402 — 30, + 2id)(yz) = 0, so A\Ax C
/41/2§

0

2.2. Link with Bernstein algebras. The examples below show that there are
algebras satisfying train identity of degree 2 and exponent 4 which are not Bern-
stein algebras.

Example 2.6. Let A =< e, e, e1,e5 > be a commutative algebra whose multi-

1+iy/7

4 )
e2 = ey, the other products being zero. We can observe that w : A — K such
that w(e) = 1 and w(ep) = w(ey) = w(eg) = 0 is a weight function.

Let x = pe 4+ aey + Pey + yes an element in A, then :

2?2 = ple + a’ey + paey + 2uyes;

(22)% = ple + plaey + pPale; + 4P \2vyey # w(x)?x? if yu #0 ;

3 = ple + plaeg + paer + pPy(20% + Neo;

ot = pte + pdaeg + plaler + pPAY(2A2 + X+ 1)ey = ple + plaey + p?a’er; and
(24)? = ple + paey + pbale; = pt(pte + pPaey + p2a’ey) = w(x)tz?.

Thus A is an algebra satisfying a train identity of degree 2 and exponent 4 but
it is not Bernstein algebra.

1
plication table is given by : €2 = e; eey = 560; eey = \eg where A = —

Example 2.7. Let A =< e,¢eg,e1,e5 > be a commutative algebra such that :

e? = e; eey = 5603 e2 = e1; €3 = ey; the other products being zero; As in the

previous example, A has a weight morphism w : A — K defined in a similar way.
Let x = pe 4+ aey + Pey + yes an element in A. Then :
2?2 = ple + paeg + (o +v?)ey;
(22)% = ple + plaey + pa’e; # w(x)?a? if yu # 0;
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a3 —u e+u aey + paler; x —,u4e+u30zeo+u2a261
(24)? = pBe + paey + pbale, = w(x)ta?.
So A satisfies a train identity of degree 2 and exponent 4 but is not Bernstein

algebra.

Lemma 2.8. Let A= Ke® Ay, ® Ay ® A) ® Ay the Peirce decomposition with
respect to a non-zero idempotent e of an algebra satisfying a train identity of
degree 2 and exponent 4. Let z, in A, with a € {0;1/2; \; A\}. We have :

(¢) If Ay =0, Ay =0 and A} C Ay o, then :
(’ll) 131/2(331/2370) = 0,
(42) 1923 = 0;

226) ({L‘X,I‘l/g)Q = 0,'

iiil) .7:1/2 =0;
1222) Ty /2(210w)) = 0;
¥ ) $1/2$§\ = O,'
) (x%/z)Q =0;
1225) (mi)Z = O,’

( 1) Qe(xoxl/z) + 21‘1/2(330:81/2) — 2023 )5 = 0;

(1v2) xl/g(exo) — 21075 = 0;

(1v3) @ 1/2 =0;

(ivd)
) (e

ivd (ml 2) =0;

Proof. (i) Indeed let us suppose that A is an algebra verifying an train iden-
tity of degree 2 and exponent 4 such that Ay = Ay = 0 and Ag C Ay let
T =e+ aryy + fre € A; then :

3
2 «Q
vt = e+ oy + Faf+a’al, + 373::1’)/2 +2afxor1 )0 + FPaf 4 o Bl3aont ), +
21 (o1 /2)) + af?[32321 /2 + 3To(woz1/2)] + oz3ﬁ[x0xi’/2 + 21 /9(12(2021/2)) +
21/2(20273 )] + @B [x5T1/9 + 230(0(T0T1/2)) + To(2F21/2)] + 2B [21 )2 (2F212) +
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221 /2(20 (w071 /2)) + xo(xoﬁ/g) + 2x0(21/2(2021/2))] + Bl + 044511/2-

