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PERFECT POWERS BETWEEN TWO CONSECUTIVE
SQUARES

RAFAEL JAKIMCZUK! *

ABSTRACT. In this note we obtain an upper bound for the number of perfect
powers between two consecutive squares. We also prove some theorems on
perfect powers between two consecutive squares. In this way we improve former
results of the author.

1. INTRODUCTION

A natural number of the form m”™ where m and n > 2 are positive integers
is called a perfect power. The first few terms of the integer sequence of perfect
powers are

1,4,8,9,16,25,27, 32, 36,49, 64, 81, 100, 121, 125,128, . ..

Let A(n) be the number of perfect powers in the open interval ((n—1)2, n?), where
n > 2 is a positive integer. Clearly a trivial upper bound for A(n) is 2n — 2, since
the number of integers in the open interval ((n—1)2,n?) is n?—(n—1)>—1 = 2n—2.
In this article we obtain a better upper bound. It is well-known that A(n) =0
for almost all intervals ((n — 1)2,n?), since we have the theorem (see [2, Theorem
3.10])

Theorem 1.1. Let us consider the n open intervals (0,1%),(1%,22),...,((n —
1)2,n?). Let S(n) be the number of these n open intervals that contain some
perfect power. The following limit holds

n—oo n
2. MAIN RESULTS

We have the following lemma.

Lemma 2.1. Let h > 3 an arbitrary but fized positive integer. Let us consider
the sequence of disjoint intervals

K%, (k+1)?) (k=0,1,2,...) (2.1)

If n > 2 is a positive integer then n™ and (n + 1) pertain to different and not
consecutive intervals of the sequence (2.1).
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Proof. We have

[n"/?] < nh? < |n"?] +1 (2.2)
Equation (2.2) gives
([n"?])* <nh < (|n"?] +1)7 (2.3)
In the same way we obtain
([(n+ D" < (n+1)" < ([(n+ 12| +1)° (2.4)
We have the equation
("% 4 2)" = nh + 402 44 (2.5)

From the binomial formula

(a+b)" = Zn: (Z) a" kb

k=0
we obtain the equation

((n+ 1)h/2)2 =(n+1)" =) (Z) "% =n" + Tt 4 hh = 1) s + A(2.6)

h
2
k=0
where (A > 1).
Clearly we have the inequality

h(h —1
(1)

1<6< (h>3) (n>2) (2.7)

and the inequality

4
7 < n(/2-1 (h > 3) (n>2) (2.8)
since if h = 3 we have % < V2 and if h > 4 the left side is less than or equal to 1
and the right side if greater than 1.

Inequality (2.8) is equivalent to the inequality

4nM? < "t (R>3)  (n>2) (2.9)
Equations (2.5), (2.6), (2.7) and (2.9) give us the inequality
n™? 42 < (n+4 1)"? (2.10)
Inequality (2.10) gives
[n"2] +1<n®™D 41 < (n+ 1" =1 < |(n+1)"?] (2.11)
Now, the lemma is an immediate consequence of (2.3), (2.4) and (2.11). O]

Corollary 2.2. Let h > 3 an arbitrary but fized positive integer. Let us consider
the closed interval [k?, (k+1)?%], the number of h-th perfect powers in this interval
is either 0 or 1. Let us consider the open interval (k*, (k + 1)?), the number of
h-th perfect powers in this interval is either 0 or 1.
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Proof. 1t is an immediate consequence of Lemma 2.1. However, we shall give a
simple and direct proof of this corollary. We have (mean value Theorem)

2(2)@/5’))—1 <1 (k>2) (h>3)(212)

(k+ 1)2/h . kQ/h — %(k+€)(2/h)—1 S ;

where 0 < € < 1.
Suppose that there are two different h-th perfect powers s* and r” in the closed
interval [k%.(k + 1)?], then we have

k< s <t < (k+ 1)
Therefore
< s << (k + 1)2/h
and consequently
(k+ 1) —?h >pr —s>1

since r and s are different positive integers. This is an evident contradiction with
inequality (2.12). O

Let us consider the prime factorization of a positive integer n > 1

_ a1, .as a
n=7p;py P

where pq, pa, ..., ps are the different primes and aq, as, ..., as are the exponents.
Then, n is a perfect power if and only if ged(ay,as,...,as) > 1. Therefore, if n
is a perfect power then we can writte

n :pclnpcle . 'p(sls — A™
where A is not a perfect power and m = ged(aq, ag,...,as) > 1. The integer A

will be called principal basis of the perfect power n and the integer m > 1 will
be called the principal exponent of the perfect power n.

