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ON EIGENSURFACE OF p-BIHARMONIC OPERATOR AND
ASSOCIATED CONCAVE-CONVEX TYPE EQUATION

JONAS TELE DOUMATE! *, LAWOUE ROBERT TOYOU? AND LIAMIDI A. LEADI?

ABSTRACT. In this article, we are interested in the simplicity and the exis-
tence of the first eigensurface for the third order spectrum of p-biharmonic
operator plus potential with weights and the existence of multiple solutions for
associated concave-convex type equation under Navier boundary conditions.

1. INTRODUCTION

Our aim is to study the following eigensurface problems:

Find (u,3,)) € X \ {0} x RY x R such that
Problem1 ¢ A%u + H(B,u) + V(x)ulP">u = Am(z)|u[’u in Q (1.1)
u=Au=0 on 0f2
where H(3,u) = 23 - V(|Au[P"2Au) + | 82| Au[P~2Au, X = W2P(Q) N W, 7(Q),
Q is a bounded smooth domain of RY (with N > 1) with 99 its boundary, V,
m € L*(Q) are functions possibly indefinite such that m* # 0 and AZ denotes
the p-biharmonic operator defined by A2u = A(|Au[P~?Au) (with 1 < p < o0)
and associated concave-convex problem
Find (u, 8,)) € X \ {0} x RY x R% such that
Problem2 ¢ A%u + H(f,u) + V(x)[ulP"*u = Aa(z)|u]"?u + b(z)|ul'*u in Q@ (1.2)
u=Au=0 on 0N2

where a, b € L*>°()) are functions possibly indefinite, 1 <7 < p < ¢ < p* with

b — Nzi\;p ifp<%
+ooif p > 5.

The problem (1.1) was considered by P. Drabek and M. Otani for 8 = Ogw,
V =0and m = 1 [9]. By using a transformation of the problem to a known
Poisson problem, they showed that (1.1) has a principal positive eigenvalue which
is simple and isolated. In the case N = 1 they gave a description of all eigenvalues
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and associated eigenfunctions. A similar problem is considered in [2] in a context
of p(x)-biharmonic operator where the existence of solutions is established using
an approach based on the Minty-Browder theorem applied to compact operators
and operators of (55 ) type. There have been increasing interest in the spectrum
of p-biharmonic operator under various boundary conditions.

In [20] M. Talbi and N. Tsouli considered the spectrum of the weighted p-
biharmonic operator with weights and showed that the following eigenvalue prob-
lem

A(p|AuP2Au) = dm(z)|ulP~?u in Q
u=Au=0 on 0f)

where p € C(Q2) and p > 0, possesses at least one non-decreasing sequence of
eigenvalues and studied the one dimensional case. The authors, in the same
reference gave the first eigenvalue A; and showed that if m > 0 a.e., \; is simple
and associated to positive eigenfunction. Also they showed that if m € C(Q), A\
is isolated and every positive or negative eigenfunction is associated to Aj.

The authors in [I5] have recently focused on the spectrum of the weighted
p-biharmonic operator under mixed Dirichlet-Steklov boundary conditions and
similar results are proved applying both variational method and Ljusternick-
Schnirelmann principle.

Recently in the particular case of (1.1) where V' = 0 and m > 0, the authors
in [11], have showed that the spectrum of problem (1.1) contains at least one
sequence of positive eigensurfaces. The authors in [12] have showed that the first
eigensurface, in the same case, is simple and associated to positive eigenfunction.
Also they showed that if m € C(£2) the first eigensurface is isolated and associated
to every positive or negative eigenfunction.

In the case 5 = Ogy, V=0 (or V = ¢ € R), problem (1.2) has been studied
extensively in the literature (see for example: [7], [14], [18], [22]) and remains a
challenge considering more general conditions as we are concerned with in this
manuscript.

The space X := W2P(Q) N Wy "(Q) endorses with the equivalent norm |u|| :=
|Aul|, is a reflexive Banach space. Here ||v||,, for v € LP(2), denotes the LP-norm
of v. The weak convergence in X is denoted by —. The positive and negative
part of a function u are denoted by u* = max{u,0} and v~ = max{—wu,0}.

For all f € LP(Q2), the Poisson equation associated with the Dirichlet problem

—Au = f(x) in
u=0 on J)

is uniquely solvable in X (see for example [13]). We denote by A the inverse
operator of —A : X — LP(Q). The following lemma gives us some properties of
the operator A that will be needed:

Lemma 1.1. ([9, 20]).
(1) (Continuity) There exists a constant ¢, > 0 such that

[Afllwzr < cpll £l
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holds for all p € (1,00) and f € LP(Q).
(2) (Continuity) Given k € N*, there exists a constant ¢, > 0 such that
[ASllwrsze < cppll fllwsn

holds for all p € (1,00) and f € W*P(Q).
(3) (Symmetry) The identity

/Au.vdx:/u./\vdx
Q Q

holds for uw € LP(Q)) and u € v (€2) with p € (1,00) and p" = E5 is the
conjugate of p. -
(4) (Regularity) Given f € L>(Q), we have Af € CY*(Q) for all a € (0,1).

Moreover, there exists ¢, > 0 such that

HAfHCW(Q) < call flloo-
(5) (Regularity and Hopf-type maximum principle) Let f € C(Q) and f >0
then w = Af € CY*(Q), for all a« € (0,1) and w satisfies: w > 0 in €,
g—q;j < 0 on 0f).
(6) (Order preserving property) Given f and g in LP(Q), if f < g in Q then
Af < Ag in Q.

This paper is organized as follows. In section 2 we study an eigencurve associ-
ated to Probleml. In section 3 we show that Problem1 has principal eigensurfaces
under some suitable conditions. In section 4 we describe the Nehari manifold,
the fibering map and the different sign-subsets of the Nehari manifold that will
be used to find critical point of energy functional for Problem2. In section 5 we
prove existence and multiplicity results for Problem2.

2. AN EIGENVALUE CURVE ASSOCIATED TO PROBLEM1

It is well established that (see for example [5], [0], [8], [17]), in order to prove
the existence of principal eigensurfaces of (1.1), one fixes A € R and embeds the
problem into the new eigenvalue problem of parameter pu:

Find (u,3,A) € X \ {0} x RY x R such that
AZu+ H(B,u) + V() |ulP~>u — Am(2)ulP~>u = plufP~?u in O (2.1)
u=Au=0 on Of).

Lemma 2.1. The problem (1.1) (resp. (2.1)) is equivalent to the problem

Find (u, \) € X \ {0} x R such that
AZPu+ V()P |uP~2u = Xm(z)e’ *[ul[P~2u in Q (2.2)
u=Au=0 on 082

Find (u,p) € X \ {0} x R such that
resp. § AZPu+ (V — Am)e? " |[uP~2u = pel|ulP~?u in Q (2.3)
u=Au=0 on 0f)
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where A2Pu = A(e*| AulP~2Au).
Proof. The ideas of the proof follow those of Lemma 3.2 in [11]. O

Definition 2.2.

(1) The set of couples (8, \) € RY xR (resp. (B,p) € RN x R) such that there
exists a solution (u, 3, A) € X xRY xR (resp. (u, 8, 1) € X x RY x R) of
(1.1) (resp. (2.1)) is called the third-order spectrum of the p-biharmonic
operator plus potential. The couple (8, A) (resp. (B, u)) is then called
a third-order eigenvalue and w is said to be the associated eigenfunction
of (1.1) (resp. (2.1)). Moreover, a set of third-order eigenvalues of the
form (3, f(B)), for B € RY and some function f : RY — R, is called an
eigensurface.

(2) For B € RY, (u,uu) € X x R (resp. (u,\) € X x R) is a weak solution to
problem (2.3) (resp. (2.2)) if

/eﬁ'x]Au\pzAuAgpdx —i—/ (V — xm)e?®|ulP2updr = u/ P uP 2updz,
Q 0 0
(2.4)

(resp. /e’g'x\Au\p2AuAgod:I:+/Ve*8'x]u|p2ug0dx:)\/meﬁ'x\u|p2ug0dw)
Q Q Q
(2.5)
Vo € X.
(3) If (u, (B, N)) € X x R(resp. (u,A\(V,5,m)) € X x R) is a weak solution
to problem (2.3) (resp. (2.2)), u shall be called an eigenfunction of the
problem (2.3) (resp. (2.2)) associated to the eigenvalue pu(5,\) (resp.

AV, B,m)).
So u shall be called an eigenfunction of the problem (1.1) (resp. (2.1))

associated to the eigensurface A\(V,.,m) (resp. u(.,A)).

(4) By a principal eigensurface (or a principal eigenvalue) we mean an eigen-
surface (or an eigenvalue) which is associated to a positive eigenfunction
or negative eigenfunction.

We are going to consider the smallest eigenvalue u(8, A) € R of problem (2.3).
In order to do so, we define the energy functional

J)\ﬂiX — R
u +— J,\ﬁ(u) = E\/ﬁ(u) — AMﬁ(u)

where

Evg(u) = /Qeﬂ'z|Au|pdx+/£2Veﬂ'$|u|pdx

/meﬁ'ﬂu]pda:.
Q

and
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Mg, Ey g and Jy g are of class C' on X and for all u € X
<E§/,B(“)790> = p/eﬂ'$|Au|p_2AuAs0dx+p/Veﬁ'x|u|1’—2ugpd:v,
“ 0
<Mé(u),gp> = p/meﬁ'x\u]p_ngpdg:’
Q
<‘];,5(“)790> = p/eﬂ'x|Au|p_2AuA<de +p/VeB’m|u|P—2ugodm
@ 0

— p)\/ me? | ulP"updz,
Q
for all p € X.
Lemma 2.3. Let w,V € L®(Q)\ {0}. Ifw >0 on Q and 8 € RN then there
exist two positive constants ¢y, co such that

[ul|P < c1EBvp(u) + ¢ / we’ *|ulPdr, VYue X.
Q

Proof. We can easily adapt the proof made in [3]. O
Let us now consider the manifold
S = {ueX:Igu)=1}
with
I3(u) = /Qe’g'x\u|pd:c, Yu e X.