3

(2%)? = etz p+ f—;:c% +a?x? )+ 20wy jm0 + 7%35:1)’/2 + B+ a? Bl xoat , +
4x1 2 (201/2) + B [Bwo(wo21)2) + $TET1 /2] + agﬁ[xgx?ﬂ + 621 2(21)2(21220)) +
81 /9(w027 ) +423 o (21 /90) |+ B [0 (w021 j2) + 50571 o)+ Bloa jy+621 jo (w12 (21 /220) )+
3$1/2($0$%/2)+4$%/2(I1/2$0)]+0453[2I0(330(5€0$1/2))+$0($1/2I3)+2$8I1/2+$8($0$1/2)]+
o’ B2[A(xFw1s2) + 221/0(25T172) + To(T0T] ) + 220(21/2(21/220)) + To(ToT] ) +
220(w1/2(x021/2)) +21/2(21/228) +621 2 (20 (2021/2)) + 52527 o]+ 32y +(27 ;)] +
BHag + 15 (@) + ...

Theses identities are obtained by identifying the coefficients of a*3? in equality
(z*)? =2t for 1 < j+i <4

(7), (i73) and (iv). Theses identities are obtained using a method similar to
that of (7). O

The theorem below gives the necessary and sufficient conditions for a train
algebra of degree 2 and exponent 4 to be a Bernstein algebra.

Theorem 2.9. Let A= Ke® Ay ® Ay @ A\ @ Ay be the Peirce decomposition
relative to a non-zero idempotent e of a train algebra of degree 2 and exponent 4.
Then A is a Bernstein algebra if and only if Ay = Ax =0 and Aj C Ay s.

Proof. Indeed, suppose that A satisfies these conditions and establish that this
one is Bernstein. Let x = e + 212 + 7o an element of weight 1 in A then :

2% = e+ T1y + 2T0T1 /2 + L5 + xf/g;

(2%)? = e+ w1j9 + 220712 + 2F + 23 5 + 421 2(T0212) + 271 975 + AaF (201 /2) +
4:10%/2(%301/2) - Qx%x%ﬂ + 4(zoz1/2)* + (7).

By using identities of the Lemma 2.8, we shown that x? = (z?)2.Since the set
of elements of weight 1 is dense in A according to the Zariski topology, then for
any z in A, (2%)? = w(x)?z? and A is a Bernstein algebra.

Conversely, suppose that A is a Bernstein algebra then the relations Ay = Ay =

0 and A} C Ay, are immediate (see [1]) .
0

2.3. Link with principal train algebras. Let A be a commutative nonasso-
ciative algebra and w : A — K his weight function. We say that A is principal
train algebra of rank r if there exist 71, ..., 7, in K such that 2" + yw(x)z" ! +
<4 yw(x)lr = 0, Vo € A, where r > 2 is the smallest integer for which
such an equation holds. The Equation is called the train equation of A.

An algebra satisfying train identity of degree 2 and exponent 4 is principal
train algebra under some conditions.

Proposition 2.10. Let A = Ke® A ;D Ao Ax® Ay be the Peirce decomposition
relative to an idempotent e of an algebra satisfying train identity of degree 2 and
exponent 4. If Ay = 0 then A check the train equation :

7 1 6 1

' — 50.;(1’)35 - Ew(m)%‘* = 0.
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Proof. : Indeed, let A be an algebra verifying an train identity of degree 2 and
exponent 4 such that A;,, = 0. Then A C Ay, A3 = A% = A\A5 = AjAy =
ApA; = 0. Let z = e + awg + vy + pry any element of weight 1 in A.

_ We have: 2% = e+ o2 + 2\ + 2hpay; 2 = e+ 7(2A7 + Ny + u(2N +
Nax + @3 = e — yoy — prx + 2z 2t = e + ozl and (24)? = e + a8(2})?; or
(z3)? = 0, hence xj = 0 due to identity (z*)? = 2, so 2! = e. We have 2° + z =

2e + g+ Prd = 221 + a3xd so 221 — 13 — v = —axy — azrd. The multiplication

1 1
of the last equality three successive times by x give 27 — 2% — —a* = 0. The

elements of weight 1 being dense in A by Zariski topology, then for any z in A

1 1
" — éw(ac)xﬁ — §w(x)3x4 = 0. O

Theorem 2.11. Let A be an algebra satisfying train identity of degree 2 and
exponent 4. If A is train of rank 3, then the train equation of A is

— (1 + a)w(z)2® + aw(z)?xr = 0 = 0;

1 —14+V7
where a € {0; A = +42\/— A= —ZZ\/_}

Proof. Let A be an algebra satisfying train identity of degree 2 and exponent 4.
Suppose that A is principal train of rank 3, then for any = in A, the following
equations hold :

— (14 @)w(r)2?* + aw(z)’x =0 (1).

