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THE SPECTRA OF CERTAIN NONLINEAR SUPERPOSITION
OPERATORS IN THE SPACES OF SEQUENCES

SANELA HALILOVIC'* AND RAMIZ VUGDALIC?2

ABSTRACT. In this paper, we consider the nonlinear superposition operator F'
in I, spaces of sequences (1 < p < o), generated by the function

f(s,u) = a(s) +arctanu  or  f(s,u) = a(s) — arctanu.
We find out the Rhodius spectra og(F) and the Neuberger spectra oy (F)
of these operators and finally the radii of these spectra. The superposition
operator generated by the function f(s,u) = a(s) + arccotu appears to be a
special case of above mentioned operator.

1. INTRODUCTION AND PRELIMINARIES

We consider the certain nonlinear superposition operators in the Banach spaces
of sequences [, (1 <p <oo). Let f = f(s,u) be a function defined on N x R
with the values in R. Given a function x = x (s), by applying f, we get another
function y = y(s) on N by y(s) = f(s,z(s)). This function f generates an
operator F':
Fa(s) = f(s, x(s)),

which is called superposition operator, Nemytskij operator or composition oper-
ator ([2]). The spectral theories for nonlinear operators are relatively new field
of functional analysis and operator theory. The term spectrum for nonlinear op-
erators, in the beginning, was used just for the set of eigenvalues (i.e. the point
spectrum). Later it became clear that the notion spectrum need to have wider
meaning and more complete description. The several ways of defining and study-
ing spectra for nonlinear operators have been presented so far ([1], [3], [5], [9],
[10]). For the class €(X) of all continuous operators F' on Banach space X over
K (R or C), the Rhodius resolvent set ([10]) is given by:

pr(F) ={\ € K: Al — F is bijective and (\[ — F)™' € €(X)}
and the Rhodius spectrum is the set
or(F) =K\ pr(F).
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The Rhodius spectral radius of F' € €(X) is the number
rr(F) = sup{|\| : A € or(F)}.

J.W.Neuberger (]9]) introduced the notion of resolvent set and spectrum for the
class of continuously Fréchet differentiable operators.

Definition 1.1. ([I], [2]) An operator F': X — Y is called Fréchet differentiable
at o € X if there is an operator L : X — Y such that
1
lim — ||F (zo + h) — F (x9) — Lh|| =0 (h€ X).
e

In this case the linear operator L is called Fréchet derivative of F' at zy and
denoted by F'(xg). The value F'(zg)x € Y for arbitrary x € X, is called
Fréchet derivative of operator F' at x( along .

If F is differentiable at each point x € X and the map x +— F’ (z) is continuous,
we write I € €'(X,Y) and call F' continuously differentiable ([12]). For an
operator F': X — X which is continuously Fréchet differentiable, the Neuberger
resolvent set is defined by

pn (F) = {X € K: Al — F is bijective and (A — F)~' € €' (X)}

and the set
on (F) =K\ py (F)
is called Neuberger spectrum of F. We call the number

rn(F) =sup{|A| : A € on(F)}

Neuberger spectral radius of F € €'(X). Since €¢}(X) C €(X), the following
inclusions hold: py(F) C pr(F) and on(F) D or(F), for F € €Y(X) ([3]).
Some applications of spectral theories are given in [1], [5], [3] and the Neuberger
spectrum may be useful in solvability of certain operator equations and eigen-
value problems ([9]). The Rhodius and Neuberger spectrum of some nonlinear
superposition operators may be found in [1], [6], [7]. The conditions of acting,
continuity and differentiability of the superposition operator defined in the spaces
of sequences [, are given in the next three theorems.

Theorem 1.2. ([1]) Let 1 < p,q < oco. Then the following properties are equiv-
alent:
(1) the operator F acts from 1, to l,;
(2) there are functions a (s) € l; and constants § > 0,n € N,b > 0, for which
f (s.u)] < a(s) +bluls (s> nful <0):;
(3) for any e > 0 there exists a function a. € l, and constants 6. > 0,
ne € N,b. >0, for which ||a. (s)[|, <e and

If (s,0)] < ac(s) + b Jult (s >n., |u| <6.).

Theorem 1.3. ([1]) Let 1 < p,q < oo and let the superposition operator (1), gen-
erated by the function f (s,u), acts from 1, tol,. Then this operator is continuous
if and only if each of the functions is continuous for every s € N.