In the following, we construct for each A € R, the smallest eigensurface g €
RY — 111(B, \) from which we get the eigenvalue curve A € R — u1(3, \).

Proposition 2.4. p;(.,A) is the smallest eigensurface of (2.1) with
pi(B,A) :=inf{Jy5(u) :u e S} (2.6)
for B € RN,

Proof. By Lemma 2.3 we have that u;(8,\) € R for all 3 € RY. Furthermore
any minimizing sequence (u,) is bounded. Thus there exists ug € X such that,
up to a subsequence, (u,) converges weakly to ug in X and strongly in LP((2).
Hence

Iap(ug) < lim Iap(un) = pa(B,A), w €S

and consequently Jy g(ug) = p1(B, \) for all 3 € RY. By the Lagrange multipli-
ers rule, p1 (B, \) is an eigenvalue for (2.3) and w is an associated eigenfunction.
Consequently (., A) is an eigensurface for (2.1) and ug is an associated eigen-
function.

Moreover for any eigensurface p(., \) associated to u € X \ {0},

Ty a(u) = (B, \) / P ulPd

Q
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and
u
M1 (ﬁ7 >\) S J)\,ﬁ 1
[Jo e?lulrdz]
D)
Jq €% lulpdx
= (B,
for all 3 € RY. We finally conclude that u(., \) is the smallest eigensurface of
(2.1). OJ

3. PRINCIPAL EIGENSURFACES

Our purpose is to find a reasonable assumption on V' and m so that there exists
at least one A € R such that p;(.,A) = 0. Indeed, it is straightforward proving
the following:

Lemma 3.1. u1(., A(V,.,m)) = 0 if and only if N\(V,.,m) is an eigensurface of
(2.2).
We will denote
L) = [LP(Q)\{0}] xR,
Lo(Q) = [LP(©2)\{0}] x {0}.

We apply some results proved by P. Drabek and M. Otani [9] and some ideas
used by M. Talbi and N. Tsouli [20].

Remark 3.2. .
(1) Yue X, Yo € LP(Q): v = —Au <= u = Av.
(2) Let N, be the Nemytskii operator defined by

p—2 1
Ny O i ) £0
0 if wu(x)=0.
We have
Yo e LP(Q), Yw € Lp/(Q) D Ny(v) =w = v =Ny (w)
with p = .
(3) If w is an eigenfunction of (2.3) associated to p then v = —Aw satisfies:

PN, (v) + A(VeP "N, (Av)) — AN (me? " N, (Av)) = pA (e’ N,(Av)).
We have, v = N (e ?*A[miNy(Av)]) where my = (u + Am — V)e??.
Hence

(a) (u,p) is a solution of (2.3) if and only if (v, i) is a solution of problem
Find (v,u) € L(Q2) such that
e?*N,(v) = A ([n + dm — V]e?* N, (Av))

with v = —Au.

(3.1)
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(b) (v, u1 (X)) € Lo(R2) is a solution of (3.1) if and only if (v, ) is a
solution of problem
{Find (v, A) € L(Q)  such that

6/3'pr(1]) = A ([)\m _ V]eﬁ'pr(Av)) ' (32)

(¢) p1(B, A) :=inf {F)\”g(v) NS LP(Q),/ P Av|Pdx = 1} where
Q

Frg(v) = / P ||Pdr + / Vel T AvPdx — )\/ me” | Av|Pdz.
Q Q Q
F) g is of class C! in LP(Q) and for all v € LP(Q),

(F;Vﬁ(v),w) = p/eﬁ'$|v|p_2vwd$ +p/Veﬁ'x|Av|p_2AvAwdx
0 Q

- p)\/meﬁ'”|Av|p2AvAwdx, Yw € LP(Q).
Q

Lemma 3.3. If (u, i) is a solution of (2.3), then u € CY*(Q) for all o € (0,1)

and Au € C().

Proof. Let (u, ) € X xR be a solution of problem (2.3), then (v, 1) is a solution of
problem (3.1) with v = —Au = e%]\fp/ (A[miN,(Av)]) € LP(Q2) and my = (pu +
xm — V)ef® € L=(Q). The authors M. Talbi and N. Tsouli have showed in [20]
that )\Tilpp%lle/ (A[mN,(Av)]) € C(Q). The proof for e%Np/(A[mle(Av)]) €
C(€) can be done in the same way. Hence we deduce that v € L*°(Q2) and from
the assertion in Lemma 1.1, we have u = Av € C1*(Q) for all a € (0, 1). O

Lemma 3.4. (vy, p1(8, ) € L(2) is a solution of problem (3.1), if and only if

G —0= in G
(V1) perin ) 28(v)

where
Grp(v) = F)\ﬁ(U)—Ml/e’B'x‘AU‘pdﬂf.
Q

Proof. An easy adaptation of the proof of Lemma 3.2 in [12]. O

Lemma 3.5. Assume that \(V, 3, m) is an eigenvalue of problem (3.2). If V —
AV, B,m)m >0 a.e. in Q, then A\(V, 5, m) is non principal.

Proof. Assume by contradiction that A(V, 5, m) is a principal eigenvalue of prob-
lem (3.2) associated to v > 0 in 2 such that V —A(V, 8,m)m > 0 a.e. in Q. Then
we have:

v>0 = Av>0,
— [NV, 8,m)m — V]eﬁ'er(Av) <0,
— A ([)\(V, B,m)m — V]eﬁ“Np(Av)) <0,
== G%Np/ (A [NV, B,m)m — V) e”* N, (Av)]) = v <0,

a contradiction. O
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Remark 3.6. We can only look for the principal eigenvalue of the problem (3.2)
in the set

{AeR: V-Ixm<0 in Q}. (3.3)
We may now assume the following conditions:
(Hy\):V—=Mm#£0 and (V—Im)" =0. (3.4)
Lemma 3.7. If (H)) holds and (vi, (8, N)) € Lo(2) is a solution of problem
(3.1) then (Jv1], u1(B, A)) is a solution of problem (3.1).

Proof. Assume that (H)) holds and (vq, u1(5, X)) € Lo(2) is a solution of problem
(3.1). Then Gy p(v1) = 0, pi(B,A) =0, V—Am < 0 and G, s(|vs|) > 0. For
every v € LP(€2) we have Alv| > |Av|. Then
Alvi] > [Av| = [AJvg|[P > [Avg]P
= Fyg(lvi]) < Fap(on)
= Gig(|u]) < Ghp(v1) =0.
Thus Gy 5(Jv1|) = 0 and (Jv1|, (5, A)) is solution of problem (3.1). O

Proposition 3.8. If (Hxw, m)) holds and p11(.,\) = 0 then A(V,.,m) is a prin-
cipal eigensurface of problem (1.1).

Proof. Assume that (Hxw, m)) holds and j;(.,A) = 0. Then A(V,.,m) is an
eigensurface of problem (1.1) associated with v € X \ {0}. We deduce that
(v, 1 (B, AV, B,m))) € Lo(£2) and (|v|,0) are solution of problem (3.2) with v =
—Au for 8 € RN, Therefore

v] >0 = Aly| >0,
= N,(A|v|) >0,
— AV, 8,m)m — V]’ N,(Alv]) >0,
— A ([)\(V,B, m)m — V]eﬁ'INp(AM)) > 0,
— Jo| =71 Ny (A [(Am = V)N, (Al])]) > 0.
Thus v < 0in Q or v > 0 in €. Take v > 0 in 2. The assertion in Lemma 3.3

implies that v € C(2). Consequently, u = Av > 0 in  from the Lemma 1.1. We
conclude that if (Hy, m)) holds and pq(.,A) = 0 then A(V,.,m) is a principal
eigensurface of problem (1.1). O

Lemma 3.9. Suppose that (Hxwgm)) holds. If v and w are positive eigenfunc-
tions of problem (3.1) associated to pi (5, \(V,5,m)) = 0, then functions max
and min defined in ) by

max(zr) := max{v(z),w(z)} and min(z) = min{v(z),w(x)}
are eigenfunctions of (3.1) associated to py (B, A\(V, 5, m)) = 0.
Proof. An easy adaptation of the proof of Lemma 3.4 in [12]. 0

Proposition 3.10. Assume that (Hw, m)) holds. If pi1 (., A) = 0, then A(V,.,m)
is a simple eigensurface of problem (1.1).
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Proof. Assume that (Hyw, ) holds and pi1(.,A) = 0. Then A(V,.,m) is a prin-
cipal eigensurface of problem (1.1). Let u; and uy be two positive eigenfunctions
of (1.1) associated to A(V,.,m). Then, (|v],0), (Jw|,0) € Lo(2) are solutions of
problem (3.1) with v = —Au; and w = —Auy for f € RY. We can take v, w > 0
and for xy € Q, set k = % and maxy(x) = max {v(x), kw(x)}, Vo € 2. Lemma
3.9 enables us to claim that maxy is an eigenfunction of problem (3.1) associated
to 0. It follows that v, w, max; € C(Q) and Av, Aw, Amax; € C*(Q). Hence
N,(v), Ny(w), Ny(max;) € CH*(Q) and N,(v) and N,(w) are positive in 2. Then
Np(v)

N, (w) € C1(Q). For any unit vector e we have

{Nuvxxo+t@——A@wx¢wfsﬁgunm%xxo+t@-—ﬁ@@nm%xxw
Ny(kw)(zo + te) — Ny(kw)(zo) < Np(maxy)(xo + te) — Ny(maxy)(xo).
Dividing these inequalities by ¢t > 0 and ¢ < 0 and letting ¢ tend to 0%, we get

VN, (v)(zg) = VN, (maxy)(xg) = VN, (kw)(xg) = k*'V N, (w)(x0).
Thus,

No(0) Y (., V(Np(0))(20) Np(w) (o) — Np(v)(0) V (Np(w)) (o)

v (7)o (N, ) o)
[Np(w)(@o) — k7PN, () (20)]V (Np(v)) (o)

(N, (w)(wo))?
= 0.
Hence,
No(0) v Np) ()N
Ny(w) ) = = () ) @w) L vt

Consequently v_ kin Qie. v = Fkw. We deduce that u; = kuy, and the result
w
follows. O

Proposition 3.11. Suppose that m # 0 and 3 € RY.