A partial linearization of (1) gives
2y + 2z(zy) = (1 + )w(y)z® + 2(1 + a)w(z)zy — 20w (zy)r — aw(z)?y  (2)
For y = 2% in (2), we get

?r? = 22"+ (14 a)w(z)?2? +2(1 + a)w(2)2® — 20w(2)?r — aw(z)s?
= (1 +2a)w(z)*s* — 20w(z)*z.
By multiplying the equation (1) by x we obtain :

= (1+a)w()r® — aw(z )2352
)

= (14+aw(z [(1+aw( )2? — aw(z)?x] — aw(x)x?
= (14 a)w(z)*r* —a(l+ a) ( Pr — aw(z)?2®.
So it comes that :
= (L+a+a)w(@)’s? — a(l + a)w(z)’z (a)
Relation (a) gives us:
'zt = (1 + a+ o?)’w(x)*2?2? — 2a(1 + a)(1 + a + o®)w(x)’s?
+ a?(1 + a)’w(z)’2?



48 W. A. ZANGRE, A. CONSEIBO

222 and 2® by their expressions, we obtain:

and if we replace x
et = (1 + a+ o?)’w(@)*[(1 + 2a)w(z)?2? — 20w(z) 2]
—2a(1+a)(1 + a+ a®)w(@)’[(1+ a)w(r)r* — aw(z)*x] + a2(1 + a)*w(z)’2?;
—2a(1 + a)’(1 + a + a®)w(z)2? + 20%(1 + a)(1 + a + o®)w(z) 'z + *(1 + a)’w(z)’2?
=[(1+2a)1+a+a®)?—2a(l +a)*(1 +a+a?) + a*(1 + a)?|w(r)’z?
+20(1 +a+ )|l +a) — (14 a+a?)]w(z)'z
= [(2a” 4 6a* + 100® + 80 + 4a + 1) — (2a” + 6a* + 8a® 4 6a* + 20)|w(x)’z?
—2a(1 + a+ o®)w(z) ;
SO :

izt = (203 + 202 + 20+ 1)w(2)82? — 2a(1 + a + o?)w(z) 'z (b)
The multiplication of (a) by w(x)?* gives :

w(z)'z! = (1+a+ o®)w(@)’? — ol + a)w(z) (©)
The difference of (b)and(c) gives :

(202 + 2% + 20+ 1) — (1 + a + o?)]w(z)’2?
+a(l+a) — 2a(1 + a+ o?)]w(z)
w(@)a(20® + a4+ 1)2* — a(20® + a + 1)w(z)2]

ot — w(x)tst

Since 242 — w(z)'z* = 0, then a(20? +a + w(@)’[2? — w(z)a] = O
soa=0or (20 + a+ 1) = 0 because 2 — w(x)x # 0. Therefore a € {0; A =

L+iVT o 1=iV7

7
1 A= 1 } and the train equation of A is one of the forms given

in the theorem. O

3. TRAIN ALGEBRAS OF DEGREE 2 AND EXPONENT 4

An algebra A is called a train algebra of degree 2 and exponent 4 if it satisfies
an train identity of degree 2 and exponent 4 and does not verify a polynomial
identity of degree less than 8.

3.1. General results.

Proposition 3.1. Let A = Ke ®© Ao © Ay @ Ay be the Peirce decomposition
of a train algebra of degree 2 and exponent 4 relatively to an idempotent e. The
following assertions are verified :

(i) A1y #0;

(7i) the dimension of A is greater than or equal to 4.