22 S. HALILOVIC, R. VUGDALIC

Theorem 1.4. ([1], [12]) Let 1 < p,q < 0o and the operator F generated by the
function f(s,u) acts from l, into l,. The operator F is differentiable at xy € I,
if and only if fl (s,-) is continuous at xy for almost all s € N.

2. MAIN RESULTS

We consider the superposition operator F': [, — [,, generated by the function
f(s,u) = a(s) £ arctanu, where a = (a(s)),.y is a sequence from the space
l, (1 < g <p<o0). Firstly we will show that this operator really acts from the
space [, to the space [,,.

a) Case 1 <p < o0

|f(s,u)| = |a(s) + arctanu| < |a(s)| + | arctan ul.
For |u| < 1 we certainly have | arctanu| < |u|, so
|f(s,u)] < la(s)|+ |arctanu| < d(s) + 1 - |ul, (2.1)

where d(s) = |a(s)|. Since a € [, and [, C [, we conclude that d € [,. Now we
can see there exists constants 6 = 1,n = 1,b = 1 such that Vs > n, |u| <,
inequality (2.1) holds, so from the Theorem 1.2 it follows that F': [, — [,.

b) Case p =l

a€ly Clew = supla(s)| =A < 0.
seN
For arbitrary = = (x1, 22, ...) € l we have

sup|F'z(s)| = sup|a(s) £ arctan x| < supla(s)| + sup| arctan z4| <
seN seN seN seN

§A—{—g<oo.

We see that for every x € [, it holds F'x € [, so indeed F acts from [, to lo. It
is clear that f(s,u) = a(s)+arctanu and f(s,u) = a(s)—arctan u are continuous
functions for every s € N, so the operator F' is continuous (from the Theorem

1.3) and we write F' € €(1,).

Theorem 2.1. Let the superposition operator F' : I, — [,, be generated by the
function f(s,u) = a(s) + arctanu, where (a(s)), is a sequence from the space [,
(1 <q<p<o). Then the Rhodius spectrum of F is og(F') = [0,1).

Proof. Denote a = (ay,as,...) € ly, and © = (1, 22,...) € l,. We have
Fz = F(xq1,29,...) = (a1 + arctan z1, ag + arctan x, . . .).
Consider the operator A\I — F. For A\ = 0 it becomes

(M — F)x = —Fx = (—a; — arctanxy, —ag — arctan x, . . .). (2.2)
From —Fz = —Fy (z, y € l,), we have
(—a; — arctan xy, —ay — arctan s, ...) = (—a; — arctany;, —as — arctanys, . ..)
—a; — arctanx; = —a; — arctany;, Vi€ N
arctan z; = arctany;, Vi€ N. (2.3)

Since the function f(x) = arctanz, x € R, is injective, from (2.3) we get
x; =i, Vi € N,i.e. x =y, so this operator (2.2) is injective. This is not surjective
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operator since —a; — arctanz; € (=5 —a;, 5 — a;), (¢ € N). The operator (2.2) is
not bijection and it follows that
0 € or(F). (2.4)
Let A # 0 and consider the operator
(M — F)x = (Arq — aq — arctan xy, \xs — ap — arctan xo, . . .). (2.5)
From (M — F)x = (A — F)y (z, y € [,,), we have
(Ax1 — aq — arctan xy, \xg — ag — arctan o, ...) =
= (Ay1 — a1 — arctany;, A\ys — ay — arctanys, . . .)
Ar; —a; — arctanx; = \y; — a; — arctany,;, VieN &
Axr; —arctanx; = \y; — arctany;, Vi € N.

Now we wonder whether the function
f(z) = Az — arctan

is injective or not. Since f(0) = 0 it is enough to investigate if the equation
f(z) = Az — arctanz = 0 has any nontrivial solution. Denote f;(z) = Az and
fa(z) = arctan z. It is easy to see that the function f; is an odd function and has
the tangent y = x, in point 0. The function f; is under the tangent for x > 0
and above the tangent for x < 0. This leads us to conclusion that the equation
fi(x) = fa(x) for A = 1 has only trivial solution x = 0 (f is injective) and for
A € (0,1) there are also two nontrivial solutions. It means that f(z) = 0 has
nontrivial solutions for A € (0,1), so from

Az; — arctanz; = \y; — arctany; (i € N),

it does not have to follow that x; = y;.