/ A
(1) m(B,.) : R — R is concave and differentiable with p, (8, \) = % =

—Mga(po) where ¢y € S is some eigenfunction of (2.3) associated to
p1(B,A) for all A € R,
(2) If m*™ £ 0, then /\lirf pu1(B,A) = —o0.
—+400
(3) If m= #£0, then /\lim w1 (B, A) = —o0.
——00

(4) If m > 0 in Q (resp. m < 0 in Q), then pui(f5,.) is strictly decreasing
(resp. strictly increasing).

(5) sup 1 (B, A) = a(V, B,m) where

a(V,B,m) =inf{Evg(u): weS; Ms(u)=0} (3.5)

Proof. (1) The concavity of u1(3,.) follows from the concavity of the mapping
A= Jyg(u), for a fixed w € X. In particular (5, .) is continuous. Now
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let A\, — X and ¢, ¢\ be the Ig—normalized (i.e. Iz(p,) = Ig(py) =
1) eigenfunctions related to ui(5, An), p1(5,A) respectively. We apply
Lemma 2.3 with w = 1 to get

lenll” < caBv_x,mp(en) +c2=crpa (B, M) + co.

So we conclude that ¢, is a bounded sequence in X. Hence there exists
¢o such that, up to a subsequence, p, — ¢ in X, strongly in LP(Q).
Then I3(¢p) = 1 and from

H1 (ﬁv )\) = nh—r>noo ‘]/\ﬁ(wn) > J)\WB(QPO) > 251 (67 )\)7

we infer that g is an eigenfunction associated to pq (5, \). Furthermore

p1(B, ) < Ev_x,mz(¢o)
118 A) < Evoxm,s(#n).

Hence

s < M) = (8

< —Mpg(po), if An>A

Ao — A
~Mslpo) < Ml(ﬁ?A;SL:T(&A) < —Mg(pn), if An <A

Passing to the limit we get u;(8,\) = —Mz(¢o).
(2) Since m*™ # 0, there exists a function v € X such that Mg(v) > 0 and
I3(v) = 1. Then, for all A >0

pi(B,A) < Jag(v) — —o00 as A — +o0.

(3) A similar proof holds if m~ # 0.
(4) If m > 0 in Q the result is clear from the fact that Mz(¢y) > 0 for any
A € R. Indeed, if \; < Ay then

(B, A1) = Evglpa) — MMpa(on,)
> Evpglpa,) — AaMpa(pn,)
> Nl(ﬁa)\z)-

If m <0 in €, similar argument to the previous case.
(5) Let us prove that

Sup#l(ﬁa )‘) = Oé(‘/, /Bam)

AER
Notice that trivially sup p1(6,\) < a(V, 5, m) for all A € R. We distin-
AER

guish the following three complementary cases:
(a) m > 0.
In this case we know that p;(f3,.) is strictly decreasing so that

suppui(B,A) = lim (B, N).
AER A—r—00
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Let \, — —oo when n — 400 and let ¢, be the associated
Is—normalized eigenfunction. We have

Nl(ﬁa >\n> = EVﬁ((pn) - AnMB(SOn)
> Eyg(en), YA <0

and from Lemma 2.3 with w = 1:

lonll? < c1Evg(pn) + co.

Thus the sequence (¢,) is bounded in X. Then there exists ¢y € X
such that, up to a subsequence, ¢, — po € X and ¢, — g €
LP(Q2). Thus

Evs(po) < lim meVB(gon)g lim (5, An),

) n—-4oo ——+0o0
Is(po) = ngfgmfﬁ(wn)=17
lim  Mg(pn) = Mps(eo) 2 0.

n—-4o0o

If M3(po) =0, then:
« S EV7,3((100) S ngrlloo ,ul(ﬁa )\n) S Oé(‘/, ﬁam)

and
Sup#l(ﬁa )‘) = a(M ﬁa m)
AER

If Mg(po) > 0, then:

Jm o (B,A.) = Hm Bys(on) — AaMs(on)
> Evglpo) = lim A, Ms(on)
= +OO

for nirgoo Ap = —00 and ngnglroo Mps(pn) = Ma(po) > 0. Thus
SUPMl(ﬁa >\) = Oé(‘/, 57 TTI,)
AER
(b) m <0.

We argue similarly.
(c)m™#0 and m~ Z0.
In this case it follows from hereinbefore that pq(f3,.) is bounded
from above. Then supu;(f, ) is achieved at some Ay that satis-
AeR

fies 11y (B, o) = —Mg(po) for some ¢y eigenfunction associated to
0 = p1(B, Ao). We conclude that

oV, B,m) < Byvg(eo) = (B, o) = S;glﬂgm(ﬁ’ A)
and

Supﬂl(ﬁ7 >‘) = Oé(‘/a 57 m)
AER
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The main result of this section reads as follows:

Theorem 3.12. Suppose that m # 0.
(1) (a) If m > 0 in Q, then there exists an eigensurface of problem (1.1) if
and only if
a(V,.,m) > 0. In this case the eigensurface A\;(V,.,m) is unique and
it 1s characterized by:

MV, B,m) = min Ey s(u) (3.6)

uEMﬂ
for B € RN where
My = {ue X : Ms(u) =1}.

Moreover if (Hy, (v, .m)) holds, then A\i(V,.,m) is a principal eigensur-
face and simple.

(b) If m < 0 in Q, then there exists an eigensurface of problem (1.1) if
and only if a(V,.,m) > 0. In this case the eigensurface \_1(V,.,m)
15 unique and it is characterized by:

A1 (V;8,m) = — min Eygs(u) (3.7)

uEMﬁ
for B € RN where
Mg = {ue X :Mp(u) = -1}

Moreover if (Hx_, (v, m)) holds, then A\_i(V,.,m) is a principal eigen-
surface and simple.
(2) If m™ £ 0 and m~ # 0, then there exists an eigensurface of problem (1.1)
if and only if a(V,.,m) > 0. More precisely:
(a) if a(V,.,m) > 0, then problem (1.1) admits ezactly two eigensurfaces
A1 (V,.,m) and M\ (V,.,m) with A_1(V,.,m) < A\ (V,.,m).
Moreover if (Hy,, (v, .m)) hold, then Ax1(V,.,m) are principal eigen-
surfaces and simple.
(b) if a(V,.,m) = 0, then problem (1.1) has an unique eigensurface
Mo(V,.,m) given by
M(V,8,m) = inf Eyg(u)=— inf Eyg(u) (3.8)
ue M} ueMy
for B € RN, These infima are not achieved.
Moreover any function u # 0 in X satisfying Evg(u) = Mg(u) =0
is an eigenfunction associated to Xo(V,.,m) and if (Hxv,m)) holds,
then \o(V,.,m) is a principal eigensurface and simple.

Proof. (1) (a) Assume that m > 0in Q. Then from Proposition 3.11, u1(8, .)
is strictly decreasing and o(V, 8, m) = sup u1(3, \) for 8 € RY. Like-
AER

wise, from Lemma 3.1, p1(., A(V,.,m)) = 0 if and only if A(V,.,m)
is eigensurface of problem (1.1). It is clear that a(V,3,m) > 0 is a
necessary and sufficient condition for the curve p;(f,.) to vanish at
some unique value A;(V, 8, m).
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From Proposition 3.11, we know that for 5 € RN: 1 (8, A\ (V, B,m)) =
—Mp(gpo) and

(B, MV, 8,m)) = Evg(onwem) — MMs(oxv,sm)
= Evslpo) — MMs(po)
with P (V,8,m)s $0 € S. Then EV,B(SOD) = )\1(‘/, 5,m)M5(g00) and
Mpg(po) > 0.
If Mg(po) = 0, then a(V, B,m) = Ev_x,(v,mym,3(¥0) = 0, a contra-
diction. Thus, Ms(pg) > 0 and consequently (3.6) holds.
Moreover if (Hy, (v, m)) holds, from Proposition 3.10, A(V,.,m) is a
principal eigensurface and simple.
(b) If m <0 in €, similar to the previous case.