Proof. (i) Indeed if Ay, = 0, according to Proposition 2.10, A est principal train
algebra of rank less or equal to 7, which is absurd because A is train algebra of
degree 2 and exponent 4. Therefore A/, # 0.
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(44) Since A;jo # 0, the dimension of A is greater than or equal to 2. If the
dimension of A is 2, then Ay = Ay, = Asx = 0 and for any x € A, 2% = w(x)z,
which is impossible. Suppose dimension of A is 3. Thus the possible types of A
is (2,1,0,0), (2,0,1,0), (2,0,0,1), the type (3,0,0,0) being impossible because
otherwise A checked the train equation x* = w(x)z. It remains to show that the
type of A cannot be one of the other previous types to conclude.

Suppose the type of Ais (2,0,1,0) and setting A;» =< ey > and Ay =< e; >.
Then A =< e,eg,e1 >, €2 = e, eey = 3¢9, cey = ey, € = ager, €] = ajep and
eoe1 = Boeo. We have 0 = €3 = apfpeo and 0 = (e2)? = a2aqeg, so apBy = 0 and
Qo1 = 0.

We distinguish two cases :

Case 1: ag#0so fy=a; =0.

Let © = e + aey + Bey, an element of A such that w(x) = 1; so 2? =
e+ aeg + (aag + 2M\B)e; and we have (22 — z)? = (a®ap + B(2A — 1)e1)? = 0; so
2?2? — 223 + 22 = 0 and A satisfies a polynomial identity of degree 4.

Case 2 : a9 = 0.

In this case, we have 2% = e+ (a + 8%a; +2a88)eq + 2A\Ber; and (22 —2)\z)? =
(1 = 2N)e + (a(l = 2X) + B2aq + 2a8By)e)? = (1 — 2\)z? — 2(1 + 2)\)z; so
222% — 4 ® — 32% + 2(1 + 2\)x = 0. The algebra A satisfies a polynomial
equation of degree 4.

We conclude that the type of a train algebra of degree 2 and exponent 4 cannot
be (2,0,1,0). By reasoning as previously, we show that the type of A can’t be
either (2,0,0,1).

Suppose the type of A is (2,1,0,0), and setting Ay/; =< eg >, Ay =< €1 >
then A =< e,eg,e; > and e® = e, eeg = 3e, ee; = 0, €f = ey, €] = weg+aser,
eoe1 = Boeo-

We have 0 = e} = apfBpep and 0 = (€2)? = adareg+ adaze; = 0, then we obtain
the following equalities: g8y = 0, apa; = 0 and apay = 0.

Let x = e+ aeg+ [Se; an element of weight one of A Let’s distinguish the cases

Case 1: ag# 050 fy=a; =ay=0.

We have 22 = e + aey + a?ageq, so x2a? = 22. Therefore, A verifies Bernstein
algebras identity.

Case 2 : a9 =0.

We have 0 = (e(ee?))? + 2ee] — e = —adey, so ay = 0. Since ay = 0, according
to Theorem2.9, A is Bernstein algebra. Thus the type of A can not be (2,1,0,0).
O

3.2. train algebra of degree 2 and exponent 4 of dimension 4.

Proposition 3.2. Let A = Ke® A, /5 ® Ag® A\ ® Ay be the Peirce decomposition

relatively to a nonzero idempotent e of a train algebra of degree 2 and exponent 4.

If A'is of dimension 4, then the type of A is different from (2,0,2,0),(2,0,0,2),(3,0,0,1),(3,0,1,0)
and (3,1,0,0)
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Proof. Suppose the type of A is (2,0,2,0), and setting Ay =< ey >, Ay =<
e1,e2 >. Then A =< e, ey, e1,e5 > with €2 = e, eey = %eo, eep = Aeq, ees = \eo,
6(2) = (pe; + a2, 6% = Boeo and 6% = Preo, €162 = Paco, €ge1 = Yo€o, €02 = Y1€0-

By using identities of Lemma 2.8 We have:

0= e = (a0 +1m)eg, 0= (€3)* = (agfo + aifi + 2apa1 Ba)en, 0 = (€3)* =
aofier + anfiges, 0 = (€3)* = apfier + aifies, 0 = (e1e2)® = apfier + o fses,
0 = (epe1)? = Yeaper + Y2arey and 0 = (eges)? = Y2aper + Yiaseg.