We show that for A € (0,1), from (A — F)x = (A — F)y it does not follow z =y
and so the operator (2.5) is not injective in the case A € (0,1). We just find out
that

(0,1) C or(F). (2.6)
The superposition operator (A — F) is generated by the function
f(s,u) = Au — a(s) — arctan u. (2.7)

We can consider the function (2.7) as the function of one variable u, where a(s)
is a real constant for fixed s € N. The first derivative of the function
(2.7) is
1 Au?+ X —1
L+u? 14 u?

f;(svu) = A

For A > 1 we see that f/(s,u) > 0, so f is strictly increasing function; also
u — +00 = f(s,u) — £oo holds. Hence f is bijective function for every s € N,
so the operator AI — F' is bijective for A > 1.

For A < 0 we see that f/(s,u) < 0, so f is strictly decreasing function; also
u — 00 = f(s,u) — Foo holds, so the function f is bijective (for every s € N).
It follows that the operator A\ — F' is bijective for A < 0.

For A = 1 we have already shown that f is an injective function. The first
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derivative f!(s,u) = 11% is positive except at u = 0 where f/(s,0) = 0. The
function f is strictly increasing and v = 0 is a point of inflection, also u —
+o00 = f(s,u) — £oo holds. That is why the function f as well as the operator
I — F is bijective.

We have shown that A\l — F' is bijective operator for A < 0 and A > 1 and now
we have to find out if (A\] — F')~! is a continuous operator for these values of \.
For A\ > 1 the function (2.7) is bijective, increasing and continuous function, so
there exists its inverse f~'(s,u) which is also bijective, increasing and continuous
function (for every s € N) ([11]). Now from the Theorem 1.3 follows that operator
(M — F)~!, generated by f~!(s,u) is continuous operator and thus

[1,00) C pr(F). (2.8)

For A < 0 the function (2.7) is bijective, decreasing and continuous function, so
there exists its inverse f~!(s,u) which is also bijective, decreasing and continuous
function (for every s € N). Again from the Theorem 1.3 follows that operator
(M — F)~! is continuous operator and hence

(=50, 0) C pr(F). (2.9)
Finally, from (2.4), (2.6), (2.8) and (2.9) we get the Rhodius resolvent set of F is
pr(F) = (=00,0) U[1, 00)
and the Rhodius spectrum of F' is
or(F) =10,1).
OJ
Theorem 2.2. Let the superposition operator F' : I, — [,, be generated by the

function f(s,u) = a(s) — arctanu, where (a(s)), is a sequence from the space [,
(1 <q<p<o0). Then the Rhodius spectrum of F is og(F') = (—1,0].

Proof. Operator F' is given by

Fz = F(x1,29,...) = (a1 — arctan 1, ay — arctan z,, . . .),
where © = (z1,22,...) € l, and a = (a1, ag,...) €1,
For A = 0 operator AI — F' becomes
— Fx = (—ay + arctan xy, —ay + arctan zo, . . .). (2.10)

From —Fz = —Fy (z, y € l,), we have

(—ay + arctan zy, —ag + arctan zy, . ..) = (—ay + arctany;, —ag + arctanys, . . .)

—a; + arctanx; = —a; + arctany;, Vi e N
arctan x; = arctany;, Vi € N.

As in the proof of the previous Theorem 2.1 we can conclude that this is an
injective operator (since the function f(z) = arctanx is injective). This is not a
surjective operator because —a; + arctanwz; € (—5 — a;, 5 — a;), (¢ € N). So the
operator (2.10) is not bijection and hence

0 € on(F). (2.11)
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Consider the operator
(M — F)x = (Ax1 — ay + arctan z1, Axs — ay + arctanza,...), A #0. (2.12)
From (M — F)z = (M — F)y (where z, y € [,), we have
(Ax; — a; + arctan x1, Axy — ag + arctan s, .. .) =

= (\y; — a1 + arctan y;, A\ys — ag + arctanys, . . .)
Ar; — a; + arctanx; = \y; — a; + arctany;, Vie N &
Az; + arctanx; = \y; + arctany;, Vie N <&

Now we wonder whether the function
f(z) = Az + arctan x

is injective or not. Denote fi(x) = —Ax and fo(z) = arctanz. The function fo
is an odd function and has the tangent y = z, in point 0. The function f5 is
under the tangent for x > 0 and above the tangent for x < 0, so the equation
fi(z) = fa(z) for A = —1 has only trivial solution x = 0 and for A € (—1,0) there
are also two nontrivial solutions. It means that f(z) = 0 has nontrivial solutions
for A € (—1,0), so from

Az; + arctanz; = A\y; + arctany; (i € N),

it does not have to follow that z; = y;.