(2) Assume that m*™ # 0 and m~ # 0. By Proposition 3.11, u(f,.) is a
concave differentiable function going to —oo when A\ — 400 for 5 € RV,
Likewise, from Lemma 3.1, pi(., A(V,.,m)) = 0 if and only if A(V,.,m)
is eigensurface of problem (1.1). It is clear that a(V,8,m) > 0 is a
necessary and sufficient condition for the curve p;(/3,.) to vanish at some
value A\(V, B, m).

(a) If a(V,3,m) > 0, then there exists A_1(V,5,m) < A (V, 3, m) such
that

Ml(ﬁaA—l(‘/;ﬁvm)) = Ml(ﬁ7)‘1(v7ﬁvm)) =0
and

(B, M (V, B,m)) <0 < iy (B, Aa(V, B,m)).
Thus there exist ©x_,(v,8,m), ¥ (v,8,m) € S such that:

:ul(ﬁa )\—1(‘/7 /Bv m)) = EVﬁ(SO)\_l(V,ﬂ,m)) - )\—1(‘/7 67 m>M5(SO)\_1(V,ﬁ,m))
(B, A-1(V, B,m)) = —Ms(or_y(vm)

and

p1(B, MV, B,m)) = Evg(@x, vgm) — MMg(ox,(v,8,m))
Hq (B? /\1(V7 57 m)) = _Mﬁ(gp)\l(vﬁ,m))'

Mp(ox, (v,gm)) >0

Consequently,
e {Mﬂ(%_l(v,ﬁ,m)) <0

Take now
PA(V,B,m)

[eMp(pr.v..m)]
with € = F1. It is easy to see that

Pa(V,8;m) =

Y

RSA

Ms(@r.vpm) = ¢,
eX(V,B,m) = Evg(@r(v,sm)

and
6)\50/, 6, m) < Evﬁ(u),Vu S M%
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Therefore e\ (V, 8, m) = Iél/{/lllg Evs(u). Thus (3.6) and (3.7) hold.
weMp

Moreover if (H)_ (v, m)) hold, from Proposition 3.10, A+1(V,.,m) are

principal eigensurfaces and simple.

(b) If a(V,.,m) = 0, then ui(., \o(V,.,m)) = i (., o(V,.,m)) = 0 at
some A\o(V,.,m) an eigensurface of problem (1.1). Hence, Ey s(p) =
Mg(po) = 0, for € RY and for some ¢, € S an eigenfunction
of problem (3.2) associated to py (5, A\o(V,3,m)). We know that,
if w € S, then p1(8, Ao(V, 5,m)) < Jxv,m),3(u). Thus we have:
Mo (V, B,m)Mgs(u) < Eyg(u), Vue S. Ifu e ME, then A\o(V, 5,m) <
Evyg(u), Yu € M}. Consequently:

M(V,B,m) < inf Eyg(u).
uEMZ;

¥
+ z=
Consider the sequence u,, € MZZ given by w, = LA for

[Ms(po + £)]7
some fixed 0 < ¢ € Cg°(Q2) and B € RN such that

Ms(¢) >0 and /meﬁ'ﬂgoo\p_zgoowda: > 0.
0

One can easily prove that
/ me’ gy + %|pd:p >0
Q n

for n large enough. Moreover, for such n we can find 0 < ¢, s, < 1
such that

Bra(vo+2) = 2 [ 1+ 800 (Ao + 1,80) Avde
Q

+ 2 [ Vet + 4,0 (g0 + tov) v
Q

and

M («w%) = 2 [ mePlon + 5,02 (00 + 5,0) v
Q

Hence Eyg(u,) — Ao(V, 5,m). Since Mz(pp) = 0 it is clear that
inf Eyg(u) is not achieved.

ue./\/ll}L

By repeating the above argument for u € Mj and ¢ < 0 such that

Mps(¢) <0 and / me? | polP 2 porpd < 0.
Q

One can easily prove that

E\/’g(un> — /\Q(V,ﬁ,m) = — inf EV,B(U)-

uEM,g



68 J. T. DOUMATE, L. R. TOYOU, L. A. LEADI

Finally for any I/3—normalized function u satisfying Ey g(u) = Ma(u) =
0, one has

0 = max (B, A) = Byg(u) = By xmp(u) > (B, Ao(V; 8,m)) = 0.

So u achieves py(3, \o(V,3,m)) for 3 € RY. Consequently u is
eigenfunction of problem (1.1) associated by Ao(V,.,m). Moreover
if (Hxo(v,.m)) holds, from Proposition 3.10, A\o(V,.,m) is a principal
eigensurface and simple.

O

4. THE NEHARI MANIFOLD AND THE FIBERING MAPS FOR CONCAVE-CONVEX
PROBLEM

First and foremost, we establish as in Lemma 2.1 that:
Lemma 4.1. The problem (1.2) is equivalent to the problem

Find (u,\) € X\ {0} x R such that
A2Pu+V(2)e " |ulP~?u = Na(x)e ™ |u]""?u + Ab(x)e’ *|u|u,in Q  (4.1)
u=Au=0 on Of.

The couple (u,A) € X x R is a (weak) solution to problem (4.1) if

/eﬁ'x|Au|p_2AuAgodx + /
Q

Vel T uP2updr = )\/ ae” " |u|" " *upds
Q Q

+ /be’g'x\u|q2u<pda:, Vo € X.
Q

The search of solutions for problem (1.2) can be stated in an abstract form as
the search of critical points of an energy functional I, g defined by

I)\ﬂZX—)R
— LBy = 2A5(0) — S Bs(u)
u - u) — —Ag(u) — —Bg(u
pVﬁ 7”6 qﬁ

where

Ag(u) = /Qaeﬁ'z|u|rd:p,

Bs(u) = /Qbeﬁ'”’”]u\qu.

I 5 may be unbounded from below on the set {u € X : Bg(u) > 0} then it is
useful to consider the functional I g restricted to the so called Nehari set

Ns = {ue X\{0}: (L g(w),u) =0}
= {ue X\ {0} : Bys(u) = Ag(u) + Bs(u)}
where (.,.) is the usual duality map defined on X' x X.
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Clearly N, s is a much smaller set than X and, as we shall show, I 5 is much
better behaved on N, 5. In particular, on N, 5 we have that

hat) = A(5=2) A+ (5 - 2) Bt

p r p q

- (- Dmtws (- mw
(et Yo

Let us introduce the fibering maps associated to I, 3. For u € X \ {0}, we define
the function

®,:(0,00) — R

tP YA te
t —> I)\ﬂ(tu) = EEV’B(U) — AB(U) — —Bg(u)

r q

We have (with ¢ > 0):
(t) = " 'Eyg(u) — A" Ag(u) — 17" Bg(u),
(t) = (p— D" 2BEyg(u) — (r — DA > Ag(u) — (¢ — 1)t *Bg(u).

It is easy to see that:

¢,
v,

u € ./\/’)\75 — (D;L(l) =0

t € (0,00),tu € N)\,g < (I);L(t) 0

we N\ {0} = 0,(1) = (p—q)Bvs(u) — A(r — q)As(u),
=  (p—r)Bvs(u) + (¢ —7)Bs(u),
= (p—q)Bs(u) = A(r — p)As(u).

Thus it is natural to subdivide N, g into sets corresponding to local minima, local
maxima and inflexion points of ®, and so we define

N;’—B = {UGN)\ﬁiCI):(l) >O},
):5 = {U € ./\/’)\”3 : (I);(l) < 0},
;\)76 = {u € ./\/)\”3 : (I);(l) = O}

As the behavior of the maps ®, is strongly related to the sign of Ag(u), Bs(u)
and Ey(u), we introduce the notation

Ag = {ue X :Ag(u) >0}, Ay ={ue X:As(u) <0},
B; = {ue X : Bs(u) > 0}, B[;:{UEX:A/;(U) < 0},
5; = {ue X :Byg(u) >0}, & ={ueX: Eys(u) <0},
Aog = {ue X :Asu) =0}, Byg={ueX: Bsg(u) =0},
Cop = {ueX:Byg(u)=0}, Ajz=A;UAyp Ajz=AfUAyg;
By, = By UBug, Biz=BiUBys, &s=E5Ulps, &Eisz=EFU&gs
Let us write @, (t) = t"'[h,(t) — Mg (u)] where h,(t) = P~ Ey5(u) — t7" Bg(u).
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hu hu

()
hu
(b) T /
t
t

FIGURE 1. Possible forms of h,,

Clearly, for t > 0, tu € N, g if and only if ¢ is a solution of the equation
hy(t) — AAg(u) = 0. (4.2)

For t > 0, if tu € Ny then @, (1) = ¢"*'h, (¢). In particular, tu € N}~ (resp.
N ) if and only if h,,(t) > 0 (vesp. h,(t) <0).
In order to study the solvability of (4.2) let us describe the variation of function
t — hy(t) for any u ¢ & g N By g. Four possible pictures of the graph of h, can
be drawn:
Case (1): u € By N &y in Fig. 1(a);
Case (2): u € By 3N &y, in Fig. 1(b);
Case (3): u € By 3N &y, in Fig. 1(c);
Case (4): u € By N&y in Fig. 1(d).
Now we describe the behavior of ®,, according to the sign of Az(u), Bs(u) and
EV,B (u) Assume that u ¢ (‘:075 U Boﬁ.
Case (5): u € Ay NES NBJ.

In this case the equation (4.2) has two solutions if and only if

v (B R
Take:
on = (£22) (2=)"
[Bv,s(u)]

O12 = inf P
ueAGNETNBT Ag(u) [Bp(u)]r

S
)\1 = 011012.
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Thus, if A\{ > 0 then, VA € (0;\]) there exists 0 < ¢;(u) < ty(u) such that
@ (t1(u)) = @, (ty(u)) = 0. Consequently, ¢(u) is a local minimum point and
ta(u) is a local maximum point. Therefore t(u)u € N5 and ty(u)u € Ny 4 [see
Fig. 2(5)].