Corollary 2.3. Suppose that in the open interval (k*, (k + 1)?) there are t > 2
different perfect powers Ay, A2, ..., A", where Ay, Ay, ..., Ay are the prin-
cipal basis and mq,ms,...,m; are the principal exponents. Then the principal
exponents are odd numbers and ged(m;,m;) = 1, (i # j), (i = 1,2,...,1),
(G=1,2,....1).

Proof. 1t is an immediate consequence of Corollary 2.2. O

Let 7(x) be the prime counting function. We have the following lemma.

Lemma 2.4. The following inequality holds

(>3

<
(@) < 6logx

Proof. We have the inequality (see [, Chapter 4])
n

<6 > 2
M) <0 (n22)
Now, the function f(x) = loZz is strictly increasing in the interval [3,00), since
f(x) = l‘l’fg‘g;l >0 (z>3). O
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Now, we can prove the following theorem.

Theorem 2.5. The following inequalities hold

A(n) <7 (fbg"D 1 n>2) (2.13)

log 2

12 logn

A(n) <

R — > 2.14
~ log2loglogn (n=3) ( )

Proof. We have

2logn 2
2 log2 — n

Therefore

o5 ] +1) & 2

and consequently

F>n? (s>2) <k2fk’g”J+1>

log 2

This fact implies that if there exists a perfect power a” such that
(n—1)<a <n?

where p is a positive prime (note that all perfect power can be written with prime
exponent) then

3<p< {QIOgnJ
log 2

Consequently Corollary 2.2 implies the inequality

e (2]

That is, inequality (2.13).
On the other hand, inequality (2.13) and Lemma 2.4 give

12logn
An) < = 2logn l<a 2logn <n 2logn < Tog2
log 2 log 2 log 2 log (210gn>

log 2
12 logn 12 1 logn
~ log2 2 log2, | los(iks) logl
i () bt P71 ST e
12 logn
log 2 log logn
That is, inequality (2.14). O
Theorem 2.6. Suppose that in the closed interval [n?, (n + 1)?] (n > 3) there
are t > 2 different perfect powers n* = A7, Ay, ..., A" = (n + 1), where
Ay, Ay, ..., A; are not necessarily the principal basis and consequently my, mo, ..., my

are not necessarily the principal exponents. Then A; # A;, (i # j), (1 =
1,2,...,t), j=1,2,....1).
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Proof. Suppose that there are two perfect powers A" and A" such that the
following inequality holds

n? < AM < A" < (n 4 1)? (2.15)

Note that then hy > hy.
Therefore we have

That is

1\2
Al < (1 4 =
B n

b < e (14 1) (2.16)
2 1_logA 8 n '

Let us consider the inequality

log ((1 + %>2> < log?2 (2.17)

That is

that is

that is
1
1+— <2
n

This inequality, and consequently inequality (2.17), has the solutions n > 3.
Inequality (2.16) and inequality (2.17) give the inequality he —hy < 1 (n > 3),

since A > 2. Now, the inequality ho—h; < 1is impossible since hy > 2 and h; > 2

are different positive integers. Therefore the inequality (2.15) is impossible. [

Theorem 2.7. Let us consider two perfect powers A}fl < ASQ in the open interval
(n?, (n+ 1)), that is

n? < A < Ab? < (n+1)? (2.18)

where Ay and As are not necessarily the principal basis and consequently hy and
ho are not necessarily the principal exponents. We have

h1 > hy & Al < AQ (219)

h1 < hy & Al > AQ (220)
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Proof. Suppose that hy > hy and A; > As. Then
hy > hy = A > A2 > Al2 o Al 5 Al

that is, an evident contradiction with (2.18). Therefore if hy > hy then A; < As.
That is

hi > hy = A < Ay (2.21)
Now, suppose that h; < hy and A; < Ay. Then

hy < hy = A" < Al < Al

Therefore n? < A" < A < (n+1)?, an evident contradiction with Theorem
2.6. Hence if hy < hy then A; > A,. That is

hi < hy = A > Ay (2.22)
Now, (2.19) and (2.20) are an immediate consequence of (2.21) and (2.22). O

The following theorem is well-known (see [2, Theorem 3.13])

Theorem 2.8. Let us consider the n open intervals (0,1%),(1%,2%),...,((n —
1)2,n?). Let S(n) be the number of these n open intervals that contain some
perfect power. We have the following asymptotic formula

S(n) ~n*3.

