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ON EIGENSURFACE OF p-BIHARMONIC OPERATOR AND
ASSOCIATED CONCAVE-CONVEX TYPE EQUATION

JONAS TÊLÉ DOUMATE1 ∗, LAWOUÈ ROBERT TOYOU2 AND LIAMIDI A. LEADI3

Abstract. In this article, we are interested in the simplicity and the exis-
tence of the first eigensurface for the third order spectrum of p-biharmonic
operator plus potential with weights and the existence of multiple solutions for
associated concave-convex type equation under Navier boundary conditions.

1. Introduction

Our aim is to study the following eigensurface problems:

Problem1


Find (u, β, λ) ∈ X \ {0} × RN × R such that

∆2
pu+H(β, u) + V (x)|u|p−2u = λm(x)|u|p−2u in Ω

u = ∆u = 0 on ∂Ω

(1.1)

where H(β, u) = 2β · ∇(|∆u|p−2∆u) + |β|2|∆u|p−2∆u, X := W 2,p(Ω) ∩W 1,p
0 (Ω),

Ω is a bounded smooth domain of RN (with N ≥ 1) with ∂Ω its boundary, V ,
m ∈ L∞(Ω) are functions possibly indefinite such that m+ ̸≡ 0 and ∆2

p denotes

the p-biharmonic operator defined by ∆2
pu = ∆(|∆u|p−2∆u) (with 1 < p < ∞)

and associated concave-convex problem

Problem2


Find (u, β, λ) ∈ X \ {0} × RN × R∗

+ such that

∆2
pu+H(β, u) + V (x)|u|p−2u = λa(x)|u|r−2u+ b(x)|u|q−2u in Ω

u = ∆u = 0 on ∂Ω

(1.2)

where a, b ∈ L∞(Ω) are functions possibly indefinite, 1 < r < p < q < p∗ with

p∗ =

{
2N
N−2p

if p < N
2

+∞ if p ≥ N
2
.

The problem (1.1) was considered by P. Drábek and M. Ôtani for β = 0RN ,
V ≡ 0 and m ≡ 1 [9]. By using a transformation of the problem to a known
Poisson problem, they showed that (1.1) has a principal positive eigenvalue which
is simple and isolated. In the case N = 1 they gave a description of all eigenvalues
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and associated eigenfunctions. A similar problem is considered in [2] in a context
of p(x)-biharmonic operator where the existence of solutions is established using
an approach based on the Minty-Browder theorem applied to compact operators
and operators of (S+) type. There have been increasing interest in the spectrum
of p-biharmonic operator under various boundary conditions.

In [20] M. Talbi and N. Tsouli considered the spectrum of the weighted p-
biharmonic operator with weights and showed that the following eigenvalue prob-
lem {

∆(ρ|∆u|p−2∆u) = λm(x)|u|p−2u in Ω

u = ∆u = 0 on ∂Ω

where ρ ∈ C(Ω̄) and ρ > 0, possesses at least one non-decreasing sequence of
eigenvalues and studied the one dimensional case. The authors, in the same
reference gave the first eigenvalue λ1 and showed that if m ≥ 0 a.e., λ1 is simple
and associated to positive eigenfunction. Also they showed that if m ∈ C(Ω̄), λ1
is isolated and every positive or negative eigenfunction is associated to λ1.

The authors in [15] have recently focused on the spectrum of the weighted
p-biharmonic operator under mixed Dirichlet-Steklov boundary conditions and
similar results are proved applying both variational method and Ljusternick-
Schnirelmann principle.

Recently in the particular case of (1.1) where V ≡ 0 and m ≥ 0, the authors
in [11], have showed that the spectrum of problem (1.1) contains at least one
sequence of positive eigensurfaces. The authors in [12] have showed that the first
eigensurface, in the same case, is simple and associated to positive eigenfunction.
Also they showed that ifm ∈ C(Ω̄) the first eigensurface is isolated and associated
to every positive or negative eigenfunction.

In the case β = 0RN , V ≡ 0 (or V = c ∈ R), problem (1.2) has been studied
extensively in the literature (see for example: [7], [14], [18], [22]) and remains a
challenge considering more general conditions as we are concerned with in this
manuscript.

The space X := W 2,p(Ω) ∩W 1,p
0 (Ω) endorses with the equivalent norm ∥u∥ :=

∥∆u∥p is a reflexive Banach space. Here ∥v∥p, for v ∈ Lp(Ω), denotes the Lp-norm
of v. The weak convergence in X is denoted by ⇀. The positive and negative
part of a function u are denoted by u+ = max{u, 0} and u− = max{−u, 0}.
For all f ∈ Lp(Ω), the Poisson equation associated with the Dirichlet problem{

−∆u = f(x) in Ω

u = 0 on ∂Ω

is uniquely solvable in X (see for example [13]). We denote by Λ the inverse
operator of −∆ : X −→ Lp(Ω). The following lemma gives us some properties of
the operator Λ that will be needed:

Lemma 1.1. ([9, 20]).

(1) (Continuity) There exists a constant cp > 0 such that

∥Λf∥W 2,p ≤ cp∥f∥p
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holds for all p ∈ (1,∞) and f ∈ Lp(Ω).
(2) (Continuity) Given k ∈ N∗, there exists a constant cp,k > 0 such that

∥Λf∥Wk+2,p ≤ cp,k∥f∥Wk,p

holds for all p ∈ (1,∞) and f ∈ W k,p(Ω).
(3) (Symmetry) The identity∫

Ω

Λu.vdx =

∫
Ω

u.Λvdx

holds for u ∈ Lp(Ω) and u ∈ Lp
′
(Ω) with p ∈ (1,∞) and p′ = p

p−1
is the

conjugate of p.
(4) (Regularity) Given f ∈ L∞(Ω), we have Λf ∈ C1,α(Ω̄) for all α ∈ (0, 1).

Moreover, there exists cα > 0 such that

∥Λf∥C1,α(Ω) ≤ cα∥f∥∞.

(5) (Regularity and Hopf-type maximum principle) Let f ∈ C(Ω̄) and f ≥ 0
then w = Λf ∈ C1,α(Ω̄), for all α ∈ (0, 1) and w satisfies: w > 0 in Ω,
∂w
∂n
< 0 on ∂Ω.

(6) (Order preserving property) Given f and g in Lp(Ω), if f ≤ g in Ω then
Λf < Λg in Ω.

This paper is organized as follows. In section 2 we study an eigencurve associ-
ated to Problem1. In section 3 we show that Problem1 has principal eigensurfaces
under some suitable conditions. In section 4 we describe the Nehari manifold,
the fibering map and the different sign-subsets of the Nehari manifold that will
be used to find critical point of energy functional for Problem2. In section 5 we
prove existence and multiplicity results for Problem2.

2. An eigenvalue curve associated to Problem1

It is well established that (see for example [5], [6], [8], [17]), in order to prove
the existence of principal eigensurfaces of (1.1), one fixes λ ∈ R and embeds the
problem into the new eigenvalue problem of parameter µ:

Find (u, β, λ) ∈ X \ {0} × RN × R such that

∆2
pu+H(β, u) + V (x)|u|p−2u− λm(x)|u|p−2u = µ|u|p−2u in Ω

u = ∆u = 0 on ∂Ω.

(2.1)

Lemma 2.1. The problem (1.1) (resp. (2.1)) is equivalent to the problem
Find (u, λ) ∈ X \ {0} × R such that

∆2,β
p u+ V (x)eβ·x|u|p−2u = λm(x)eβ·x|u|p−2u in Ω

u = ∆u = 0 on ∂Ω

(2.2)

 resp.


Find (u, µ) ∈ X \ {0} × R such that

∆2,β
p u+ (V − λm)eβ·x|u|p−2u = µeβ·x|u|p−2u in Ω

u = ∆u = 0 on ∂Ω

 (2.3)
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where ∆2,β
p u = ∆(eβ·x|∆u|p−2∆u).

Proof. The ideas of the proof follow those of Lemma 3.2 in [11]. □

Definition 2.2. .

(1) The set of couples (β, λ) ∈ RN×R
(
resp. (β, µ) ∈ RN × R

)
such that there

exists a solution (u, β, λ) ∈ X×RN×R
(
resp. (u, β, µ) ∈ X × RN × R

)
of

(1.1) (resp. (2.1)) is called the third-order spectrum of the p-biharmonic
operator plus potential. The couple (β, λ) (resp. (β, µ)) is then called
a third-order eigenvalue and u is said to be the associated eigenfunction
of (1.1) (resp. (2.1)). Moreover, a set of third-order eigenvalues of the
form (β, f(β)), for β ∈ RN and some function f : RN −→ R, is called an
eigensurface.

(2) For β ∈ RN , (u, µ) ∈ X × R (resp. (u, λ) ∈ X × R) is a weak solution to
problem (2.3) (resp. (2.2)) if∫

Ω

eβ·x|∆u|p−2∆u∆φdx+

∫
Ω

(V − λm)eβ·x|u|p−2uφdx = µ

∫
Ω

eβ·x|u|p−2uφdx,

(2.4)(
resp.

∫
Ω

eβ·x|∆u|p−2∆u∆φdx+

∫
Ω

V eβ·x|u|p−2uφdx = λ

∫
Ω

meβ·x|u|p−2uφdx

)
(2.5)

∀φ ∈ X.
(3) If (u, µ(β, λ)) ∈ X × R (resp. (u, λ(V, β,m)) ∈ X × R) is a weak solution

to problem (2.3) (resp. (2.2)), u shall be called an eigenfunction of the
problem (2.3) (resp. (2.2)) associated to the eigenvalue µ(β, λ) (resp.
λ(V, β,m)).

So u shall be called an eigenfunction of the problem (1.1) (resp. (2.1))
associated to the eigensurface λ(V, .,m) (resp. µ(., λ)).

(4) By a principal eigensurface (or a principal eigenvalue) we mean an eigen-
surface (or an eigenvalue) which is associated to a positive eigenfunction
or negative eigenfunction.

We are going to consider the smallest eigenvalue µ(β, λ) ∈ R of problem (2.3).
In order to do so, we define the energy functional

Jλ,β : X −→ R
u 7−→ Jλ,β(u) = EV,β(u)− λMβ(u)

where

EV,β(u) =

∫
Ω

eβ·x|∆u|pdx+
∫
Ω

V eβ·x|u|pdx

and

Mβ(u) =

∫
Ω

meβ·x|u|pdx.
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Mβ, EV,β and Jλ,β are of class C1 on X and for all u ∈ X

⟨E ′

V,β(u), φ⟩ = p

∫
Ω

eβ·x|∆u|p−2∆u∆φdx+ p

∫
Ω

V eβ·x|u|p−2uφdx,

⟨M ′

β(u), φ⟩ = p

∫
Ω

meβ·x|u|p−2uφdx,

⟨J ′

λ,β(u), φ⟩ = p

∫
Ω

eβ·x|∆u|p−2∆u∆φdx+ p

∫
Ω

V eβ·x|u|p−2uφdx

− pλ

∫
Ω

meβ·x|u|p−2uφdx,

for all φ ∈ X.

Lemma 2.3. Let w, V ∈ L∞(Ω) \ {0}. If w > 0 on Ω and β ∈ RN then there
exist two positive constants c1, c2 such that

∥u∥p ≤ c1EV,β(u) + c2

∫
Ω

weβ·x|u|pdx, ∀u ∈ X.

Proof. We can easily adapt the proof made in [8]. □

Let us now consider the manifold

S = {u ∈ X : Iβ(u) = 1}

with

Iβ(u) :=

∫
Ω

eβ·x|u|pdx, ∀u ∈ X.

In the following, we construct for each λ ∈ R, the smallest eigensurface β ∈
RN 7−→ µ1(β, λ) from which we get the eigenvalue curve λ ∈ R 7−→ µ1(β, λ).

Proposition 2.4. µ1(., λ) is the smallest eigensurface of (2.1) with

µ1(β, λ) := inf{Jλ,β(u) : u ∈ S} (2.6)

for β ∈ RN .