Case (6): u € A NE; ;NBy,.
In this case (4.2) has no solution. Thus no multiple of u lies in N, 5 [see Fig.
2(6)].

Case (7): ue Ay NE; NBy orue Af NE ;N By,
In this case (4.2) has exactly one solution to(u) > 0. Moreover h, (to(u)) > 0.
Then to(u)u € Ny 5. Consequently, ®, has exactly one critical point to(u) which
is a global minimum point [see Fig. 2(7)].
Case (8): uec Ay NE zNByzoruec Ay NEFNBS ie. uec Ay NBj,

In this case (4.2) has exactly one solution t(u) > 0. Moreover h, (to(u)) < 0.
Then to(u)u € Ny 4. Consequently, ®, has exactly one critical point to(u) which
is a global maximum point [see Fig. 2(8)].

Case (9): u € Ay NE 5N By 4.
In this case (4.2) has no solution. Thus no multiple of w lies in N, g [see Fig.
2(9)]-

Case (10): u e Ay NEF N By.
In this case (4.2) has two solutions if and only if

A < - (q_p> (p—) = Evs(w] =
(=) \a=1) By
Take:
_ (q—p) (p—r)g—:
091 — — )
q—r q—rT
_E v
- f [—Evs(u)] -
OB Ag(u) [~ By(u)]
)\1_ = 091092.

Thus, if A; > 0 then, YA € (0;A\]) there exists 0 < t;(u) < ta(u) such that
@ (t1(u)) = @, (ta(u)) = 0. Consequently, ¢;(u) is a local maximum point and
ta(u) is a local minimum point. Therefore t1(u)u € Ny 5 and ty(u)u € Ny, [see
Fig. 2(10)].

It is also clear that, in each of the above cases, N 5 = @ if A € (0, min{\{, A] }).

Proposition 4.2. If u is a minimizer for I, g in any subsets of Ny g:
+ +ABFAET - AT + AR AL
g NAFNBINES 3 NignAFNB; NES;
- —ARtAEE . At — AR AL
NogNA;NBENES 5 NignNA; NB; NES,

then w is a critical point of Iy 5, and (u,\) can be assumed to be a solution of

(4.1).
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/

FIGURE 2. Possible forms of ®,,

Proof. Let ug be a minimizer for I 3 in any of above subsets of
Nyg={u e X\ {0} : Ky p(u) = Ev,p(u) = AMs(u) = Bg(u) = 0} .

Thus, by the Lagrange multipliers rule, there exists § € R such that [:\75(110) =
5K/Aﬁ(uo). So, one has: <I;\7B(u0),u0> = (5K;\75(u0),u0> and 0 = 0 or 5Kj\”3(u0) =
0.

Additionally, we have:

(K\s(uo), o) = / 7| Aug|P~* AugApdz + p / Vel uo P 2ugpds
Q Q

- rA/ ae’®ug|" Pugpdr — q/ be?® [up| T 2ugpda
Q Q
for all ¢ € X. Since ug ¢ N, then we have
(K3 p(uo),uo) = pEvs(uo) — rAAs(uo) — aBp(uo) = ¢y, (1) # 0.
Consequently, one has 6 = 0, (I:\ﬁ(uo), ) =0 for all ¢ € X and we can assume

that ug is a critical point of I, g and (u, A) is a solution of (4.1). O

5. THE EXISTENCE OF MINIMIZERS

Let us denote by ¢y s an eigenfunction of problem (1.1) (with m = 1), associ-
ated to A\ (V,5) = A1(V, B8,1) and introduce the following constants

a(V,p5,b) = min{Evs(u); Is(u) = 1, Bs(u) = 0};
ap(V,5,0) = min{Eyg(u); [s(u) = 1, Bg(u) = 0, Ag(u) = 0};
o (V,5,b) = min{Bys(u); I5(u) = 1, Ba(u) = 0, As(u) < 0};

a(V,B,a) = min{Evs(u); Is(u) =1, Ag(u) = 0};
a_(V.p,a) = min{Eyg(u); Ig(u) =1, Ag(u) =0, Bg(u) < 0};
ar(V,B,a) = min{Eys(u); Is(u) =1, Ag(u) =0, Bg(u) > 0}
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and
oV, f,a) = inf{Eyg(u); Ag(u) = 1};
(Vﬁ b) = inf{Evg(u); Bs(u) = 1};
cr(V.B,a,b) = inf{Eys(u); As(u) =1, Bg(u) > 0};
c-(V,B,a,b) = inf{Evg(u); Ag(u) =1, Bs(u) < 0};
di(V,B,a,b) = inf{Eyg(u); Bs(u) =1, Ag(u) > 0};
d_(V.B,a,b) = inf{Eys(u); Bs(u) = 1, As(u) < 0}
thereafter
Lo (por\la=platp—1) D e
of = r(B20) T SRS 4 (v ] e (V. 0
TR e A el S G N U)) G .
<q B T> (q - r) Ap(pv,s) [=Bs(pvp)]
o= _T(p—r)‘q"?(q Pa+tp=r  [FuVip)
i a-r Pa=7)  Ag(pvs)-Balov)li
It is easy to see that:
)\1(‘/7 5) CK(‘/, B?b) S Oéi(‘/a 67 b)a

<
Al(‘/vﬁ) < Oé(Mﬁ,G)S(Xi(‘/,ﬂ,a)-
Moreover if (H),(v,3)) holds, then

)\1(‘/7 6) - O‘(V7ﬁ7b> — BQ(QOV,B) =0,
MV, B) =a(V.B,a) <= Ag(pvs) =0
Lemma 5.1.
(1) If «(V,B,a) > 0 [resp. a(V,5,b) > 0] then ¢(V,5,a) [resp. d(V,B,b)] is
well defined.
(2) If M(V,B) >0, then ¢(V,B,a) > 0 and d(V, 3,b) > 0
(3) If M(V,B8) = 0, (Hx(v,p) hold and pvg € Ay [resp. v € By] then
o(V,,a) > 0 resp. d(V,B,b) > 0].
(4) If c.(V,3,a,b) > 0 and dy(V, B,a,b) > 0 then 0 < n < AT.
(5) If ovp € Ag NBy NES then 0 <y < A

Proof. (1) Assume that a(V, 8,a) >0
It is easy to see that Ey g is bounded from below on the set:

AN{1Y) = {u € X = Aglu) = 1.

Let u, be a minimizing sequence for Ey g on A_l({l}) If u, is un-
bounded we set v,, = Hu [» We may assume that v, — vy and Ey g(vg) <
lim inf By g(v,), 15(v,) — I5(vo), Ag(v,) — Ag(vg) and Bg(v,) —

n——+oo

Bgs(vg). Since Ev,z(u,) is bounded, we get Ey g(vg) < 0 and Ag(vy) = 0.
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Moreover, there exist two positive constants ¢; = mine®?® and ¢y =
€S

|e%%||o such that

ciflvnlly < Ig(vn) < caffvnllp.
Then

cillvollf < Ts(vo) < caflvoll}-

Consequently I(vg) # 0 and we get a contradiction from «a(V, 3,a) < 0.
Thus wu,, must be bounded and we assume that u,, — ug and

Evg(u) < inf Eyg(u),
u€Az (1)

Ag(ug) = lim Apg(u,) =1,

n—+0o
ie. Evg(up) = min Eyg(u) = ¢(V,B,a). The proof for d(V,,b) is
ueAgz (1)
totally similar.
(2) Assume that A(V, ) > 0. Then a(V, 5,a) > 0 and there exists ug € Agl
such that Eyg(ug) = ¢(V,5,a). Thus Iz(ug) > 0 and we set w =

il —. We get Ig(w) =1 and A\(V, B) < Eyg(w) = EL(UO). Conse-

[£s(uo)]” I5(uo)
quently ¢(V, 8,a) > M\ (V, B)I5(ugp) > 0.
Similar statements hold for d(V, 3,b) > 0.
(3) Assume that (Hy,(v,5)), M(V,8) = 0hold and py,5 € Aj. Then A\ (V, 8) =
0 < a(V, B, a) and there exists uy € Agl such that ¢(V, 8,a) > M\ (V, B)15(ug) >
0. If ¢(V, 8,a) = 0 then there exists ¢ € R such that uy = cpyz. Thus

0 < Ag(up) = |c|"Ag(pv,s) <0,

so we reach a contradiction. Consequently ¢(V, 3,a) > 0.
The proof for d(V, 8,b) > 0 if (Hy,(v,3)), Ai(V,5) = 0 hold and ¢y €
By, is totally similar.
(4) Assume that ¢, (V,S,a,b) > 0 and d(V, 5,a,b) > 0.
U

Ifue AZNB; NES weset v=—7 andw:Ll,then
[Ag(u)] [Bs(u)]s

P
P

e (V.Bab) < Evﬁ(v):EL(”),; . Bus(u) > ey (V. 8,a, b)[Ag(u)]

and

P
q.