Therefore, we have the following systems :

agBy =0 affy =0
apfy =0 afi =
(S1) 19 aofe =0 (S2) 14 aufe =
apyy =0 1% =
agyr =0 oaryr =0

We can thus distinguish the following cases :

Case1: g #0s0fy=p1=B=v%=7=0.

Let * = e + aeg + fe; + vey an element of A such that w(z) = 1; then
? = e+ aey + (@Pag + 2\B)er + (aPag + 2M7)eq, so (22 — z)* = ((aPag + B2\ —
1))er+(a?a;+7(2A—1))ez)? = 0 and for any z in A, 222* —2w(z)r3+w(z)?2? = 0.
We obtain an algebra satisfying a polynomial equation of degree 4.

Case 2 : ag =0 and a; # 0.

We show that any element z in A satisfies the equation z%z? — 2w(x)x® +
w(z)?z? = 0.

Case 3 : ag=a; =0.

Let © = e + aey + fe; + ves an element of A such that w(z) = 1. We
have 22 = e + (a + BBy + 2581 + 20870 + 2ayy1 + 2BB27)e0 + 2XBer + 2Xyes;
(22 —2X2)% = (e(1—2X\) +(a(1—2X) + 32 By + 7261 + 2870+ 20771 +28B27) o) =
(1—2X)z% —2X(1 — 2\)z; so z%x? — 4 23 — 322 4+ 2(1 +2)\)x = 0. Thus A satisfies
a polynomial equation of degree 4. The type of A can’t therefore be (2,0,2,0) or
(2,0,0,2).

Suppose the type of Ais (3,0,1,0), and setting Ay =< e, e1 >, A\ =< ey >,

so A =< €,€p,€1,€E2 >, e? = e, eey = %60; ee] = %61; €ty = )\62; 6(2) = Qyeéaq,

2 _ . _ C 2 . _ ) _

e] = Qi€g; o€y = Qae; €5 = Poey + Bie1; e = Yo€o + V1€1; €162 = flp€o + Hi1€1.
Using equality x:l)’/Q = 0, we have : €3 = agyeo + agyier = 0; and €} =

aqfipeg + agprer = 0.

Also, the equality (z7,)* = 0 leads to (ef)® = agfoeo + agfier = 0, and
(e)? = affoeo + affrer = 0.

The equality y1/2$%/2 + 221 /2(21/291/2) = 0 (this identity is obtain by partial
linearization of the identity m:{'/Z = 0)leads to e;e3+2ep(e1e0) = (qopto+2a270)e0+
(copn+2ag71)er = 0 and egef +2e1(eoer) = (o +2azp0)eo+ (aryi +2azpu )er =
0.



TRAIN ALGEBRAS OF DEGREE 2 51

Finally, the equality y7 /Zx% P 2(z1291/2)* = 0 (obtain by linearizing partially
the identity (v7,)* = 0) allows us to obtain egej+2(epe1)® = 2a38peq+20351e1 =
0.

From these previous equalities derive the following systems :

apyy =0 (1) apBy =0 (1) Qoo + 20009 =
ammr =0 (2) apfi =0 (2) apjly + 2001 =
Si1) Sy) : Ss)
(1) aipy =0 (3) (S2) a1y =0 (3) (S5) 1Yo + 2000y =
aiyn =0 (4) arfi =0 (4) a1y + 20001 =

By multiplying (1) of (S;3) with vy and using (1) of (S1) we obtain asyy = 0
and agpo = 0.

By multiplying (2) of (S3) with ; then let’s use (2) of (S1) we obtain asy; = 0
and aguy = 0.