Proof. By Lemma 2.3 we have that µ1(β, λ) ∈ R for all β ∈ RN . Furthermore
any minimizing sequence (un) is bounded. Thus there exists u0 ∈ X such that,
up to a subsequence, (un) converges weakly to u0 in X and strongly in Lp(Ω).
Hence

Jλ,β(u0) ≤ lim
n−→∞

Jλ,β(un) = µ1(β, λ), u0 ∈ S

and consequently Jλ,β(u0) = µ1(β, λ) for all β ∈ RN . By the Lagrange multipli-
ers rule, µ1(β, λ) is an eigenvalue for (2.3) and u0 is an associated eigenfunction.
Consequently µ1(., λ) is an eigensurface for (2.1) and u0 is an associated eigen-
function.

Moreover for any eigensurface µ(., λ) associated to u ∈ X \ {0},

Jλ,β(u) = µ(β, λ)

∫
Ω

eβ·x|u|pdx
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and

µ1(β, λ) ≤ Jλ,β

 u[∫
Ω
eβ·x|u|pdx

] 1
p


=

Jλ,β(u)∫
Ω
eβ·x|u|pdx

= µ(β, λ)

for all β ∈ RN . We finally conclude that µ1(., λ) is the smallest eigensurface of
(2.1). □

3. Principal eigensurfaces

Our purpose is to find a reasonable assumption on V and m so that there exists
at least one λ ∈ R such that µ1(., λ) = 0. Indeed, it is straightforward proving
the following:

Lemma 3.1. µ1(., λ(V, .,m)) = 0 if and only if λ(V, .,m) is an eigensurface of
(2.2).

We will denote

L(Ω) := [Lp(Ω) \ {0}]× R,
L0(Ω) := [Lp(Ω) \ {0}]× {0}.

We apply some results proved by P. Drábek and M. Ôtani [9] and some ideas
used by M. Talbi and N. Tsouli [20].

Remark 3.2. .

(1) ∀u ∈ X, ∀v ∈ Lp(Ω): v = −∆u⇐⇒ u = Λv.
(2) Let Np be the Nemytskii operator defined by

Np(u)(x) =

{
|u(x)|p−2u(x) if u(x) ̸= 0

0 if u(x) = 0.

We have

∀v ∈ Lp(Ω), ∀w ∈ Lp
′

(Ω) : Np(v) = w ⇐⇒ v = Np′ (w)

with p
′
= p

p−1
.

(3) If u is an eigenfunction of (2.3) associated to µ then v = −∆u satisfies:

eβ·xNp(v) + Λ(V eβ·xNp(Λv))− λΛ(meβ·xNp(Λv)) = µΛ(eβ·xNp(Λv)).

We have, v = Np′ (e
−β·xΛ[m1Np(Λv)]) where m1 = (µ + λm − V )eβ·x.

Hence
(a) (u, µ) is a solution of (2.3) if and only if (v, µ) is a solution of problem{

Find (v, µ) ∈ L(Ω) such that

eβ·xNp(v) = Λ
(
[µ+ λm− V ]eβ·xNp(Λv)

) (3.1)

with v = −∆u.
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(b) (v, µ1(λ)) ∈ L0(Ω) is a solution of (3.1) if and only if (v, λ) is a
solution of problem{

Find (v, λ) ∈ L(Ω) such that

eβ·xNp(v) = Λ
(
[λm− V ]eβ·xNp(Λv)

)
.

(3.2)

(c) µ1(β, λ) := inf

{
Fλ,β(v) : v ∈ Lp(Ω),

∫
Ω

eβ·x|Λv|pdx = 1

}
where

Fλ,β(v) =

∫
Ω

eβ·x|v|pdx+
∫
Ω

V eβ·x|Λv|pdx− λ

∫
Ω

meβ·x|Λv|pdx.

Fλ,β is of class C1 in Lp(Ω) and for all v ∈ Lp(Ω),

⟨F ′

λ,β(v), w⟩ = p

∫
Ω

eβ·x|v|p−2vwdx+ p

∫
Ω

V eβ·x|Λv|p−2ΛvΛwdx

− pλ

∫
Ω

meβ·x|Λv|p−2ΛvΛwdx, ∀w ∈ Lp(Ω).

Lemma 3.3. If (u, µ) is a solution of (2.3), then u ∈ C1,α(Ω̄) for all α ∈ (0, 1)
and ∆u ∈ C(Ω̄).

Proof. Let (u, µ) ∈ X×R be a solution of problem (2.3), then (v, µ) is a solution of

problem (3.1) with v = −∆u = e
−β·x
p−1 Np′ (Λ[m1Np(Λv)]) ∈ Lp(Ω) and m1 = (µ +

λm− V )eβ·x ∈ L∞(Ω). The authors M. Talbi and N. Tsouli have showed in [20]

that λ
1

p−1ρ
−1
p−1Np′ (Λ[mNp(Λv)]) ∈ C(Ω̄). The proof for e

−β·x
p−1 Np′ (Λ[m1Np(Λv)]) ∈

C(Ω̄) can be done in the same way. Hence we deduce that v ∈ L∞(Ω) and from
the assertion in Lemma 1.1, we have u = Λv ∈ C1,α(Ω̄) for all α ∈ (0, 1). □

Lemma 3.4. (v1, µ1(β, λ)) ∈ L(Ω) is a solution of problem (3.1), if and only if

Gλ,β(v1) = 0 = min
v∈Lp(Ω)\{0}

Gλ,β(v)

where

Gλ,β(v) = Fλ,β(v)− µ1

∫
Ω

eβ·x|Λv|pdx.

Proof. An easy adaptation of the proof of Lemma 3.2 in [12]. □

Lemma 3.5. Assume that λ(V, β,m) is an eigenvalue of problem (3.2). If V −
λ(V, β,m)m ≥ 0 a.e. in Ω, then λ(V, β,m) is non principal.

Proof. Assume by contradiction that λ(V, β,m) is a principal eigenvalue of prob-
lem (3.2) associated to v > 0 in Ω such that V −λ(V, β,m)m ≥ 0 a.e. in Ω. Then
we have:

v > 0 =⇒ Λv > 0,

=⇒ [λ(V, β,m)m− V ]eβ·xNp(Λv) ≤ 0,

=⇒ Λ
(
[λ(V, β,m)m− V ]eβ·xNp(Λv)

)
≤ 0,

=⇒ e
−β·x
p−1 Np′

(
Λ
[
(λ(V, β,m)m− V ) eβ·xNp(Λv)

])
= v ≤ 0,

a contradiction. □
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Remark 3.6. We can only look for the principal eigenvalue of the problem (3.2)
in the set

{λ ∈ R : V − λm ≤ 0 in Ω}. (3.3)

We may now assume the following conditions:

(Hλ) : V − λm ̸≡ 0 and (V − λm)+ ≡ 0. (3.4)

Lemma 3.7. If (Hλ) holds and (v1, µ1(β, λ)) ∈ L0(Ω) is a solution of problem
(3.1) then (|v1|, µ1(β, λ)) is a solution of problem (3.1).

Proof. Assume that (Hλ) holds and (v1, µ1(β, λ)) ∈ L0(Ω) is a solution of problem
(3.1). Then Gλ,β(v1) = 0, µ1(β, λ) = 0, V − λm ≤ 0 and Gλ,β(|v1|) ≥ 0. For
every v ∈ Lp(Ω) we have Λ|v| ≥ |Λv|. Then

Λ|v1| ≥ |Λv1| =⇒ |Λ|v1||p ≥ |Λv1|p

=⇒ Fλ,β(|v1|) ≤ Fλ,β(v1)

=⇒ Gλ,β(|v1|) ≤ Gλ,β(v1) = 0.

Thus Gλ,β(|v1|) = 0 and (|v1|, µ1(β, λ)) is solution of problem (3.1). □

Proposition 3.8. If (Hλ(V,.,m)) holds and µ1(., λ) = 0 then λ(V, .,m) is a prin-
cipal eigensurface of problem (1.1).

Proof. Assume that (Hλ(V,.,m)) holds and µ1(., λ) = 0. Then λ(V, .,m) is an
eigensurface of problem (1.1) associated with u ∈ X \ {0}. We deduce that
(v, µ1(β, λ(V, β,m))) ∈ L0(Ω) and (|v|, 0) are solution of problem (3.2) with v =
−∆u for β ∈ RN . Therefore

|v| ≥ 0 =⇒ Λ|v| > 0,

=⇒ Np(Λ|v|) > 0,

=⇒ [λ(V, β,m)m− V ] eβ·xNp(Λ|v|) ≥ 0,

=⇒ Λ
(
[λ(V, β,m)m− V ]eβ·xNp(Λ|v|)

)
> 0,

=⇒ |v| = e
−β·x
p−1 Np′

(
Λ
[
(λm− V )eβ·xNp(Λ|v|)

])
> 0.

Thus v < 0 in Ω or v > 0 in Ω. Take v > 0 in Ω. The assertion in Lemma 3.3
implies that v ∈ C(Ω̄). Consequently, u = Λv > 0 in Ω from the Lemma 1.1. We
conclude that if (Hλ(V,.,m)) holds and µ1(., λ) = 0 then λ(V, .,m) is a principal
eigensurface of problem (1.1). □

Lemma 3.9. Suppose that (Hλ(V,β,m)) holds. If v and w are positive eigenfunc-
tions of problem (3.1) associated to µ1(β, λ(V, β,m)) = 0, then functions max
and min defined in Ω by

max(x) := max{v(x), w(x)} and min(x) := min{v(x), w(x)}
are eigenfunctions of (3.1) associated to µ1 (β, λ(V, β,m)) = 0.

Proof. An easy adaptation of the proof of Lemma 3.4 in [12]. □

Proposition 3.10. Assume that (Hλ(V,.,m)) holds. If µ1(., λ) = 0, then λ(V, .,m)
is a simple eigensurface of problem (1.1).
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Proof. Assume that (Hλ(V,.,m)) holds and µ1(., λ) = 0. Then λ(V, .,m) is a prin-
cipal eigensurface of problem (1.1). Let u1 and u2 be two positive eigenfunctions
of (1.1) associated to λ(V, .,m). Then, (|v|, 0), (|w|, 0) ∈ L0(Ω) are solutions of
problem (3.1) with v = −∆u1 and w = −∆u2 for β ∈ RN . We can take v, w > 0

and for x0 ∈ Ω, set k = v(x0)
w(x0)

and maxk(x) = max {v(x), kw(x)}, ∀x ∈ Ω. Lemma

3.9 enables us to claim that maxk is an eigenfunction of problem (3.1) associated
to 0. It follows that v, w, maxk ∈ C(Ω̄) and Λv, Λw, Λmaxk ∈ C1,α(Ω̄). Hence
Np(v), Np(w), Np(maxk) ∈ C1,α(Ω̄) and Np(v) and Np(w) are positive in Ω. Then
Np(v)

Np(w)
∈ C1(Ω). For any unit vector e we have{

Np(v)(x0 + te)−Np(v)(x0) ≤ Np(maxk)(x0 + te)−Np(maxk)(x0)

Np(kw)(x0 + te)−Np(kw)(x0) ≤ Np(maxk)(x0 + te)−Np(maxk)(x0).

Dividing these inequalities by t > 0 and t < 0 and letting t tend to 0±, we get

∇Np(v)(x0) = ∇Np(maxk)(x0) = ∇Np(kw)(x0) = kp−1∇Np(w)(x0).

Thus,

∇
(
Np(v)

Np(w)

)
(x0) =

∇(Np(v))(x0)Np(w)(x0)−Np(v)(x0)∇(Np(w))(x0)

(Np(w)(x0))
2

=
[Np(w)(x0)− k1−pNp(v)(x0)]∇(Np(v))(x0)

(Np(w)(x0))
2

= 0.