L(V.B,08) < Buaw) =22 e Bys(w) 2 do(V; 5,a,b)[Bs(w)

[Bs(u)]
Thus [Ev,s(u)]> = Ag(u)[es (V. 8,a,0)]7 and [Bys(u)]7 = By(u)ld(V, 8,a,b)]7.
Consequently
[Bvpw)r  ([Bysw)]? = [Evs(u)]? N1 a.b)]r
Ag(u)[Ba(u)]or _< Bg(u) ) Ap(u) 2 [d+ (V. 5,0, )77 e, (V. 5,0, B)] > 0
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and
E g:; q(p—r r
o= inf T ) e (Vb))
weAfNBINEY AB(U) [Bﬁ(u)]qu
Since

N e e =

then we conclude that 0 < " < A\f.
(5) If pvp € Ay NB; NE,, then

I3

VAL

_ <.
Ag(pvs)[=Bs(pvp)] e

Moreover

e e ==

Consequently 0 < 75 < Aj.

O
Proposition 5.2. .
(1) If ar(V,B8,b) >0 [resp. a_(V,3,b) > 0] then /\JTBHA; [resp. N/\JfﬂﬂAg/

s bounded.

(2) Ing is positive on Ny 53N Ag 5.

(3) If ay(V,B,b) > 0 then Iy in bounded below on Ny 430 Af 4.

(4) If a (V,3,b) > 0, [resp. a_(V,3,b) > 0] then every minimizing sequence
of Inp on any subset of Ny 5N Ag:ﬁ [resp. Ny 5 N Ag ] is bounded.

(5) If a—(V,5,b) > 0 and oy (V, B,a) > 0 then

inf I,\”g(u) > 0.
ueNy zNAg 5mB§

(6) If a_(V,5,b) >0 and a_(V, 5,a) > 0 then

inf ])wg(u) >0
u€N, sNAG ;NBg

for X € (0,\]).

Proof. (1) Assume that a(V,3,b) > 0.

If u, € ;-,BHA,—B”_ and ||un|| — o0 we set Un:ﬂ

b un

assume that v, — vy, Evg(vg) < lim inf Eyg(v,), Rs(v,) — Rs(vo),
n—oo

Ag(v,) = Apg(vo) and Bg(v,) — Bg(vg).
Since u,, € /\/';fﬁ, then:

Evp(un) — AMp(un) — Bg(un) =0
(P — @) Evs(un) — A(r — q)Ap(un)

and we may

S0 (5.1)
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Thus
Ey,s(vn) 2\ Ap(vn) = Bs(vy)
|97 [l
(5.2)
Evg(v,) < A <ﬂ> Ag(vn)
A T o

- A
Consequently Ey g(vp) < lim A (q T) 5(vn) _

nvoo \qg=p) [lunl/P~
Additionally, X < LP(Q) and there exists s > 0 such that [jv,[, <
s||vn||. Then

[Evg(on)] < lonll” + [Vlsollvally <1+ 8"Vl
and the sequence Ey 3(v,,) is bounded. We get by (5.2)
Bs(vg) = lim Bg(v,) = 0.
n—oo

Ap(uy
From Ag(v,) = H6<u| ) and wu,, € A; we get vy € Aarﬁ.
un T )
If Rg(vg) = 0 then Eyg(vg) = lim inf By g(v,) = 0, so that v, — .
n—oo

But this is impossible since ||v,|| = 1. Thus Rg(v) # 0 and a(V, 5,0) <
0, so we reach a contradiction. Consequently j 5N AE is bounded if
ay(V,5,b) > 0. The proof for N/\Jfﬁ N Aj bounded if a(V,3,0) > 0 is
totally similar.
Assume that u € Ny ;N Ag ;. Then

Ap(u) <0
(p = a)Ev,s(u) = AMr — ¢)Ag(u) <0
Ihs(u) = (% — o) Bvps(u) = A (1 — -> Ap(u)
Thus
Batw) > A=) () ag) = M= 00 2 0

Assume that a (V, 8,b) > 0 and I, 3(u,) — —oo with u,, € /\f,\_ﬂ N A(J)F,B'
If w, is bounded, then one has u,, — up and I g(ug) < lm I, g(u,,).
n—oo

Un,
This is impossible. We deduce that u,, is unbounded. We set v,, = m
Un,

and we may assume that v, — vg, Ey(vo) < lim inf Ey g(v,), Rg(v,) —
n—oo

Rs(vo), As(vn) — Ag(wg) and Bg(v,) — Bg(vo). One has vy € Af .
From lim I, g(u,) = —oo, for n large, we get I, g(u,) < 0. Therefore we
n—oo

(-2t 2 (-3

Aol — )] As(vn)
{Nq—m}HwMPTSQ

obtain

and

Eyp(vg) < lim inf Eyg(v,) < lim

n—o0 n—o0
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Additionally

o [ Bvslon) | Aglvn) |
Botvo) = Jg Bolen) = 0 | o ™ Mual—r| = ©

Thereby, we get: Ey,g(vg) < 0, Bg(vg) = 0, v € Ay and Rg(vg) # 0.
Thus we conclude that a,(V,3,b) < 0 and we reach a contradiction.
Consequently I, g is bounded below on ./\/;ﬂ N A0+,,8 if a (V, 3,b) > 0.
(4) Assume that oy (V,8,b) > 0 [resp. a_(V,B,b) > 0] and W3 a subset of
NN A[—)":,B [resp. Ny 3 N Ay ).
Let u,, € W3 be such that 7}1320 I s(uy,) = ulgfv I g(u).

and we can assume

If u,, is unbounded, since above we set v, = Tl
Un,

that v, — vo, Ev,s(vo) <0, Bs(vg) = 0, vo € Aj 5 [resp. vy € Ay 4] and
Rs(vg) # 0. Consequently, o (V, 3,b) < 0 [resp. a_(V,3,b) < 0], so this
is impossible. We deduce the result.
(5) Assume that a_(V,5,b) > 0 and a4 (V, ,a) > 0.
Let u, € Ny 5N Ajz N BE be a minimizing sequence of I g. Then

inf I,\ﬁ(u) Z 0
weNy sNAg sNBY

because I s(u,) > 0, for all u,, € Ny 3N Ag N BE. Assume by contradic-
tion that

inf L\ﬁ(U) =0.
ueNy sNAg sNBY

Since a_(V, 8,b) > 0, then u, is bounded and there exists uy € X such
that u,, — ug. One has Bg(ug) > 0.

Case (1): ug #0
Since u, € N, 3 N A 4, then we have

Ls(uwn) > Mg — ) (52) Aslum)
Aﬁ(“ﬂ) <0

and Ag(ug) = 0 because hI_P I s(uy,) = 0. Thereby we have Ag(ug) = 0,
n—-+0o0

Bs(ug) > 0 and oy (V, B,a) > 0. We deduce that Ey z(ug) > 0.
Moreover, we have:

0 = lim Lg(u,) = lim Kl - é) Byg(un) — A (1 - 1) Aﬂ(un)] ;

n—-+oo n——+oo Y% r q
1 1
= i -——\|FE .
We deduce that lim Eyg(u,) =0 and Ey g(up) < 0. This is impossible.

n—-+o0o

Case (2): up =0
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Then u,, — ug. We set v,, = ﬂ
Uy,
such that v, — vy and thereafter Bg(vg) = 0, Ag(vg) = 0, Eys(vg) <0

and Rz(vg) # 0.
Consequently oy (V, 3,a) < 0. This is impossible. We conclude that

inf I,\,ﬁ(u) > 0.
ueNA‘,ﬁmAaﬁmBg

(6) If a_(V,B,b) > 0 and a_(V, B,a) > 0, the proof for

inf ]Aﬁ(u) >0
uG/\/—;BﬂAaBOBB_

and assume that there exists vg € X

is totally similar to the previous one, so we omit it.

O

Proposition 5.3. Assume o, (V,[3,b) > 0.
(1) If c—(V,B,a,b) > O then, for any A > 0, I,z achieves its infimum on
Ny 5N AB NBy N 55 and this one is negative.
(2) If c+(VB,a b) > 0 and dy(V,B,a,b) > 0 then, for X € (0,\]), Iz
achieves its infimum on N 5N Aﬂ N BSF,B N SE and this one is negative.

Proof. Assume that o (V,5,0) >0
(1) Assume that c_(V,3,a,b) > 0 and X €]0, c0].

Ifue .A;r NBy 4 ﬂc‘fg we know that ®, has a negative minimum at some
to > 0 so that tou € Ny, N Ay N By, NES and @y (to) = I s(tou) < 0.
Thus

inf ])\,g(u) < 0.
weNy NAF B ;nES

Let u, € Ny, NASNB zNEF C N3N AL be a minimizing sequence
of I) s. Then Uy, 18 bounded and there ex1sts ug € X such that u, — ug.
Since u, € Ny ; then

i) = (5= 2) Buatun) =2 (5 = 2) Aot

p q roq
We deduce that
1 1
MM ———) Ap(ug) > — inf Inpg(u) >0
(T‘ C]) sluo) 2 ueN; ;NAFNBy e+ ()
and Ag(ug) > 0. We have Bg(ug) < 0 and thereafter Ey g(ug) > 0 because
Ag(ug) >0, up # 0, ar(V,5,0) > 0 and c¢_(V, B,a,b) > 0.
Thus: [Ag(ug) > 0, Bs(ug) = 0 and Eyg(ug) > 0] or [Ag(ug) > 0,
Bs(ug) < 0 and Eyg(ug) > 0]. In both cases, there exists a global min-
imum point to(ug) > 0 for @, i.e. to(uo)ug € N5 Then we have

(I)uO<t0(uO)) S q)uO(l) i.e. I)\”g(to(U())U()) S [)\”3(’&0).
Assume by contradiction that u, 4 ug. Then we get

I a(to(ug)ug) < Iy 5(u < lim ©)g(u,) = inf I s(u
s (to(uo)uo) < Iy guo) Hm A8 (Un) VTSR, N (W)
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and we reach a contradiction. Consequently wu,, — ug, uy € N, ;“ 5N A}; N
By s N 5; and
I g(ug) = inf Iy g(u).
Ao () uENY sNASNBy JNES A1)
(2) Assume that c(V,,a b) >0, d.(V,B,a,b) >0 and X € (0, \]).
If u e .A+ N BJFﬂ N 8 , we know that ®, has a negative minimum at

some t > 0 so that tu € NASNBysNES. Thus Iy g(tu) = ®,(t) <0
and
inf [)\75(u) < 0.

weNY NATNB] ;nES

Let u, € Ny ;N AT NBj,NES C NyzNAj be a minimizing sequence
of Iy 3. Then u, is bounded and there ex1sts ug € X such that u, — wuy.
As above, we have Ag(ug) > 0, Bg(ug) > 0 and Eyg(ug) > 0 because
Oz+(V,B,b) > 0 and ¢, (V,f,a, b) > 0. We deduce that, there exists a
global minimum point ¢; (ug) > 0 for ®,,, if Bg(uy) = 0 or a local minimum
point ¢4 (up) and a global maximum point t5(ug) for @, if Bs(ug) > 0 with
0< tl(UQ) < tg(Uo).