If we multiply (3) of (S3) by po then we use (3) of (S;) we have aspy = 0 and
a1y = 0.

Finally, the product of (4) of the system (S3) par p; and using (4) de (S1) we
obtain asu; = 0 and ayy; = 0.

This allows us to obtain the three new systems :

((apBp =0 (1) (a1 =0 (1) ((wfy =0 (1)
EIENEEI MEET

SD Y g =0 1) D am =0 () ) am —0 (1
aopto =0 (5) aiptg =0 (5) asptg =0 (5)

L agn =0 (6) L aqpn =0 (6) L agur =0 (6)

We distinguish two cases :

Case 1: ap#0sofy=p1=PF2=2 == =m =0.

Let © = e + aeg + fe; + veq, an element of A such that w(z) = 1. So z? =
e + aeg + ey + (Pag + S2ay + 2afpg)es = (22)% In this case, A verifies the
Bernstein algebras identity.

Case 2 : ag = a3 = a3 = 0.

Let © = e + aeg + feg + ez, an element of A such that w(x) = 1. We have
(22 — 2)\x)? = (1 — 2)\)(2? — 2\z) and A satisfies a train polynomial of degree 4.

Case 3: ag=0and a; # 0. Then By = 1 =79 =71 = fo = f1-

Let © = e + aeg + fe; + yea, an element of A such that w(x) = 1. We have
T2 = e+ aey + Ber + (f%a1 + 2aBas + 2X\y)eq, so (22 — x)* = 0 and A satisfies a
train polynomial of degree 4.

Case 4 : ag =0 and ay # 0. Similar to previous case.

To conclude, the type of a train algebra of degree 2 and exponent 4 can’t be
(3,0,1,0) or (3,0,0,1).

Suppose the type of A is (3,1,0,0), and setting Ay, =< eg,e1 >, Ag =< ez >

so A =< €,€p,€1,€2 >, e? = e, eeyg = %607 ee; = %61, ees = 0, 6(2) = Qpea,

o O OO

P e

=W N =
S N e N
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2 _ 2 _ _ _
el = aqey, €5 = Boey + Bier + Baea, epea = Yoeo + Yi€1, €1ea = o€y + fie1,

€0€1 = pPo€2.
Using the equality xf/Q = 0, we have ¢} = apyeo + apyier = 0 and €} =
aqfipeg + aqpre; = 0.

The equality (22)? = 0 give (e3)? = aifBoeg + aiBier + aifBaes = 0 and (e2)? =
agfoeo + agbier + agfaes = 0.

The equality y1/227 5 + 221/2(129172) = 0 give eref + 2eq(eger) = (oo +
2po0)eo + (aopn +2poyi)er = 0 and egef +2e1(eper) = (aryo +2p0f0)eo + (ary1 +
2p0,u1)61 = 0.

And the equality xf/ny/Q + 2(x1/2y1/2)* = 0 give efe] + 2(eger)? = 2(epeq)? =
205B0e0 + 2p581e1 + 2050262 = 0.

It follows the systems :

(B =0 (1) (a1 =0 (1) (poBo =0 (1)

apfi =0 (2) aify =0 (2) pofi =0 (2)

afy =0 (3) aiffy =0 (3) pofB2 =0 (3)

(S1) : ae =0 (4) (S): Q1Y% = (4) (S3): P00 = (4)
ayn =0 (5) a1 =0 (5) poyn =0 (5)

Qoo = (6) arpp =0 (6) poto =0 (6)

( agin =0 (7) (g =0 (7) ( popn =0 (7)

Consider then the following cases: case 1: ag #0s0 o =01 ==Y =71 =
o = pp = 0; case 2: ag = a3 = pg = 0; case 3: a9 = 0 and oy # 0; case 4:
ap = 0 and pg # 0. As for the previous type, we show in each of these cases that
A satisfies a polynomial equation of degree 4. OJ

From the Propositions 3.1 and 3.2 we deduce that the possible types of A in
dimension 4 are : (2,2,0,0), (2,1,0,1), (2,1,1,0) and (2,0,1,1).
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