Let Si(n) be the number of these n open intervals that contain only one perfect
power. We have the following asymptotic formula

Si(n) ~ n?3.

Let So(n) be the number of these n open intervals that contain at least two perfect
powers. We have the following formula

Sa(n) =o (n2/3) :

Note that this theorem say us that almost all the n intervals are empty and that
almost all the intervals that contain some perfect powers have only one perfect
power. Therefore the intervals that contain at least two perfect powers are very
scarce.

Now, we prove the following more precise theorem.

Theorem 2.9. Let us consider the n open intervals (0,1%),(1%,2%),...,((n —
1)2,n?). Let S(n) be the number of these n open intervals that contain some
perfect power. We have the following asymptotic formula

S(n) =n** + O (n*")
and the number of perfect powers contained in these intervals is n?? + n*/°> —
n2/6 1 o (n2/6) —n23 4+ 0 (n2/5).
Let Si(n) be the number of these n open intervals that contain only one perfect
power. We have the following asymptotic formula

Si(n) =n*3+0 (n2/5)

and the number of perfect powers contained in these intervals is n** + O (n2/5).



18 RAFAEL JAKIMCZUK

Let Sy(n) be the number of these n open intervals that contain at least two
perfect powers. We have the following formula

SQ(TL) = O (n2/5)
and the number of perfect powers contained in these intervals is O (nQ/ 5).

Proof. Let N(z) be the number of perfect powers not exceeding z. We have the
formula (see [3])

N(:U) — /2 + 21/3 + /5 1/6 +o (.Tl/ﬁ)
Therefore
N(n?) = n+n?3 4 n?> - n5 4 o (n?9) (2.23)

where n are the n squares 12,22, ..., n? that do not pertain to the n open intervals.
Hence the number of perfect powers in the n open intervals is n?/3 +n2/5 —n2/6 4
0 (n¥%) =n*3+ 0 (n?").

Let us consider the inequality i*> < n?, this inequality has the solutions i =
1,2,...,[n*?3]. Now, Let us consider the inequality i® < n?, this inequality has
the solutions ¢ = 1,2,..., LnQ/GJ. Hence the number of cubes in these n open
intervals is

[n?3| — [n¥S] = n*® —n*° +0O(1) (2.24)
Consequently equation (2.23) can be written in the form
Nn* = n+ 0¥ =n*+0(1)) + (n*° + 0 (n*%) — O(1))
= n+ (n2/3 —n?0 4 O(l)) + (n2/5 +o (n2/6)) (2.25)

where n?/® + 0 (n?%) is the number of perfect powers in the n open intervals that
are not, squares and are not cubes.
Let B(n) be the number of open intervals that contain only a perfect power
different of a cube, then (see (2.25))
0 < B(n) < n?® +o (n2/6)

that is

that is
B(n) = O (n*?) (2.26)

Let C(n) be the number of open intervals that contain a cube and at least other
perfect power. Then (see (2.25))

0<C(n)< n?® 4o (n2/6)
that is
C(n) =0 (n*?) (2.27)
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Therefore (see (2.24), (2.26), (2.27) and Corollary 2.2)
Si(n) = n**—n¥%4+0(1)+ B(n) — C(n)
= 02306 L 0(1) + 0 (%) — O (/%) = 23 + O (n2?)

Let D(n) be the number of open intervals that contain at least two perfect powers
and do not contain cubes. Then (see (2.25))

0< D(n) <n*°+o (n2/6)
that is
D(n) = O (n*?) (2.28)
Therefore (see (2.27) and (2.28))
Sa(n) = C(n) + D(n) = O (n*?)
and consequently
S(n) = Si(n) + Sa(n) = n** + O (n*?)
0
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