Hence,

Np(v)

Np(w)
(x) = const =

Np(v)

Np(w)
(x0) =

(
v(x0)

w(x0)

)p−1

= kp−1, ∀x ∈ Ω.

Consequently
v

w
= k in Ω i.e. v = kw. We deduce that u1 = ku2 and the result

follows. □

Proposition 3.11. Suppose that m ̸≡ 0 and β ∈ RN .

(1) µ1(β, .) : R −→ R is concave and differentiable with µ
′
1(β, λ) =

∂µ1(β, λ)

∂λ
=

−Mβ(φ0) where φ0 ∈ S is some eigenfunction of (2.3) associated to
µ1(β, λ) for all λ ∈ R.

(2) If m+ ̸≡ 0, then lim
λ→+∞

µ1(β, λ) = −∞.

(3) If m− ̸≡ 0, then lim
λ→−∞

µ1(β, λ) = −∞.

(4) If m ≥ 0 in Ω (resp. m ≤ 0 in Ω), then µ1(β, .) is strictly decreasing
(resp. strictly increasing).

(5) sup
λ∈R

µ1(β, λ) = α(V, β,m) where

α(V, β,m) = inf{EV,β(u) : u ∈ S; Mβ(u) = 0}. (3.5)

Proof. (1) The concavity of µ1(β, .) follows from the concavity of the mapping
λ 7→ Jλ,β(u), for a fixed u ∈ X. In particular µ1(β, .) is continuous. Now
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let λn −→ λ and φn, φλ be the Iβ−normalized (i.e. Iβ(φn) = Iβ(φλ) =
1) eigenfunctions related to µ1(β, λn), µ1(β, λ) respectively. We apply
Lemma 2.3 with w = 1 to get

∥φn∥p ≤ c1EV−λnm,β(φn) + c2 = c1µ1(β, λn) + c2.

So we conclude that φn is a bounded sequence in X. Hence there exists
φ0 such that, up to a subsequence, φn ⇀ φ0 in X, strongly in Lp(Ω).
Then Iβ(φ0) = 1 and from

µ1(β, λ) = lim
n−→∞

Jλ,β(φn) ≥ Jλ,β(φ0) ≥ µ1(β, λ),

we infer that φ0 is an eigenfunction associated to µ1(β, λ). Furthermore{
µ1(β, λn) ≤ EV−λnm,β(φ0)

µ1(β, λ) ≤ EV−λm,β(φn).

Hence
−Mβ(φn) ≤

µ1(β, λn)− µ1(β, λ)

λn − λ
≤ −Mβ(φ0), if λn > λ

−Mβ(φ0) ≤
µ1(β, λn)− µ1(β, λ)

λn − λ
≤ −Mβ(φn), if λn < λ.

Passing to the limit we get µ
′
1(β, λ) = −Mβ(φ0).

(2) Since m+ ̸≡ 0, there exists a function v ∈ X such that Mβ(v) > 0 and
Iβ(v) = 1. Then, for all λ > 0

µ1(β, λ) ≤ Jλ,β(v) −→ −∞ as λ −→ +∞.

(3) A similar proof holds if m− ̸≡ 0.
(4) If m ≥ 0 in Ω the result is clear from the fact that Mβ(φλ) > 0 for any

λ ∈ R. Indeed, if λ1 < λ2 then

µ1(β, λ1) = EV,β(φλ1)− λ1Mβ(φλ1)

≥ EV,β(φλ1)− λ2Mβ(φλ1)

≥ µ1(β, λ2).

If m ≤ 0 in Ω, similar argument to the previous case.
(5) Let us prove that

sup
λ∈R

µ1(β, λ) = α(V, β,m).

Notice that trivially sup
λ∈R

µ1(β, λ) ≤ α(V, β,m) for all λ ∈ R. We distin-

guish the following three complementary cases:
(a) m ≥ 0.

In this case we know that µ1(β, .) is strictly decreasing so that

sup
λ∈R

µ1(β, λ) = lim
λ−→−∞

µ1(β, λ).
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Let λn −→ −∞ when n −→ +∞ and let φn be the associated
Iβ−normalized eigenfunction. We have

µ1(β, λn) = EV,β(φn)− λnMβ(φn)

≥ EV,β(φn), ∀λn ≤ 0

and from Lemma 2.3 with w = 1:

∥φn∥p ≤ c1EV,β(φn) + c2.

Thus the sequence (φn) is bounded in X. Then there exists φ0 ∈ X
such that, up to a subsequence, φn ⇀ φ0 ∈ X and φn −→ φ0 ∈
Lp(Ω). Thus

EV,β(φ0) ≤ lim
n−→+∞

inf EV,β(φn) ≤ lim
n→+∞

µ1(β, λn),

Iβ(φ0) = lim
n−→+∞

Iβ(φn) = 1,

lim
n−→+∞

Mβ(φn) = Mβ(φ0) ≥ 0.

If Mβ(φ0) = 0, then:

α ≤ EV,β(φ0) ≤ lim
n→+∞

µ1(β, λn) ≤ α(V, β,m)

and

sup
λ∈R

µ1(β, λ) = α(V, β,m).

If Mβ(φ0) > 0, then:

lim
n→+∞

µ1(β, λn) = lim
n→+∞

EV,β(φn)− λnMβ(φn)

≥ EV,β(φ0)− lim
n→+∞

λnMβ(φn)

= +∞
for lim

n−→+∞
λn = −∞ and lim

n−→+∞
Mβ(φn) =Mβ(φ0) > 0. Thus

sup
λ∈R

µ1(β, λ) = α(V, β,m).

(b) m ≤ 0.
We argue similarly.

(c) m+ ̸≡ 0 and m− ̸≡ 0.
In this case it follows from hereinbefore that µ1(β, .) is bounded
from above. Then sup

λ∈R
µ1(β, λ) is achieved at some λ0 that satis-

fies µ
′
1(β, λ0) = −Mβ(φ0) for some φ0 eigenfunction associated to

0 = µ1(β, λ0). We conclude that

α(V, β,m) ≤ EV,β(φ0) = µ1(β, λ0) = sup
λ∈R

µ1(β, λ)

and

sup
λ∈R

µ1(β, λ) = α(V, β,m).

□
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The main result of this section reads as follows:

Theorem 3.12. Suppose that m ̸≡ 0.

(1) (a) If m ≥ 0 in Ω, then there exists an eigensurface of problem (1.1) if
and only if
α(V, .,m) > 0. In this case the eigensurface λ1(V, .,m) is unique and
it is characterized by:

λ1(V, β,m) = min
u∈M+

β

EV,β(u) (3.6)

for β ∈ RN where

M+
β = {u ∈ X :Mβ(u) = 1}.

Moreover if (Hλ1(V,.,m)) holds, then λ1(V, .,m) is a principal eigensur-
face and simple.

(b) If m ≤ 0 in Ω, then there exists an eigensurface of problem (1.1) if
and only if α(V, .,m) > 0. In this case the eigensurface λ−1(V, .,m)
is unique and it is characterized by:

λ−1(V, β,m) = − min
u∈M−

β

EV,β(u) (3.7)

for β ∈ RN where

M−
β = {u ∈ X :Mβ(u) = −1}.

Moreover if (Hλ−1(V,.,m)) holds, then λ−1(V, .,m) is a principal eigen-
surface and simple.

(2) If m+ ̸≡ 0 and m− ̸≡ 0, then there exists an eigensurface of problem (1.1)
if and only if α(V, .,m) ≥ 0. More precisely:
(a) if α(V, .,m) > 0, then problem (1.1) admits exactly two eigensurfaces

λ−1(V, .,m) and λ1(V, .,m) with λ−1(V, .,m) < λ1(V, .,m).
Moreover if (Hλ±1(V,.,m)) hold, then λ±1(V, .,m) are principal eigen-
surfaces and simple.

(b) if α(V, .,m) = 0, then problem (1.1) has an unique eigensurface
λ0(V, .,m) given by

λ0(V, β,m) = inf
u∈M+

β

EV,β(u) = − inf
u∈M−

β

EV,β(u) (3.8)

for β ∈ RN . These infima are not achieved.
Moreover any function u ̸≡ 0 in X satisfying EV,β(u) = Mβ(u) = 0
is an eigenfunction associated to λ0(V, .,m) and if (Hλ0(V,.,m)) holds,
then λ0(V, .,m) is a principal eigensurface and simple.

Proof. (1) (a) Assume thatm ≥ 0 in Ω. Then from Proposition 3.11, µ1(β, .)
is strictly decreasing and α(V, β,m) = sup

λ∈R
µ1(β, λ) for β ∈ RN . Like-

wise, from Lemma 3.1, µ1(., λ(V, .,m)) = 0 if and only if λ(V, .,m)
is eigensurface of problem (1.1). It is clear that α(V, β,m) > 0 is a
necessary and sufficient condition for the curve µ1(β, .) to vanish at
some unique value λ1(V, β,m).
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From Proposition 3.11, we know that for β ∈ RN : µ
′
1(β, λ1(V, β,m)) =

−Mβ(φ0) and

µ1(β, λ1(V, β,m)) = EV,β(φλ1(V,β,m))− λ1Mβ(φλ1(V,β,m))

= EV,β(φ0)− λ1Mβ(φ0)

with φλ1(V,β,m), φ0 ∈ S. Then EV,β(φ0) = λ1(V, β,m)Mβ(φ0) and
Mβ(φ0) ≥ 0.
If Mβ(φ0) = 0, then α(V, β,m) = EV−λ1(V,β,m)m,β(φ0) = 0, a contra-
diction. Thus, Mβ(φ0) > 0 and consequently (3.6) holds.
Moreover if (Hλ1(V,.,m)) holds, from Proposition 3.10, λ1(V, .,m) is a
principal eigensurface and simple.

(b) If m ≤ 0 in Ω, similar to the previous case.
(2) Assume that m+ ̸≡ 0 and m− ̸≡ 0. By Proposition 3.11, µ1(β, .) is a

concave differentiable function going to −∞ when λ −→ ±∞ for β ∈ RN .
Likewise, from Lemma 3.1, µ1(., λ(V, .,m)) = 0 if and only if λ(V, .,m)
is eigensurface of problem (1.1). It is clear that α(V, β,m) ≥ 0 is a
necessary and sufficient condition for the curve µ1(β, .) to vanish at some
value λ(V, β,m).
(a) If α(V, β,m) > 0, then there exists λ−1(V, β,m) < λ1(V, β,m) such

that

µ1(β, λ−1(V, β,m)) = µ1(β, λ1(V, β,m)) = 0

and

µ
′

1(β, λ1(V, β,m)) < 0 < µ
′

1(β, λ−1(V, β,m)).

Thus there exist φλ−1(V,β,m), φλ1(V,β,m) ∈ S such that:{
µ1(β, λ−1(V, β,m)) = EV,β(φλ−1(V,β,m))− λ−1(V, β,m)Mβ(φλ−1(V,β,m))

µ
′
1(β, λ−1(V, β,m)) = −Mβ(φλ−1(V,β,m))

and{
µ1(β, λ1(V, β,m)) = EV,β(φλ1(V,β,m))− λ1Mβ(φλ1(V,β,m))

µ
′
1(β, λ1(V, β,m)) = −Mβ(φλ1(V,β,m)).

Consequently,

{
Mβ(φλ1(V,β,m)) > 0

Mβ(φλ−1(V,β,m)) < 0
.

Take now

φ̄λε(V,β,m) =
φλε(V,β,m)[

εMβ(φλε(V,β,m))
] 1

p

,

with ε = ∓1. It is easy to see that

Mβ(φ̄λε(V,β,m)) = ε,

ελε(V, β,m) = EV,β(φ̄λε(V,β,m))

and

ελε(V, β,m) ≤ EV,β(u),∀u ∈ Mε
β.
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Therefore ελε(V, β,m) = min
u∈Mε

β

EV,β(u). Thus (3.6) and (3.7) hold.

Moreover if (Hλ±(V,.,m)) hold, from Proposition 3.10, λ±1(V, .,m) are
principal eigensurfaces and simple.