Assume by contradiction that u,, /— wug. It is easy to see that ¢;(ug) > 1
if B@(Uo) =0orl< tl(UO) < t2<U0) if BB(U,Q) > (0 such that (I)uo(tl(uO)) <
D, (1) ie.

Iy g(ty(ug)ug) < Inpglug) < inf I g(u).
ra(ti(uo)uo) < I (uo) VTS, N r ()
This is impossible because to(uo)ug € Ny ;NAFNBJ,NES. Consequently,
we have u, — ug, Ag(ug) > 0, Bg(uo) 2 0, Evﬁ(uo) >0, up € NyjgN
AF N Bz NES and
I\ s(ug) = inf Jx(u).
wa (o) WENS VAT BT ,ES alu)

O

Corollary 5.4. Assume either a(V,3,a) > 0, a(V,3,b) > 0, ¢(V, 5,a) > 0 and
d(V,8,b) > 0 or [(Hxvp), M(V,B) = 0 hold and v € Az N Bz). Then
AT >0 and I g achieves its infimum in Ny ;N AG N ES, for X € (0, A7),

Proof. Case 1: a(V,3,a) >0, a(V,5,b) > 0, ¢(V, 3,a) > 0 and d(V, 3,b) > 0.

Then, we have ¢, (V,,a,b) > 0 and d,(V,3,a,b) > 0. Thus, by Lemma 5.1
one has A\{ > 0. Moreover we have a(V,3,b) > 0 and c¢_(V, 3,a,b) > 0. Then,
by Proposition 5.3 I )\ ;5 achieves its infimum on N3, N Af N By,; N &S for all
A €]0, 00 and on Ny ;N Az NB;;NE, for all A E]O )\+[ and this one is negative.
We deduce that [ ,\,5 achleves 1ts 1nﬁmum on N,5 N .AJr N 5;{ and this one is
negative for all A € (0, \]).

Case 2: (Hy,v,3)), Mi(V; ) = 0 hold and py g € Ay N By 4.
Then ¢(V, 5,a) > 0 and c.(V, 8,a) > 0. If Bg(py ) =0, then we have
)\I(M ﬁ) =0= Oé(V,B,b) < (I+(V,B,b).
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Otherwise, we have \{(V,3) =0 < «(V, 8,b). Thus a,(V,3,b) > 0. We set
e(V,8,b,a) = min{Eys(u) : Bg(u) =1, Ag(u) = 0}
and assume that e(V, 8,b,a) > 0.
We deduce that d (V, 8,a,b) > e(V, 5,a,b) > 0. Soa,(V,5,b) >0, c.(V, 5,a,b) >

0 and d,(V,pB,a,b) > 0. Consequently by Lemma 5.1 and Proposition 5.3,
I, 5 achieves its infimum on N, ;“ 5N AE N 5; and this one is negative for all

A€ (0,0]). O

Proposition 5.5. Assume that ay (V) 5,a) > 0 and a_(V, 5,b) > 0.
(1) If d_(V,B,a,b) > 0 then, for any X > 0, I,z achieves its infimum on
NysN AN B NES and this one is positive.
(2) If d(V,B,a,b) > 0 and ¢ (V,5,a,b) > 0 then there exists o, > 0 such
that Ing(u) > oy and u € Ny g N Aj,NByNES for A€ (0,my) .
Moreover, Iy achieves its infimum on Ny 3 0 Aj, N By NES.
Proof. Suppose that a (V,5,a) > 0 and a_(V, 5,b) > 0.
(1) Suppose that d_(V,B,a,b) > 0 and A € (0,00). Then I, 5 is positive on
NysNAGsN B NES. We deduce that:

inf I g(u) > 0.
UEN; sNAg sNBENES rs ()
Let u,, € NgﬂﬂAaﬁﬂBgﬂgg be a minimizing sequence for I 5. Then (u,,)
is bounded so there exists uy € X such that u,, — uo. Then: Eyg(ug) <
lim inf By g(u,), Rg(u,) — Ra(uo), Ag(u,) — Ap(uo) et Bs(u,) —

n——+00
Bgs(ug). Additionally, we have:
1 1 1 1
I N = | —-——|FE n — — — ) Bs(uy,).
st = (5= 3] Bratwn) + (2= 1) Bafu)
We infer:
1 1 1 1
-——|B n = - —— B n I n
(r q) 5(un) (T p) v,s(un) + I g(un)
> I s(up)
and

(1 _ 1) Blu) > lim Ips(un) > 0.

T q n—>+o00

Thus Bg(ug) > 0.

If Ag(up) = 0 or Ag(ug) < 0 then we have Ey g(ug) > 0. So we have
Bg(ug) > 0, Ag(ug) < 0 and Eyg(ug) > 0. Then ®,, has a global
maximum at some to(ug) > 0, so that to(uo)ug € Ny 3 N Ay, N By NES.

One has ®,,(to(ug)) > Py, (), Vt € (0,4+00). Assume by contradiction
that u,, /= ug. Then, we have

Lys(to(uo)uo) = Pug(to(uo)) < Lm @y, (to(uo))- (5.3)
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Since u,, € /\/)\_5 NAysN BE N 5;?, then ®,, has a global maximum at

)

some t = 1. Thus &, (1) > &, (to(ug)) and

lim @, (to(up)) < lim @, (1) = lLm I, g(u,). (5.4)

n—-+o0o n—-+o0o n—-+oo

By (5.3) and (5.4) we have

D g(to(ug)ug) < lim I, g(u,) = inf I s5(u).
as(to(uo)uo) < lim Iy 5(uy) IV Aa(u)

This is impossible. Consequently w,, — ug.
We deduce that hIJ? Ing(un) = Ing(uo), uo € Nz N A g NBTNES
n—-+00 ’ )

and

I s(ug) = inf I s(u) > 0.
x5 (o) uENY 5sNAg sNBENES rolu)

(2) Suppose that d(V,,a,b) >0, c.(V,5,a,b) >0 and X € (0,7n]).

If u e Ny ;N Aj ;N By NES, then @, has a global maximum at some
(p—7)Evs(u)
(¢ —7)Bs(u)

1
t = 1 such that ty < 1 with ty = ( ) ! p. Then we have

Bat) = B0) > Plto) = LB~ BBy - 2By
L= nEvp)\7F 1 (=) B\
- ) mee - (i) 2
L ((p=r)Brp(w)\ T .
()
@-platp—r) (p—r\©F [[Busw)r\ e
aplg —7) <q—7’) ([B/a(U)]p>
_ )‘Aﬁ(u> p—r ﬁ vag(u) ﬁ
2T G
itiona u [Bys(u)]» y [Busw)r "
Additionally Ag(u) < oV B a bl Ba(u) < YNUTRL
[Brs()) 77 .
(Bap ) 2 aepann
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Thus, we have

o > O (1) (k)

hSA

T

_ (a—p)g+p—r) (p—r)w ([Em(u)q)p@_% ([Ev,ﬁ(u)q)zwq’”m

qp(q—) q—r [Bg(u)]p [Bg(u)]p
A (p=r\T ([Brs)\ T J
- <q—r) ( B ()] ) e+ (V- 6,a,0)
(Bvp()\ 7o (p—r\i5
( By (u)) ) <q - ) Yaplu)
with
(q=p)g+p—r) (p=r\os ([Ev(w)]\rer A
Yoolw) = =0 (q - ) ( B ) e (VB
(q—p)g+p—7) [p—1)\"> PRE A
e G (q—r) L i M T P
1
= = (m" =) > 0.
T gan Y
Consequently

r

Dalw) 2 (gi:) " (140,001 r[c+<(Tgﬁ_ ?w]?

= O'+>0.

Let u, € NA_,,B N AS“”B N Bg N EZ{ be a minimizing sequence for I, s.

Then (u,) is bounded in X so there exists uy € X such that u, — wuy.

Thus Evg(ug) < lirf inf By g(u,), Ag(u,) — Ag(ug) and Bs(u,) —
n—-+0o0

Bgs(ug). As before, we can prove that Bz(ug) > 0 because lirf I g(uy) >
n—-—+0oo

0 and Ag(ug) > 0. Since a(V,5,a) > 0 and d.(V,B,a,b) > 0 then
Ev(ug) > 0 and ug € A 5N By NES. Thus ®,, has a global maximum
at some ta(ug) > 0 with ta(ug)ug € Nyz N Az NBENES. One has
D, (t2(ug)) > Dy, (t) for all ¢t € (0, +00).