(b) If α(V, .,m) = 0, then µ1(., λ0(V, .,m)) = µ
′
1(., λ0(V, .,m)) = 0 at

some λ0(V, .,m) an eigensurface of problem (1.1). Hence, EV,β(φ0) =
Mβ(φ0) = 0, for β ∈ RN and for some φ0 ∈ S an eigenfunction
of problem (3.2) associated to µ1(β, λ0(V, β,m)). We know that,
if u ∈ S, then µ1(β, λ0(V, β,m)) ≤ Jλ0(V,β,m),β(u). Thus we have:
λ0(V, β,m)Mβ(u) ≤ EV,β(u), ∀u ∈ S. If u ∈ M+

β , then λ0(V, β,m) ≤
EV,β(u), ∀u ∈ M+

β . Consequently:

λ0(V, β,m) ≤ inf
u∈M+

β

EV,β(u).

Consider the sequence un ∈ M+
β given by un =

φ0 +
ψ
n

[Mβ(φ0 +
ψ
n
)]

1
p

for

some fixed 0 < ψ ∈ C∞
0 (Ω) and β ∈ RN such that

Mβ(ψ) > 0 and

∫
Ω

meβ·x|φ0|p−2φ0ψdx > 0.

One can easily prove that∫
Ω

meβ·x|φ0 +
ψ

n
|pdx > 0

for n large enough. Moreover, for such n we can find 0 < tn, sn < 1
such that

EV,β

(
φ0 +

ψ

n

)
=

p

n

∫
Ω

eβ·x|∆φ0 + tn∆ψ|p−2 (∆φ0 + tn∆ψ)∆ψdx

+
p

n

∫
Ω

V eβ·x|φ0 + tnψ|p−2 (φ0 + tnψ)ψdx

and

Mβ

(
φ0 +

ψ

n

)
=

p

n

∫
Ω

meβ·x|φ0 + snψ|p−2 (φ0 + snψ)ψdx.

Hence EV,β(un) −→ λ0(V, β,m). Since Mβ(φ0) = 0 it is clear that
inf

u∈M+
β

EV,β(u) is not achieved.

By repeating the above argument for u ∈ M−
β and ψ < 0 such that

Mβ(ψ) < 0 and

∫
Ω

meβ·x|φ0|p−2φ0ψdx < 0.

One can easily prove that

EV,β(un) −→ λ0(V, β,m) = − inf
u∈M−

β

EV,β(u).
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Finally for any Iβ−normalized function u satisfying EV,β(u) =Mβ(u) =
0, one has

0 = max
λ∈R

µ1(β, λ) = EV,β(u) = EV−λm,β(u) ≥ µ1(β, λ0(V, β,m)) = 0.

So u achieves µ1(β, λ0(V, β,m)) for β ∈ RN . Consequently u is
eigenfunction of problem (1.1) associated by λ0(V, .,m). Moreover
if (Hλ0(V,.,m)) holds, from Proposition 3.10, λ0(V, .,m) is a principal
eigensurface and simple.

□

4. The Nehari manifold and the fibering maps for concave-convex
problem

First and foremost, we establish as in Lemma 2.1 that:

Lemma 4.1. The problem (1.2) is equivalent to the problem
Find (u, λ) ∈ X \ {0} × R∗

+ such that

∆2,β
p u+ V (x)eβ·x|u|p−2u = λa(x)eβ·x|u|r−2u+ λb(x)eβ·x|u|q−2u, in Ω

u = ∆u = 0 on ∂Ω.

(4.1)

The couple (u, λ) ∈ X × R is a (weak) solution to problem (4.1) if∫
Ω

eβ·x|∆u|p−2∆u∆φdx +

∫
Ω

V eβ·x|u|p−2uφdx = λ

∫
Ω

aeβ·x|u|r−2uφdx

+

∫
Ω

beβ·x|u|q−2uφdx, ∀φ ∈ X.

The search of solutions for problem (1.2) can be stated in an abstract form as
the search of critical points of an energy functional Iλ,β defined by

Iλ,β : X −→ R

u 7−→ 1

p
EV,β(u)−

λ

r
Aβ(u)−

1

q
Bβ(u)

where

Aβ(u) =

∫
Ω

aeβ·x|u|rdx,

Bβ(u) =

∫
Ω

beβ·x|u|qdx.

Iλ,β may be unbounded from below on the set {u ∈ X : Bβ(u) > 0} then it is
useful to consider the functional Iλ,β restricted to the so called Nehari set

Nλ,β =
{
u ∈ X \ {0} : ⟨I ′

λ,β(u), u⟩ = 0
}

= {u ∈ X \ {0} : EV,β(u) = λAβ(u) +Bβ(u)}

where ⟨., .⟩ is the usual duality map defined on X
′ ×X.
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Clearly Nλ,β is a much smaller set than X and, as we shall show, Iλ,β is much
better behaved on Nλ,β. In particular, on Nλ,β we have that

Iλ,β(u) = λ

(
1

p
− 1

r

)
Aβ(u) +

(
1

p
− 1

q

)
Bβ(u)

=

(
1

p
− 1

r

)
EV,β(u) +

(
1

r
− 1

q

)
Bβ(u)

=

(
1

p
− 1

q

)
EV,β(u)− λ

(
1

r
− 1

q

)
Aβ(u).

Let us introduce the fibering maps associated to Iλ,β. For u ∈ X \ {0}, we define
the function

Φu : (0,∞) −→ R

t 7−→ Iλ,β(tu) =
tp

p
EV,β(u)−

λtr

r
Aβ(u)−

tq

q
Bβ(u).

We have (with t > 0):

Φ
′

u(t) = tp−1EV,β(u)− λtr−1Aβ(u)− tq−1Bβ(u),

Φ
′′

u(t) = (p− 1)tp−2EV,β(u)− (r − 1)λtr−2Aβ(u)− (q − 1)tq−2Bβ(u).

It is easy to see that:

u ∈ Nλ,β ⇐⇒ Φ
′

u(1) = 0

t ∈ (0,∞), tu ∈ Nλ,β ⇐⇒ Φ
′

u(t) = 0

u ∈ Nλ,β \ {0} =⇒ Φ
′′

u(1) = (p− q)EV,β(u)− λ(r − q)Aβ(u),

= (p− r)EV,β(u) + (q − r)Bβ(u),

= (p− q)Bβ(u)− λ(r − p)Aβ(u).

Thus it is natural to subdivide Nλ,β into sets corresponding to local minima, local
maxima and inflexion points of Φu and so we define

N+
λ,β = {u ∈ Nλ,β : Φ

′′

u(1) > 0},

N−
λ,β = {u ∈ Nλ,β : Φ

′′

u(1) < 0},

N 0
λ,β = {u ∈ Nλ,β : Φ

′′

u(1) = 0}.
As the behavior of the maps Φu is strongly related to the sign of Aβ(u), Bβ(u)
and EV,β(u), we introduce the notation

A+
β = {u ∈ X : Aβ(u) > 0}, A−

β = {u ∈ X : Aβ(u) < 0},
B+
β = {u ∈ X : Bβ(u) > 0}, B−

β = {u ∈ X : Aβ(u) < 0},
E+
β = {u ∈ X : EV,β(u) > 0}, E−

β = {u ∈ X : EV,β(u) < 0},
A0,β = {u ∈ X : Aβ(u) = 0}, B0,β = {u ∈ X : Bβ(u) = 0},
E0,β = {u ∈ X : EV,β(u) = 0}, A−

0,β = A−
β ∪ A0,β, A+

0,β = A+
β ∪ A0,β;

B−
0,β = B−

β ∪ B0,β, B+
0,β = B+

β ∪ B0,β, E−
0,β = E−

β ∪ E0,β, E+
0,β = E+

β ∪ E0,β.

Let us write Φ
′
u(t) = tr−1[hu(t)−λAβ(u)] where hu(t) = tp−rEV,β(u)− tq−rBβ(u).
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t

t

t

t

hu

huhu

hu

(a)

(b)

(c)

(d)

Figure 1. Possible forms of hu

Clearly, for t > 0, tu ∈ Nλ,β if and only if t is a solution of the equation

hu(t)− λAβ(u) = 0. (4.2)

For t > 0, if tu ∈ Nλ,β then Φ
′′
tu(1) = tr+1h

′
u(t). In particular, tu ∈ N+

λ (resp.
N−
λ,β) if and only if h

′
u(t) > 0 (resp. h

′
u(t) < 0).

In order to study the solvability of (4.2) let us describe the variation of function
t 7−→ hu(t) for any u /∈ E0,β ∩ B0,β. Four possible pictures of the graph of hu can
be drawn:

Case (1): u ∈ B+
β ∩ E+

β in Fig. 1(a);

Case (2): u ∈ B+
0,β ∩ E−

0,β in Fig. 1(b);

Case (3): u ∈ B−
0,β ∩ E+

0,β in Fig. 1(c);

Case (4): u ∈ B−
β ∩ E−

β in Fig. 1(d).

Now we describe the behavior of Φu according to the sign of Aβ(u), Bβ(u) and
EV,β(u). Assume that u /∈ E0,β ∪ B0,β.

Case (5): u ∈ A+
β ∩ E+

β ∩ B+
β .

In this case the equation (4.2) has two solutions if and only if

λ <

(
q − p

q − r

)(
p− r

q − r

) p−r
q−r [EV,β(u)]

q−r
q−p

[Bβ(u)]
p−r
q−p

.

Take:

σ11 =

(
q − p

q − r

)(
p− r

q − r

) p−r
q−r

;

σ12 = inf
u∈A+

β ∩E+
β ∩B+

β

[EV,β(u)]
q−r
q−p

Aβ(u) [Bβ(u)]
p−r
q−p

;

λ+1 = σ11σ12.
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Thus, if λ+1 > 0 then, ∀λ ∈ (0;λ+1 ) there exists 0 < t1(u) < t2(u) such that
Φ

′
u(t1(u)) = Φ

′
u(t2(u)) = 0. Consequently, t1(u) is a local minimum point and

t2(u) is a local maximum point. Therefore t1(u)u ∈ N+
λ,β and t2(u)u ∈ N−

λ,β [see
Fig. 2(5)].

Case (6): u ∈ A+
β ∩ E−

0,β ∩ B+
0,β.

In this case (4.2) has no solution. Thus no multiple of u lies in Nλ,β [see Fig.
2(6)].

Case (7): u ∈ A+
β ∩ E−

β ∩ B−
β or u ∈ A+

β ∩ E+
0,β ∩ B−

0,β.

In this case (4.2) has exactly one solution t0(u) > 0. Moreover h
′
u(t0(u)) > 0.

Then t0(u)u ∈ N+
λ,β. Consequently, Φu has exactly one critical point t0(u) which

is a global minimum point [see Fig. 2(7)].

Case (8): u ∈ A−
β ∩ E−

0,β ∩ B+
0,β or u ∈ A−

β ∩ E+
β ∩ B+

β i.e. u ∈ A−
β ∩ B+

0,β.

In this case (4.2) has exactly one solution t0(u) > 0. Moreover h
′
u(t0(u)) < 0.

Then t0(u)u ∈ N−
λ,β. Consequently, Φu has exactly one critical point t0(u) which

is a global maximum point [see Fig. 2(8)].

Case (9): u ∈ A−
β ∩ E+

0,β ∩ B−
0,β.

In this case (4.2) has no solution. Thus no multiple of u lies in Nλ,β [see Fig.
2(9)].

Case (10): u ∈ A−
β ∩ E−

β ∩ B−
β .

In this case (4.2) has two solutions if and only if

λ < −
(
q − p

q − r

)(
p− r

q − r

) p−r
q−r [−EV,β(u)]

q−r
q−p

[−Bβ(u)]
p−r
q−p

.

Take:

σ21 = −
(
q − p

q − r

)(
p− r

q − r

) p−r
q−r

,

σ22 = inf
A−

β ∩E−
β ∩B−

β

[−EV,β(u)]
q−r
q−p

Aβ(u) [−Bβ(u)]
p−r
q−p

,

λ−1 = σ21σ22.

Thus, if λ−1 > 0 then, ∀λ ∈ (0;λ−1 ) there exists 0 < t1(u) < t2(u) such that
Φ

′
u(t1(u)) = Φ

′
u(t2(u)) = 0. Consequently, t1(u) is a local maximum point and

t2(u) is a local minimum point. Therefore t1(u)u ∈ N−
λ,β and t2(u)u ∈ N+

λ,β [see
Fig. 2(10)].

It is also clear that, in each of the above cases, N 0
λ,β = ∅ if λ ∈ (0,min{λ+1 , λ−1 }).

Proposition 4.2. If u is a minimizer for Iλ,β in any subsets of Nλ,β:

N±
λ,β ∩ A+

β ∩ B+
β ∩ E+

β ; N+
λ,β ∩ A+

β ∩ B−
β ∩ E±

β ;

N−
λ,β ∩ A−

β ∩ B+
β ∩ E±

β ; N±
λ,β ∩ A−

β ∩ B−
β ∩ E−

β ,

then u is a critical point of Iλ,β, and (u, λ) can be assumed to be a solution of
(4.1).
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Figure 2. Possible forms of Φu

Proof. Let u0 be a minimizer for Iλ,β in any of above subsets of

Nλ,β = {u ∈ X \ {0} : Kλ,β(u) = EV,β(u)− λAβ(u)−Bβ(u) = 0} .

Thus, by the Lagrange multipliers rule, there exists δ ∈ R such that I
′

λ,β(u0) =

δK
′

λ,β(u0). So, one has: ⟨I
′

λ,β(u0), u0⟩ = ⟨δK ′

λ,β(u0), u0⟩ and δ = 0 or δK
′

λ,β(u0) =
0.

Additionally, we have:

⟨K ′

λ,β(u0), φ⟩ = p

∫
Ω

eβ·x|∆u0|p−2∆u0∆φdx+ p

∫
Ω

V eβ·x|u0|p−2u0φdx

− rλ

∫
Ω

aeβ·x|u0|r−2u0φdx− q

∫
Ω

beβ·x|u0|q−2u0φdx

for all φ ∈ X. Since u0 /∈ N 0
λ , then we have

⟨K ′

λ,β(u0), u0⟩ = pEV,β(u0)− rλAβ(u0)− qBβ(u0) = ϕ
′′

u0
(1) ̸= 0.

Consequently, one has δ = 0, ⟨I ′

λ,β(u0), φ⟩ = 0 for all φ ∈ X and we can assume
that u0 is a critical point of Iλ,β and (u, λ) is a solution of (4.1). □

5. The existence of minimizers

Let us denote by φV,β an eigenfunction of problem (1.1) (with m ≡ 1), associ-
ated to λ1(V, β) = λ1(V, β, 1) and introduce the following constants

α(V, β, b) = min{EV,β(u); Iβ(u) = 1, Bβ(u) = 0};
α+(V, β, b) = min{EV,β(u); Iβ(u) = 1, Bβ(u) = 0, Aβ(u) ≥ 0};
α−(V, β, b) = min{EV,β(u); Iβ(u) = 1, Bβ(u) = 0, Aβ(u) ≤ 0};
α(V, β, a) = min{EV,β(u); Iβ(u) = 1, Aβ(u) = 0};
α−(V, β, a) = min{EV,β(u); Iβ(u) = 1, Aβ(u) = 0, Bβ(u) ≤ 0};
α+(V, β, a) = min{EV,β(u); Iβ(u) = 1, Aβ(u) = 0, Bβ(u) ≥ 0}
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and

c(V, β, a) = inf{EV,β(u);Aβ(u) = 1};
d(V, β, b) = inf{EV,β(u);Bβ(u) = 1};

c+(V, β, a, b) = inf{EV,β(u);Aβ(u) = 1, Bβ(u) > 0};
c−(V, β, a, b) = inf{EV,β(u);Aβ(u) = 1, Bβ(u) < 0};
d+(V, β, a, b) = inf{EV,β(u);Bβ(u) = 1, Aβ(u) > 0};
d−(V, β, a, b) = inf{EV,β(u);Bβ(u) = 1, Aβ(u) < 0}

thereafter

η+1 = r

(
p− r

q − r

) p−r
q−p (q − p)(q + p− r)

qp(q − r)
[d+(V, β, a, b)]

q(p−r)
p(q−p) [c+(V, β, a, b)]

r
p ;

λ∗2 = −
(
q − p

q − r

)(
p− r

q − r

) p−r
q−r [−λ1(V, β)]

q−r
q−p

Aβ(φV,β) [−Bβ(φV,β)]
p−r
q−p

;

η∗2 = −r
(
p− r

q − r

) p−r
q−p (q − p)(q + p− r)

qp(q − r)

[−λ1(V, β)]
p−r
q−p

Aβ(φV,β)[−Bβ(φV,β)]
p−r
q−p

.

It is easy to see that:

λ1(V, β) ≤ α(V, β, b) ≤ α±(V, β, b),

λ1(V, β) ≤ α(V, β, a) ≤ α±(V, β, a).

Moreover if (Hλ1(V,β)) holds, then

λ1(V, β) = α(V, β, b) ⇐⇒ Bβ(φV,β) = 0,

λ1(V, β) = α(V, β, a) ⇐⇒ Aβ(φV,β) = 0.

Lemma 5.1. .

(1) If α(V, β, a) > 0 [resp. α(V, β, b) > 0] then c(V, β, a) [resp. d(V, β, b)] is
well defined.

(2) If λ1(V, β) > 0, then c(V, β, a) > 0 and d(V, β, b) > 0.
(3) If λ1(V, β) = 0, (Hλ1(V,β)) hold and φV,β ∈ A−

β [resp. φV,β ∈ B−
β ] then

c(V, β, a) > 0 [resp. d(V, β, b) > 0].
(4) If c+(V, β, a, b) > 0 and d+(V, β, a, b) > 0 then 0 < η+1 < λ+1 .
(5) If φV,β ∈ A−

β ∩ B−
β ∩ E−

β then 0 < η∗2 < λ∗2.

Proof. (1) Assume that α(V, β, a) > 0.
It is easy to see that EV,β is bounded from below on the set:

A−1
β ({1}) = {u ∈ X : Aβ(u) = 1}.

Let un be a minimizing sequence for EV,β on A−1
β ({1}). If un is un-

bounded we set vn = un
∥un∥ , we may assume that vn ⇀ v0 and EV,β(v0) ≤

lim
n→+∞

inf EV,β(vn), Iβ(vn) −→ Iβ(v0), Aβ(vn) −→ Aβ(v0) and Bβ(vn) −→
Bβ(v0). Since EV,β(un) is bounded, we get EV,β(v0) ≤ 0 and Aβ(v0) = 0.
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Moreover, there exist two positive constants c1 = min
x∈Ω̄

eβ·x and c2 =

∥eβ·x∥∞ such that

c1∥vn∥pp ≤ Iβ(vn) ≤ c2∥vn∥pp.
Then

c1∥v0∥pp ≤ Iβ(v0) ≤ c2∥v0∥pp.
Consequently Iβ(v0) ̸= 0 and we get a contradiction from α(V, β, a) ≤ 0.
Thus un must be bounded and we assume that un ⇀ u0 and

EV,β(u0) ≤ inf
u∈A−1

β (1)
EV,β(u),

Aβ(u0) = lim
n→+∞

Aβ(un) = 1,

i.e. EV,β(u0) = min
u∈A−1

β (1)
EV,β(u) = c(V, β, a). The proof for d(V, β, b) is

totally similar.
(2) Assume that λ1(V, β) > 0. Then α(V, β, a) > 0 and there exists u0 ∈ A−1

β

such that EV,β(u0) = c(V, β, a). Thus Iβ(u0) > 0 and we set w =
u0

[Iβ(u0)]
1
p

. We get Iβ(w) = 1 and λ1(V, β) ≤ EV,β(w) =
EV,β(u0)

Iβ(u0)
. Conse-

quently c(V, β, a) ≥ λ1(V, β)Iβ(u0) > 0.
Similar statements hold for d(V, β, b) > 0.

(3) Assume that (Hλ1(V,β)), λ1(V, β) = 0 hold and φV,β ∈ A−
β . Then λ1(V, β) =

0 < α(V, β, a) and there exists u0 ∈ A−1
β such that c(V, β, a) ≥ λ1(V, β)Iβ(u0) ≥

0. If c(V, β, a) = 0 then there exists c ∈ R such that u0 = cφV,β. Thus

0 < Aβ(u0) = |c|rAβ(φV,β) ≤ 0,

so we reach a contradiction. Consequently c(V, β, a) > 0.
The proof for d(V, β, b) > 0 if (Hλ1(V,β)), λ1(V, β) = 0 hold and φV,β ∈

B−
β , is totally similar.

(4) Assume that c+(V, β, a, b) > 0 and d+(V, β, a, b) > 0.

If u ∈ A+
β ∩ B+

β ∩ E+
β we set v =

u

[Aβ(u)]
1
r

and w =
u

[Bβ(u)]
1
q

, then

c+(V, β, a, b) ≤ EV,β(v) =
EV,β(u)

[Aβ(u)]
p
r

i.e. EV,β(u) ≥ c+(V, β, a, b)[Aβ(u)]
p
r

and

d+(V, β, a, b) ≤ EV,β(v) =
EV,β(u)

[Bβ(u)]
p
q

i.e. EV,β(u) ≥ d+(V, β, a, b)[Bβ(u)]
p
q .

Thus [EV,β(u)]
r
p ≥ Aβ(u)[c+(V, β, a, b)]

r
p and [EV,β(u)]

q
p ≥ Bβ(u)[d+(V, β, a, b)]

q
p .

Consequently

[EV,β(u)]
q−r
q−p

Aβ(u)[Bβ(u)]
p−r
q−p

=

(
[EV,β(u)]

q
p

Bβ(u)

) p−r
q−p

[EV,β(u)]
r
p

Aβ(u)
≥ [d+(V, β, a, b)]

q(p−r)
p(q−p) [c+(V, β, a, b)]

r
p > 0
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and

σ12 = inf
u∈A+

β ∩B+
β ∩E+

β

[EV,β(u)]
q−r
q−p

Aβ(u) [Bβ(u)]
p−r
q−p

≥ [d+(V, a, b])
q(p−r)
p(q−p) [c+(V, a, b)]

r
p .

Since

0 < r

(
p− r

q − r

) p−r
q−p (q − p)(q + p− r)

qp(q − r)
<

(
q − p

q − r

)(
p− r

q − r

) p−r
q−p

then we conclude that 0 < η+1 < λ+1 .
(5) If φV,β ∈ A−

β ∩ B−
β ∩ E−

β , then

[−λ1(V, β)]
p−r
q−p

Aβ(φV,β)[−Bβ(φV,β)]
p−r
q−p

< 0.

Moreover

0 > −r
(
p− r

q − r

) p−r
q−p (q − p)(q + p− r)

qp(q − r)
> −

(
q − p

q − r

)(
p− r

q − r

) p−r
q−p

.

Consequently 0 < η∗2 < λ∗2.
□

Proposition 5.2. .

(1) If α+(V, β, b) > 0 [resp. α−(V, β, b) > 0] then N+
λ,β ∩A+

β [resp. N+
λ,β ∩A−

β ]
is bounded.

(2) Iλ,β is positive on N−
λ,β ∩ A−

0,β.

(3) If α+(V, β, b) > 0 then Iλ,β in bounded below on N−
λ,β ∩ A+

0,β.
(4) If α+(V, β, b) > 0, [resp. α−(V, β, b) > 0] then every minimizing sequence

of Iλ,β on any subset of N−
λ,β ∩ A+

0,β [resp. N−
λ,β ∩ A−

0,β] is bounded.
(5) If α−(V, β, b) > 0 and α+(V, β, a) > 0 then

inf
u∈N−

λ,β∩A
−
0,β∩B

+
β

Iλ,β(u) > 0.