Assume by contradiction that w, #— wuy. Then, we have ®,,(t) <
lim &, (t) for all t € (0,+00). Thus I, g(t2(ug)ug) = Py, (ta(ug)) <

n—-+o0o

n—-4oo
Since

lim @, (t2(up)) < lim @, (1) = lLm I, g(u,)

n—-+40o n—-4o0o n—+o00
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then

I g(to(ug)ug) < inf I s(u
s (ot o) uEN; sNAS sNBENES rs(u)

and this is impossible. We deduce that u,, — ug. Consequently lirf I s(up) =
n—-+0oo
I/\’g (UO) and
I)\ﬂ(lm) = inf ])\15(“) > 0.

- AAT .ABTAeT
ueN; sNAG sNBENES
O

Corollary 5.6. Assume that a(V,5,a) > 0, a(V,3,b) > 0, ¢(V,5,a) > 0 and
d(V,,b) > 0. Then I, g achieves its infimum on N/\_’ﬁ N BZ{ N 5; for X € (0,n])

Proof. Suppose that a(V, 3,a) > 0, a(V, 5,b) > 0, ¢(V, 5,a) > 0 and d(V, 3,b) >
0. Then a,(V,5,a) > 0, a_(V,5,b) > 0, c.(V,5,a) > 0 and d+(V,3,b) > 0.
Consequently, by Proposition 5.5 I, 5 achieves its infimum on N as A, 5ﬂB§ﬂ8§
and Ny ; NAJ ;N B NEL, and this one is positive for all A €]0,7;[. We deduce
that Iy s achieves its infimum on N ;N BE N 5; for all A € (0,n7"). O

We can combine both Corollary 5.4 and Corollary 5.6 to get:

Corollary 5.7. Assume that o(V,3,a) > 0, a(V,5,b) > 0, ¢(V,5,a) > 0 and
d(V,8,b) > 0. Then I g achicves its infimum on Ny ;NAZNES and Ny ;NB5NEY
for X € (0,n]).
Proposition 5.8. Assume either [o(V, 5,a) > 0 and a(V, B,b) > 0] or [a(V, 5,a) =
0<a_(V,8,a) ora(V,3,b) =0 <a_(V,8,0)]. If pvg € Ay NB; NE; then:
(1) YA € (0,X3), Inp achieves its infimum in Ny ;N Ay N By NE; and this
one 1S positive.
(2) VA € (0,75), Ing achieves its infimum in Ny ;3 N Az NBs NE; and this
one is negative.
Proof. Assume either [a(V,B,a) > 0 and a(V,3,b) > 0] or [a(V,5,a) = 0 <
a_(V,B,a) and a(V, 8,b) = 0 < a_(V, 8,b)]. Suppose that pyz € Ay NB; NE;.

(1) For A € (0,\}) we can prove that hy,, , has a global maximum at some

PVv.B

(p— 1) (=\(V, 8)) ] =
(g —7)(—=Bs(wvg))

to =to(pv,p) = [

Then, we have

p—r q—r

ot = =(12) (35) s ~ e <

Consequently hy, ,(to) — AMg(pv,z) < 0 for all A € (0,A3). We deduce
that @, . has local maximum at t; € (0,f) and global minimum at
ty € (to,00) and Ny, NAZ N By NES # 0.

Let u, € ./\/:\_ﬁ NA; N By NE; be a minimizing sequence for I 5.
Then (u,) is bounded so there exists ug € X such that w, — uo. Thus
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By (up) < lim inf By (un), Ag(un) — Ag(ug) and Bg(u,) — Bs(uo).
n—-—+0o0o
We hnow that

1 1 1 1
Liglu,) = -—=|Evaglu,) — A - — =) Asz(u,).
i) = (3= 1) Braun) <A (3 = 2) Aafu)
Then, we have
1
A(5-2) Aun) < st
and
1 1 .
A <— - —> Ag(ug) < — inf I 5(u) < 0.
roq ueN; sNAZNBENES

We deduce that Ag(ug) < 0 and Bs(ug) < 0.

If Bs(ug) = 0, then a_(V, 5,b) < 0. This is impossible. Thus Bg(ug) <
0.

Additionally, one has

Eyp(ug) < lirf inf By g(u,) < lim AAg(u,) + Bs(uy,)
n—-+0oo

n—-+00

= /\Aﬁ(Ug) + Bﬁ(UO) < 0.

So we have v € .A/g NB; NE; and to(ug)ug € /\/}:/B N .A[} NB; NE, for
some ta(up) > 0. Assume by contradiction that w, #— ug. Then, we
have:

0=, (t2(uo)) < liminf ®, (t2(uo))
so @, (t2(u)) > 0 for n sufficiently large. We deduce that t5(ug) < 1 or

tg(Uo) > tl(un)
If tQ(UO) < 1 then

])wg (tg(UO)Uo) = q)uo (tg(UO)) < liminf q)un (tg (Uo))
< . T '
- n1—1>r-‘£loo (I)un (1> nl—lgrl—loo I)\”B (un>

This is impossible.
If t5(up) > t1(uy,) then

@;O(tl(un)) < lim inf @;n (t1(uy,)) = 0.

and u, — ug. Finally lim I, g(u,) = I) g(up) and

n—-4o0o

Consequently <I>/u

0

[Ajﬁ(uo) = inf [)\’g(u) > 0.
ueN; sNAZNBSNES
For A € (0,73), it is easy to see that N, N Az N By NE; # 0. Let
un € Ny s N Az N By NE; be a minimizing sequence for I 5. Then (uy)
is bounded so there exists uy € X such that w, — ug. Thus Ey g(ug) <
lim inf By g(u,), As(u,) — Ag(ug) and Bg(u,) — Bs(ug). One has

n—-+o0o

Eys(ug) <0, Ag(up) < 0 and Bg(ug) < 0. Since

Bt = (5= 1) Buatun) = (3 = 1) Bafu)

p T qg T
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then we have

1 1
-——|B n <I n
(3= 2) Batun) < Inalun)
and
1 1 )
(— - —) Bgs(ug) < inf I s(u) <0.
T o q weNy ,NAZNB; NE;

Consequently Bg(ug) < 0, Rg(ug) # 0 and Ag(ug) < 0. If Ag(ug) = 0,
then a_(V,3,a) < 0. This is impossible. Therefore ug € Az N By N &,
and t1(uo)ug € Ny N Az N By NES for some t (ug) > 0.

Assume by contradiction that u,, 4/ ug. Then, we have

])\,ﬁ(tl(uO)UO) = CI)uo(tl(uO)) <hm1nf(I>un(t1(u0))
< L0, Bl = B Dalin)

This is impossible. Consequently w,, — uo. We deduce lim I, g(u,) =

n—-+o0o

[/\’5 (UO) and

[Ajﬁ(uo) = inf I,\,g(u) > 0.
weNy ,NAZNBENES

0

Corollary 5.9. Assume either [a(V, 5,a) > 0 and a(V, 3,b) > 0] or [a(V, 5,a) =
0 <a(V,B,a) ora(V,8,b) =0 < a_(V,B,b)]. If pvg € Ay N By NE, then
Ixp achieves its infimum in N, 0 AZ N By NEF and Ny yN Az 0By NES for
A€ (0,m3).

Proof. If either [a(V, 5,a) > 0 and «(V, 5,b) > 0] or [a(V, B,a) =0 < a_(V, B,a)
and a(V, 3,b) =0 < a_(V,3,b)] and pys € Ay NB; NE,, then we have n; < A
and by Proposition 5.8, I, g achieves its infimum in /\/}fﬁ NA; NB; NE; and
NysNA; NByNES forall A € (0,15). O

We set n = min{n;", n}}.

Theorem 5.10. .

(1) If either \i(V, 8) > 0 or [\ (V, 8) = 0, (Hx,(v,5)) hold and oy, € AzNBj5 ]
then (1.2) has at least two solutions (uq, B, \) and (ug, B,\) such that
up € NygNES, ug € Ny zNES for A e (0,my).

(2) If M(V,B) = 0, (Hxyv,)) hold and pvg € Az N Bj 4 then (1.2) has at
least one solution (X, B,ug) such that ug € Ny, NES for A € (0,A]).

(3) Assume A\ (V. 8) <0 and pvp € Ay NBy.

(a) If [a(V,B,a) > 0 and a(V, B,b) > 0] or [a(V,,a) =0 < a_(V, 5,a)
or a(V,8,b) =0 < a_(V,3,b)] then (1.2) has at least two solutions
(us, B, A) and (ug, B, \) such that usg € NIB NE; anduy € /\/'):5 Néy
for all X € (0,13).
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(b) If a(V,B,a) > 0, a(V,5,b) > 0, ¢(V,5,a) > 0 and d(V,53,b) > 0
then (1.2) has at least four solutions (uq, 5,\), (us2, 5, ), (us, B, )
and <U4MB7A) fb7‘A S (0>U)-
Proof. (1) is a consequence of Lemma 5.1, Corollary 5.7 and Lemma 4.1.

(2) is a consequence of Corollary 5.4 and Lemma 4.1.
(3) Assume A (V, ) < 0 and pys € Ay N Bj.
(a) is consequence of Corollary 5.9 and Lemma 4.1.
(b) holds from Corollaries 5.9 and 5.7 and Lemma 4.1.
O]
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