(6) If α−(V, β, b) > 0 and α−(V, β, a) > 0 then

inf
u∈N−

λ,β∩A
−
0,β∩B

−
β

Iλ,β(u) > 0

for λ ∈ (0, λ+1 ).

Proof. (1) Assume that α+(V, β, b) > 0.

If un ∈ N+
λ,β ∩ A+

β and ∥un∥ −→ ∞ we set vn =
un

∥un∥
and we may

assume that vn ⇀ v0, EV,β(v0) ≤ lim
n→∞

inf EV,β(vn), Rβ(vn) → Rβ(v0),

Aβ(vn) → Aβ(v0) and Bβ(vn) → Bβ(v0).
Since un ∈ N+

λ,β, then:{
EV,β(un)− λAβ(un)−Bβ(un) = 0

(p− q)EV,β(un)− λ(r − q)Aβ(un) > 0.
(5.1)
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Thus 
EV,β(vn)

∥un∥q−p
− λ

Aβ(vn)

∥un∥q−r
= Bβ(vn)

EV,β(vn) < λ
(
q−r
q−p

) Aβ(vn)

∥un∥p−r
.

(5.2)

Consequently EV,β(v0) ≤ lim
n→∞

λ

(
q − r

q − p

)
Aβ(vn)

∥un∥p−r
= 0.

Additionally, X ↪→ Lp(Ω) and there exists s > 0 such that ∥vn∥p ≤
s∥vn∥. Then

|EV,β(vn)| ≤ ∥vn∥p + ∥V ∥∞∥vn∥pp ≤ 1 + sp∥V ∥∞
and the sequence EV,β(vn) is bounded. We get by (5.2)

Bβ(v0) = lim
n→∞

Bβ(vn) = 0.

From Aβ(vn) =
Aβ(un)

∥un∥r
and un ∈ A+

β we get v0 ∈ A+
0,β.

If Rβ(v0) = 0 then EV,β(v0) = lim
n→∞

inf EV,β(vn) = 0, so that vn → v0.

But this is impossible since ∥vn∥ = 1. Thus Rβ(v0) ̸= 0 and α+(V, β, b) ≤
0, so we reach a contradiction. Consequently N+

λ,β ∩ A+
β is bounded if

α+(V, β, b) > 0. The proof for N+
λ,β ∩ A−

β bounded if α−(V, β, b) > 0 is
totally similar.

(2) Assume that u ∈ N−
λ,β ∩ A−

0,β. Then
Aβ(u) ≤ 0

(p− q)EV,β(u)− λ(r − q)Aβ(u) < 0

Iλ,β(u) =
(

1
p
− 1

q

)
EV,β(u)− λ

(
1
r
− 1

q

)
Aβ(u).

Thus

Iλ,β(u) > λ(q − r)

(
r − p

rpq

)
Aβ(u) =

λ(q − r)(r − p)

rpq
Aβ(u) ≥ 0.

(3) Assume that α+(V, β, b) > 0 and Iλ,β(un) → −∞ with un ∈ N−
λ,β ∩ A+

0,β.
If un is bounded, then one has un ⇀ u0 and Iλ,β(u0) ≤ lim

n→∞
Iλ,β(un).

This is impossible. We deduce that un is unbounded. We set vn =
un
∥un∥

and we may assume that vn ⇀ v0, EV,β(v0) ≤ lim
n→∞

inf EV,β(vn), Rβ(vn) →
Rβ(v0), Aβ(vn) → Aβ(v0) and Bβ(vn) → Bβ(v0). One has v0 ∈ A+

0,β.
From lim

n→∞
Iλ,β(un) = −∞, for n large, we get Iλ,β(un) < 0. Therefore we

obtain (
1

p
− 1

q

)
EV,β(un) < λ

(
1

r
− 1

q

)
Aβ(un)

and

EV,β(v0) ≤ lim
n→∞

inf EV,β(vn) ≤ lim
n→∞

[
λp(q − r)

r(q − p)

]
Aβ(vn)

∥un∥p−r
≤ 0.
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Additionally

Bβ(v0) = lim
n→∞

Bβ(vn) = lim
n→∞

[
EV,β(vn)

∥un∥q−p
− λ

Aβ(vn)

∥un∥q−r

]
= 0.

Thereby, we get: EV,β(v0) ≤ 0, Bβ(v0) = 0, v0 ∈ A+
0,β and Rβ(v0) ̸= 0.

Thus we conclude that α+(V, β, b) ≤ 0 and we reach a contradiction.
Consequently Iλ,β is bounded below on N−

λβ ∩ A+
0,β if α+(V, β, b) > 0.

(4) Assume that α+(V, β, b) > 0 [resp. α−(V, β, b) > 0] and Wβ a subset of
N−
λ,β ∩ A+

0,β [resp. N−
λ,β ∩ A−

0,β].
Let un ∈ Wβ be such that lim

n→∞
Iλ,β(un) = inf

u∈W
Iλ,β(u).

If un is unbounded, since above we set vn =
un

∥un∥
and we can assume

that vn ⇀ v0, EV,β(v0) ≤ 0, Bβ(v0) = 0, v0 ∈ A+
0,β [resp. v0 ∈ A−

0,β] and
Rβ(v0) ̸= 0. Consequently, α+(V, β, b) ≤ 0 [resp. α−(V, β, b) ≤ 0], so this
is impossible. We deduce the result.

(5) Assume that α−(V, β, b) > 0 and α+(V, β, a) > 0.
Let un ∈ N−

λ,β ∩ A−
0,β ∩ B+

β be a minimizing sequence of Iλ,β. Then

inf
u∈N−

λ,β∩A
−
0,β∩B

+
β

Iλ,β(u) ≥ 0

because Iλ,β(un) > 0, for all un ∈ N−
λ,β ∩A−

0,β ∩B+
β . Assume by contradic-

tion that

inf
u∈N−

λ,β∩A
−
0,β∩B

+
β

Iλ,β(u) = 0.

Since α−(V, β, b) > 0, then un is bounded and there exists u0 ∈ X such
that un ⇀ u0. One has Bβ(u0) ≥ 0.

Case (1): u0 ̸= 0

Since un ∈ N−
λ,β ∩ A−

0,β, then we have{
Iλ,β(un) > λ(q − r)

(
r−p
rpq

)
Aβ(un)

Aβ(un) ≤ 0

and Aβ(u0) = 0 because lim
n→+∞

Iλ,β(un) = 0. Thereby we have Aβ(u0) = 0,

Bβ(u0) ≥ 0 and α+(V, β, a) > 0. We deduce that EV,β(u0) > 0.
Moreover, we have:

0 = lim
n→+∞

Iλ,β(un) = lim
n→+∞

[(
1

p
− 1

q

)
EV,β(un)− λ

(
1

r
− 1

q

)
Aβ(un)

]
,

= lim
n→+∞

(
1

p
− 1

q

)
EV,β(un).

We deduce that lim
n→+∞

EV,β(un) = 0 and EV,β(u0) ≤ 0. This is impossible.

Case (2): u0 = 0
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Then un −→ u0. We set vn =
un

∥un∥
and assume that there exists v0 ∈ X

such that vn ⇀ v0 and thereafter Bβ(v0) = 0, Aβ(v0) = 0, EV,β(v0) ≤ 0
and Rβ(v0) ̸= 0.

Consequently α+(V, β, a) ≤ 0. This is impossible. We conclude that

inf
u∈N−

λ,β∩A
−
0,β∩B

+
β

Iλ,β(u) > 0.

(6) If α−(V, β, b) > 0 and α−(V, β, a) > 0, the proof for

inf
u∈N−

λ,β∩A
−
0,β∩B

−
β

Iλ,β(u) > 0

is totally similar to the previous one, so we omit it.
□

Proposition 5.3. Assume α+(V, β, b) > 0.

(1) If c−(V, β, a, b) > 0 then, for any λ > 0, Iλ,β achieves its infimum on
N+
λ,β ∩ A+

β ∩ B−
0,β ∩ E+

β and this one is negative.

(2) If c+(V, β, a, b) > 0 and d+(V, β, a, b) > 0 then, for λ ∈ (0, λ+1 ), Iλ,β
achieves its infimum on N+

λ,β ∩ A+
β ∩ B+

0,β ∩ E+
β and this one is negative.

Proof. Assume that α+(V, β, b) > 0.

(1) Assume that c−(V, β, a, b) > 0 and λ ∈]0,∞[.
If u ∈ A+

β ∩B−
0,β∩E+

β we know that Φu has a negative minimum at some

t0 > 0 so that t0u ∈ N+
λ,β ∩ A+

β ∩ B−
0,β ∩ E+

β and Φu(t0) = Iλ,β(t0u) < 0.
Thus

inf
u∈N+

λ,β∩A
+
β ∩B−

0,β∩E
+
β

Iλ,β(u) < 0.

Let un ∈ N+
λ,β ∩ A+

β ∩ B−
0,β ∩ E+

β ⊂ N+
λ,β ∩ A+

β be a minimizing sequence
of Iλ,β. Then un is bounded and there exists u0 ∈ X such that un ⇀ u0.
Since un ∈ N+

λ,β then

Iλ,β(un) =

(
1

p
− 1

q

)
EV,β(un)− λ

(
1

r
− 1

q

)
Aβ(un).

We deduce that

λ

(
1

r
− 1

q

)
Aβ(u0) ≥ − inf

u∈N+
λ,β∩A

+
β ∩B−

0,β∩E+
Iλ,β(u) > 0

and Aβ(u0) > 0. We have Bβ(u0) ≤ 0 and thereafter EV,β(u0) > 0 because
Aβ(u0) > 0, u0 ̸= 0, α+(V, β, b) > 0 and c−(V, β, a, b) > 0.
Thus: [Aβ(u0) > 0, Bβ(u0) = 0 and EV,β(u0) > 0] or [Aβ(u0) > 0,

Bβ(u0) < 0 and EV,β(u0) > 0]. In both cases, there exists a global min-
imum point t0(u0) > 0 for Φu0 i.e. t0(u0)u0 ∈ N+

λ,β. Then we have
Φu0(t0(u0)) ≤ Φu0(1) i.e. Iλ,β(t0(u0)u0) ≤ Iλ,β(u0).
Assume by contradiction that un ̸−→ u0. Then we get

Iλ,β(t0(u0)u0) ≤ Iλ,β(u0) < lim
n→+∞

Iλ,β(un) = inf
u∈N+

λ,β∩A
+
β ∩B−

0,β∩E
+
β

Iλ,β(u)
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and we reach a contradiction. Consequently un −→ u0, u0 ∈ N+
λ,β ∩A+

β ∩
B−
0,β ∩ E+

β and

Iλ,β(u0) = inf
u∈N+

λ,β∩A
+
β ∩B−

0,β∩E
+
β

Iλ,β(u).

(2) Assume that c+(V, β, a, b) > 0, d+(V, β, a, b) > 0 and λ ∈ (0, λ+1 ).
If u ∈ A+

β ∩ B+
0,β ∩ E+

β , we know that Φu has a negative minimum at

some t > 0 so that tu ∈ N+
λ,β ∩A+

β ∩B+
0,β ∩E+

β . Thus Iλ,β(tu) = Φu(t) < 0
and

inf
u∈N+

λ,β∩A
+
β ∩B+

0,β∩E
+
β

Iλ,β(u) < 0.

Let un ∈ N+
λ,β ∩ A+

β ∩ B+
0,β ∩ E+

β ⊂ N+
λ,β ∩ A+

β be a minimizing sequence
of Iλ,β. Then un is bounded and there exists u0 ∈ X such that un ⇀ u0.
As above, we have Aβ(u0) > 0, Bβ(u0) ≥ 0 and EV,β(u0) > 0 because
α+(V, β, b) > 0 and c+(V, β, a, b) > 0. We deduce that, there exists a
global minimum point t1(u0) > 0 for Φu0 if Bβ(u0) = 0 or a local minimum
point t1(u0) and a global maximum point t2(u0) for Φu0 if Bβ(u0) > 0 with
0 < t1(u0) < t2(u0).
Assume by contradiction that un ̸−→ u0. It is easy to see that t1(u0) > 1

if Bβ(u0) = 0 or 1 < t1(u0) < t2(u0) if Bβ(u0) > 0 such that Φu0(t1(u0)) ≤
Φu0(1) i.e.

Iλ,β(t1(u0)u0) ≤ Iλ,β(u0) < inf
u∈N+

λ,β∩A
+
β ∩B+

0,β∩E
+
β

Iλ,β(u).

This is impossible because t0(u0)u0 ∈ N+
λ,β∩A

+
β ∩B

+
0,β∩E

+
β . Consequently,

we have un −→ u0, Aβ(u0) > 0, Bβ(u0) ≥ 0, EV,β(u0) > 0, u0 ∈ N+
λ,β ∩

A+
β ∩ B+

0,β ∩ E+
β and

Iλ,β(u0) = inf
u∈N+

λ,β∩A
+
β ∩B+

0,β∩E
+
β

Jλ(u).

□

Corollary 5.4. Assume either α(V, β, a) > 0, α(V, β, b) > 0, c(V, β, a) > 0 and
d(V, β, b) > 0 or [(Hλ1(V,β)), λ1(V, β) = 0 hold and φV,β ∈ A−

β ∩ B+
0,β]. Then

λ+1 > 0 and Iλ,β achieves its infimum in N+
λ,β ∩ A+

β ∩ E+
β , for λ ∈ (0, λ+1 ).

Proof. Case 1: α(V, β, a) > 0, α(V, β, b) > 0, c(V, β, a) > 0 and d(V, β, b) > 0.
Then, we have c+(V, β, a, b) > 0 and d+(V, β, a, b) > 0. Thus, by Lemma 5.1

one has λ+1 > 0. Moreover we have α+(V, β, b) > 0 and c−(V, β, a, b) > 0. Then,
by Proposition 5.3 Iλ,β achieves its infimum on N+

λ,β ∩ A+
β ∩ B−

0,β ∩ E+
β for all

λ ∈]0,∞[ and on N+
λ,β ∩A+

β ∩B+
0,β ∩E+

β for all λ ∈]0, λ+1 [ and this one is negative.

We deduce that Iλ,β achieves its infimum on N+
λ,β ∩ A+

β ∩ E+
β and this one is

negative for all λ ∈ (0, λ+1 ).

Case 2: (Hλ1(V,β)), λ1(V, β) = 0 hold and φV,β ∈ A−
β ∩ B+

0,β.

Then c(V, β, a) > 0 and c±(V, β, a) > 0. If Bβ(φV,β) = 0, then we have

λ1(V, β) = 0 = α(V, β, b) < α+(V, β, b).
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Otherwise, we have λ1(V, β) = 0 < α(V, β, b). Thus α+(V, β, b) > 0. We set

e(V, β, b, a) = min{EV,β(u) : Bβ(u) = 1, Aβ(u) ≥ 0}

and assume that e(V, β, b, a) > 0.
We deduce that d+(V, β, a, b) ≥ e(V, β, a, b) > 0. So α+(V, β, b) > 0, c±(V, β, a, b) >

0 and d+(V, β, a, b) > 0. Consequently by Lemma 5.1 and Proposition 5.3,
Iλ,β achieves its infimum on N+

λ,β ∩ A+
β ∩ E+

β and this one is negative for all

λ ∈ (0, λ+1 ). □

Proposition 5.5. Assume that α+(V, β, a) > 0 and α−(V, β, b) > 0.

(1) If d−(V, β, a, b) > 0 then, for any λ > 0, Iλ,β achieves its infimum on
N−
λ,β ∩ A−

0,β ∩ B+
β ∩ E+

β and this one is positive.
(2) If d+(V, β, a, b) > 0 and c+(V, β, a, b) > 0 then there exists σ+ > 0 such

that Iλ,β(u) ≥ σ+ and u ∈ N−
λ,β ∩ A+

0,β ∩ B+
β ∩ E+

β for λ ∈ (0, η+1 ) .

Moreover, Iλ,β achieves its infimum on N−
λ,β ∩ A+

0,β ∩ B+
β ∩ E+

β .

Proof. Suppose that α+(V, β, a) > 0 and α−(V, β, b) > 0.

(1) Suppose that d−(V, β, a, b) > 0 and λ ∈ (0,∞). Then Iλ,β is positive on
N−
λ,β ∩ A+

0,β ∩ B+
β ∩ E+

β . We deduce that:

inf
u∈N−

λ,β∩A
−
0,β∩B

+
β ∩E+

β

Iλ,β(u) > 0.

Let un ∈ N−
λ,β∩A

−
0,β∩B

+
β ∩E

+
β be a minimizing sequence for Iλ,β. Then (un)

is bounded so there exists u0 ∈ X such that un ⇀ u0. Then: EV,β(u0) ≤
lim

n→+∞
inf EV,β(un), Rβ(un) −→ Rβ(u0), Aβ(un) −→ Aβ(u0) et Bβ(un) −→

Bβ(u0). Additionally, we have:

Iλ,β(un) =

(
1

p
− 1

r

)
EV,β(un) +

(
1

r
− 1

q

)
Bβ(un).

We infer:(
1

r
− 1

q

)
Bβ(un) =

(
1

r
− 1

p

)
EV,β(un) + Iλ,β(un)

≥ Iλ,β(un)

and (
1

r
− 1

q

)
B(u0) ≥ lim

n−→+∞
Iλ,β(un) > 0.

Thus Bβ(u0) > 0.
If Aβ(u0) = 0 or Aβ(u0) < 0 then we have EV,β(u0) > 0. So we have

Bβ(u0) > 0, Aβ(u0) ≤ 0 and EV,β(u0) > 0. Then Φu0 has a global
maximum at some t0(u0) > 0, so that t0(u0)u0 ∈ N−

λ,β ∩ A−
0,β ∩ B+

β ∩ E+
β .

One has Φu0(t0(u0)) ≥ Φu0(t), ∀t ∈ (0,+∞). Assume by contradiction
that un ̸−→ u0. Then, we have

Iλ,β(t0(u0)u0) = Φu0(t0(u0)) < lim
n→+∞

Φun(t0(u0)). (5.3)
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Since un ∈ N−
λ,β ∩ A−

0,β ∩ B+
β ∩ E+

β , then Φun has a global maximum at
some t = 1. Thus Φun(1) ≥ Φun(t0(u0)) and

lim
n→+∞

Φun(t0(u0)) ≤ lim
n→+∞

Φun(1) = lim
n→+∞

Iλ,β(un). (5.4)

By (5.3) and (5.4) we have

Iλ,β(t0(u0)u0) < lim
n→+∞

Iλ,β(un) = inf
u∈N−

λ,β∩A
−
0,β∩B

+
β ∩E+

β

Iλ,β(u).

This is impossible. Consequently un −→ u0.
We deduce that lim

n→+∞
Iλ,β(un) = Iλ,β(u0), u0 ∈ N−

λ,β ∩ A0,β ∩ B+ ∩ E+
β

and

Iλ,β(u0) = inf
u∈N−

λ,β∩A
−
0,β∩B

+
β ∩E+

β

Iλ,β(u) > 0.

(2) Suppose that d+(V, β, a, b) > 0, c+(V, β, a, b) > 0 and λ ∈ (0, η+1 ).
If u ∈ N−

λ,β ∩ A+
0,β ∩ B+

β ∩ E+
β , then Φu has a global maximum at some

t = 1 such that t0 < 1 with t0 =

(
(p− r)EV,β(u)

(q − r)Bβ(u)

) 1
q−p

. Then we have

Iλ,β(u) = Φu(1) > Φu(t0) =
tp0
p
EV,β(u)−

tq0
q
Bβ(u)− λ

tr0
r
Aβ(u)

>
1

p

(
(p− r)EV,β(u)

(q − r)Bβ(u)

) p
q−p

EV,β(u)−
1

q

(
(p− r)EV,β(u)

(q − r)Bβ(u)

) q
q−p

Bβ(u)

− 1

r

(
(p− r)EV,β(u)

(q − r)Bβ(u)

) r
q−p

Aβ(u)

=
(q − p)(q + p− r)

qp(q − r)

(
p− r

q − r

) p
q−p
(
[EV,β(u)]

q

[Bβ(u)]p

) 1
q−p

− λAβ(u)

r

(
p− r

q − r

) r
q−p
(
EV,β(u)

Bβ(u)

) r
q−p

.

Additionally Aβ(u) ≤
[EV,β(u)]

r
p

[c+(V, β, a, b)]
r
p

and Bβ(u) ≤
[EV,β(u)]

q
p

d+(V, β, a, b)
q
p

so

(
[EV,β(u)]

q

[Bβ(u)]p

) 1
q−p

≥ [d+(V, β, a, b)]
q

q−p .
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Thus, we have

Iλ,β(u) ≥ (q − p)(q + p− r)

qp(q − r)

(
p− r

q − r

) p
q−p
(
[EV,β(u)]

q

[Bβ(u)]p

) 1
q−p

− λ

r

(
p− r

q − r

) r
q−p
(
EV,β(u)

Bβ(u)

) r
q−p [EV,β(u)]

r
p

[c+(V, β, a, b)]
r
p

=
(q − p)(q + p− r)

qp(q − r)

(
p− r

q − r

) p
q−p
(
[EV,β(u)]

q

[Bβ(u)]p

) p−r
p(q−p)

(
[EV,β(u)]

q

[Bβ(u)]p

) r
p(q−p)

− λ

r

(
p− r

q − r

) r
q−p
(
[EV,β(u)]

q

[Bβ(u)]p

) r
p(q−p)

[c+(V, β, a, b)]
−r
p

=

(
[EV,β(u)]

q

[Bβ(u)]p

) r
p(q−p)

(
p− r

q − r

) r
q−p

Yλ,β(u)

with

Yλ,β(u) =
(q − p)(q + p− r)

qp(q − r)

(
p− r

q − r

) p−r
q−p
(
[EV (u)]

q

[B(u)]p

) p−r
p(q−p)

− λ

rc+(V, β, a, b)
r
p

≥ (q − p)(q + p− r)

qp(q − r)

(
p− r

q − r

) p−r
q−p [

d+(V, β, a, b)
q

q−p

] p−r
p − λ

r[c+(V, β, a, b)]
r
p

=
1

r[c+(V, β, a, b)]
r
p

(
η+1 − λ

)
> 0.

Consequently

Iλ,β(u) ≥
(
p− r

q − r

) r
q−p (

[d+(V, β, a, b)]
q

q−p

) r
p (η+1 − λ)

r[c+(V, β, a, b)]
r
p

= σ+ > 0.

Let un ∈ N−
λ,β ∩ A+

0,β ∩ B+
β ∩ E+

β be a minimizing sequence for Iλ,β.
Then (un) is bounded in X so there exists u0 ∈ X such that un ⇀ u0.
Thus EV,β(u0) ≤ lim

n→+∞
inf EV,β(un), Aβ(un) −→ Aβ(u0) and Bβ(un) −→

Bβ(u0). As before, we can prove that Bβ(u0) > 0 because lim
n→+∞

Iλ,β(un) >

0 and Aβ(u0) ≥ 0. Since α+(V, β, a) > 0 and d+(V, β, a, b) > 0 then
EV,β(u0) > 0 and u0 ∈ A+

0,β ∩ B+
β ∩ E+

β . Thus Φu0 has a global maximum

at some t2(u0) > 0 with t2(u0)u0 ∈ N−
λ,β ∩ A+

0,β ∩ B+
β ∩ E+

β . One has
Φu0(t2(u0)) ≥ Φu0(t) for all t ∈ (0,+∞).
Assume by contradiction that un ̸−→ u0. Then, we have Φu0(t) <
lim

n→+∞
Φun(t) for all t ∈ (0,+∞). Thus Iλ,β(t2(u0)u0) = Φu0(t2(u0)) <

lim
n→+∞

Φun(t2(u0)).

Since

lim
n→+∞

Φun(t2(u0)) ≤ lim
n→+∞

Φun(1) = lim
n→+∞

Iλ,β(un)
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then
Iλ,β(t0(u0)u0) < inf

u∈N−
λ,β∩A

+
0,β∩B

+
β ∩E+

β

Iλ,β(u)

and this is impossible. We deduce that un −→ u0. Consequently lim
n→+∞

Iλ,β(un) =

Iλ,β(u0) and

Iλ,β(u0) = inf
u∈N−

λ,β∩A
+
0,β∩B

+
β ∩E+

β

Iλ,β(u) > 0.

□

Corollary 5.6. Assume that α(V, β, a) > 0, α(V, β, b) > 0, c(V, β, a) > 0 and
d(V, β, b) > 0. Then Iλ,β achieves its infimum on N−

λ,β ∩ B+
β ∩ E+

β for λ ∈ (0, η+1 )
.

Proof. Suppose that α(V, β, a) > 0, α(V, β, b) > 0, c(V, β, a) > 0 and d(V, β, b) >
0. Then α+(V, β, a) > 0, α−(V, β, b) > 0, c+(V, β, a) > 0 and d±(V, β, b) > 0.
Consequently, by Proposition 5.5 Iλ,β achieves its infimum onN−

λ,β∩A
−
0,β∩B

+
β ∩E

+
β

and N−
λ,β ∩A+

0,β ∩ B+
β ∩ E+

β , and this one is positive for all λ ∈]0, η+1 [. We deduce

that Iλ,β achieves its infimum on N−
λ,β ∩ B+

β ∩ E+
β for all λ ∈ (0, η+1 ). □

We can combine both Corollary 5.4 and Corollary 5.6 to get:

Corollary 5.7. Assume that α(V, β, a) > 0, α(V, β, b) > 0, c(V, β, a) > 0 and
d(V, β, b) > 0. Then Iλ,β achieves its infimum on N+

λ,β∩A
+
β ∩E

+
β and N−

λ,β∩B
+
β ∩E

+
β

for λ ∈ (0, η+1 ).

Proposition 5.8. Assume either [α(V, β, a) > 0 and α(V, β, b) > 0] or [α(V, β, a) =
0 < α−(V, β, a) or α(V, β, b) = 0 < α−(V, β, b)]. If φV,β ∈ A−

β ∩ B−
β ∩ E−

β then:

(1) ∀λ ∈ (0, λ∗2), Iλ,β achieves its infimum in N−
λ,β ∩ A−

β ∩ B−
β ∩ E−

β and this
one is positive.

(2) ∀λ ∈ (0, η∗2), Iλ,β achieves its infimum in N+
λ,β ∩ A−

β ∩ B−
β ∩ E−

β and this
one is negative.

Proof. Assume either [α(V, β, a) > 0 and α(V, β, b) > 0] or [α(V, β, a) = 0 <
α−(V, β, a) and α(V, β, b) = 0 < α−(V, β, b)]. Suppose that φV,β ∈ A−

β ∩B−
β ∩E−

β .

(1) For λ ∈ (0, λ∗2) we can prove that hφV,β
has a global maximum at some

t0 = t0(φV,β) =

[
(p− r)(−λ1(V, β))
(q − r)(−Bβ(φV,β))

] 1
q−p

Then, we have

hφV,β
(t0) = −

(
q − p

q − r

)(
p− r

q − r

) p−r
q−r [−λ1(V, β)]

q−r
q−p

[−Bβ(φV,β)]
p−r
q−p

= λ∗2Aβ(φV,β) < 0.

Consequently hφV,β
(t0) − λAβ(φV,β) < 0 for all λ ∈ (0, λ∗2). We deduce

that ΦφV,β
has local maximum at t1 ∈ (0, t0) and global minimum at

t2 ∈ (t0,∞) and N−
λ,β ∩ A−

β ∩ B−
β ∩ E−

β ̸= ∅.
Let un ∈ N−

λ,β ∩ A−
β ∩ B−

β ∩ E−
β be a minimizing sequence for Iλ,β.

Then (un) is bounded so there exists u0 ∈ X such that un ⇀ u0. Thus
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EV,β(u0) ≤ lim
n→+∞

inf EV,β(un), Aβ(un) −→ Aβ(u0) andBβ(un) −→ Bβ(u0).

We hnow that

Iλ,β(un) =

(
1

p
− 1

q

)
EV,β(un)− λ

(
1

r
− 1

q

)
Aβ(un).

Then, we have

λ

(
1

r
− 1

q

)
Aβ(un) ≤ −Iλ,β(un)

and

λ

(
1

r
− 1

q

)
Aβ(u0) ≤ − inf

u∈N−
λ,β∩A

−
β ∩B−

β ∩E−
β

Iλ,β(u) < 0.

We deduce that Aβ(u0) < 0 and Bβ(u0) ≤ 0.
If Bβ(u0) = 0, then α−(V, β, b) ≤ 0. This is impossible. Thus Bβ(u0) <

0.
Additionally, one has

EV,β(u0) ≤ lim
n→+∞

inf EV,β(un) ≤ lim
n→+∞

λAβ(un) +Bβ(un)

= λAβ(u0) +Bβ(u0) < 0.

So we have u0 ∈ A−
β ∩ B−

β ∩ E−
β and t2(u0)u0 ∈ N−

λ,β ∩ A−
β ∩ B−

β ∩ E−
β for

some t2(u0) > 0. Assume by contradiction that un ̸−→ u0. Then, we
have:

0 = Φ
′

u0
(t2(u0)) < lim inf Φ

′

un(t2(u0))

so Φ
′
un(t2(u0)) > 0 for n sufficiently large. We deduce that t2(u0) < 1 or

t2(u0) > t1(un).
If t2(u0) < 1 then

Iλ,β(t2(u0)u0) = Φu0(t2(u0)) < lim inf Φun(t2(u0))

≤ lim
n→+∞

Φun(1) = lim
n→+∞

Iλ,β(un).

This is impossible.
If t2(u0) > t1(un) then

Φ
′

u0
(t1(un)) < lim inf Φ

′

un(t1(un)) = 0.

Consequently Φ
′
u0

and un −→ u0. Finally lim
n→+∞

Iλ,β(un) = Iλ,β(u0) and

Iλ,β(u0) = inf
u∈N−

λ,β∩A
−
β ∩B−

β ∩E−
β

Iλ,β(u) > 0.

(2) For λ ∈ (0, η∗2), it is easy to see that N+
λ,β ∩ A−

β ∩ B−
β ∩ E−

β ̸= ∅. Let

un ∈ N+
λ,β ∩ A−

β ∩ B−
β ∩ E−

β be a minimizing sequence for Iλ,β. Then (un)
is bounded so there exists u0 ∈ X such that un ⇀ u0. Thus EV,β(u0) ≤
lim

n→+∞
inf EV,β(un), Aβ(un) −→ Aβ(u0) and Bβ(un) −→ Bβ(u0). One has

EV,β(u0) ≤ 0, Aβ(u0) ≤ 0 and Bβ(u0) ≤ 0. Since

Iλ,β(un) =

(
1

p
− 1

r

)
EV,β(un)−

(
1

q
− 1

r

)
Bβ(un)
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then we have (
1

r
− 1

q

)
Bβ(un) ≤ Iλ,β(un)

and (
1

r
− 1

q

)
Bβ(u0) ≤ inf

u∈N+
λ,β∩A

−
β ∩B−

β ∩E−
β

Iλ,β(u) < 0.

Consequently Bβ(u0) < 0, Rβ(u0) ̸= 0 and Aβ(u0) ≤ 0. If Aβ(u0) = 0,
then α−(V, β, a) ≤ 0. This is impossible. Therefore u0 ∈ A−

β ∩ B−
β ∩ E−

β

and t1(u0)u0 ∈ N+
λ,β ∩ A−

β ∩ B−
β ∩ E−

β for some t1(u0) > 0.
Assume by contradiction that un ̸−→ u0. Then, we have

Iλ,β(t1(u0)u0) = Φu0(t1(u0)) < lim inf Φun(t1(u0))

≤ lim
n→+∞

Φun(1) = lim
n→+∞

Iλ,β(un).

This is impossible. Consequently un −→ u0. We deduce lim
n→+∞

Iλ,β(un) =

Iλ,β(u0) and

Iλ,β(u0) = inf
u∈N+

λ,β∩A
−
β ∩B−

β ∩E−
β

Iλ,β(u) > 0.

□

Corollary 5.9. Assume either [α(V, β, a) > 0 and α(V, β, b) > 0] or [α(V, β, a) =
0 < α−(V, β, a) or α(V, β, b) = 0 < α−(V, β, b)]. If φV,β ∈ A−

β ∩ B−
β ∩ E−

β then

Iλ,β achieves its infimum in N+
λ,β ∩ A−

β ∩ B−
β ∩ E−

β and N−
λ,β ∩ A−

β ∩ B−
β ∩ E−

β for
λ ∈ (0, η∗2).

Proof. If either [α(V, β, a) > 0 and α(V, β, b) > 0] or [α(V, β, a) = 0 < α−(V, β, a)
and α(V, β, b) = 0 < α−(V, β, b)] and φV,β ∈ A−

β ∩B−
β ∩E−

β , then we have η∗2 < λ∗2
and by Proposition 5.8, Iλ,β achieves its infimum in N+

λ,β ∩ A−
β ∩ B−

β ∩ E−
β and

N−
λ,β ∩ A−

β ∩ B−
β ∩ E−

β for all λ ∈ (0, η∗2). □

We set η = min{η+1 , η∗2}.

Theorem 5.10. .

(1) If either λ1(V, β) > 0 or [λ1(V, β) = 0, (Hλ1(V,β)) hold and φV,β ∈ A−
β ∩B

−
β ]

then (1.2) has at least two solutions (u1, β, λ) and (u2, β, λ) such that
u1 ∈ N+

λ,β ∩ E+
β , u2 ∈ N−

λ,β ∩ E+
β for λ ∈ (0, η+1 ).

(2) If λ1(V, β) = 0, (Hλ1(V,β)) hold and φV,β ∈ A−
β ∩ B+

0,β then (1.2) has at

least one solution (λ, β, u0) such that u0 ∈ N+
λ,β ∩ E+

β for λ ∈ (0, λ+1 ).

(3) Assume λ1(V, β) < 0 and φV,β ∈ A−
β ∩ B−

β .
(a) If [α(V, β, a) > 0 and α(V, β, b) > 0] or [α(V, β, a) = 0 < α−(V, β, a)

or α(V, β, b) = 0 < α−(V, β, b)] then (1.2) has at least two solutions
(u3, β, λ) and (u4, β, λ) such that u3 ∈ N+

λ,β ∩ E−
β and u4 ∈ N−

λ,β ∩ E−
β

for all λ ∈ (0, η∗2).
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(b) If α(V, β, a) > 0, α(V, β, b) > 0, c(V, β, a) > 0 and d(V, β, b) > 0
then (1.2) has at least four solutions (u1, β, λ), (u2, β, λ), (u3, β, λ)
and (u4, β, λ) for λ ∈ (0, η).

Proof. (1) is a consequence of Lemma 5.1, Corollary 5.7 and Lemma 4.1.
(2) is a consequence of Corollary 5.4 and Lemma 4.1.
(3) Assume λ1(V, β) < 0 and φV,β ∈ A−

β ∩ B−
β .

(a) is consequence of Corollary 5.9 and Lemma 4.1.
(b) holds from Corollaries 5.9 and 5.7 and Lemma 4.1.

□

Acknowledgement. The authors wish to express their gratitude to the ref-
erees for valuable comments and suggestions.
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