We show that for A € (—1,0), from (M — F)x = (M — F)y it does not follow
x =y and so the operator (2.12) is not injective in the case A € (—1,0). We just
find out that

(—=1,0) C or(F). (2.13)
The superposition operator (Al — F) is generated by the function
f(s,u) = Au — a(s) + arctan u. (2.14)

For fixed s € N we can consider the function (2.14) as the function of one variable
u, where a(s) is a real constant. The first derivative of the function (2.14) is

fuls,u) =X+ 1+1u2 = )\ufi—:\;—l.

For A\ < —1 we have f!(s,u) < 0, so f is strictly decreasing function and u —
+oo = f(s,u) — Foo holds. Hence, f is a bijective function so as operator
M — F for A < —1.

For A > 0 we have f/(s,u) > 0, so f is strictly increasing function and u —
+o00 = f(s,u) — oo holds, so the function f is bijective. The operator Al — F
is bijective for A > 0.

For A = —1 we have the function f(s,u) = —u — a(s) + arctanu and f,(s,u) =
—l_ﬁ% is negative, except at u = 0 where f/ (s,0) = 0. The function f is strictly
decreasing and u = 0 is a point of inflection; also u — oo = f(s,u) — Foo
holds. Hence the function f as well as the operator —I — F' is bijective. We
have shown that Al — F' is bijective operator for A < —1 and A > 0 and now we
have to find out if (A — F')~! is a continuous operator for these values of \. For
A < —1 the function (2.14) is bijective, decreasing and continuous function, so

there exists its inverse f~!(s, u) which is also bijective, decreasing and continuous
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function (for every s € N). The operator (A — F)~!, generated by f~'(s,u), is
a continuous operator and thus

(—o0, —1] C pr(F). (2.15)

For A > 0 the function (2.14) is bijective, increasing and continuous function, so
there exists its inverse f~'(s,u) which is also bijective, increasing and continuous
function (for every s € N). Again the operator (Al — F)~! is continuous operator
and hence

(0,400) C pr(F). (2.16)
From (2.11), (2.13), (2.15) and (2.16) we get the Rhodius resolvent set of F' is
pr(F) = (=00, =1] U (0, 00)
and the Rhodius spectrum of F' is
or(F) = (~1,0]
O

In the sequel we need to investigate Fréchet differentiability of the superposition
operator F': [, — [, generated by the function

f(s,u) =a(s) +arctanu or f(s,u) = a(s)— arctanu. (2.17)

The function f; (s,u) = 7= is certainly continuous for all s € N and at all
Zo € lp, so according to the Theorem 1.4, this operator is differentiable at each
point zy € [,. It is also known the following Theorem (see [1], [12]):

Theorem 2.3. Let f (s,u) be a Carathéodory function and operator F generated
by the function f (s,u) acts from 1, to l,. If operator F' is differentiable in x¢ € I,
then its (Fréchet) derivative in xqo has the form

F'(xg) h(s) =a(s)h(s) (2.18)
where a € 1,/1, is given by

a (S) _ hmf (vaO (8) + U) B f (871‘0 (S))

u—0 u

(2.19)

If superposition operator G, generated by the function

l[f(S,LL’(S)-FU)-f(S,ZL’(S))], u7é0
“&”—{ a(s): u=0,
acts from l, to l,/l,, and it is continuous in 0, then F is differentiable in xo and

it values (2.18).

The space [,/1, is the set of all multipliers (a (s)) from [, to l,. It is a Banach
space of sequences, defined by

Ll = bygr—g-t forp>gq
P loo for p < gq.
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From (2.18) and (2.19) we see that the Fréchet derivative of our operator
F:l,—1, (2.17) at zy = (21, 22, ...) along h = (hq, ha, ...) is a linear multiplica-
tion operator given with

F/(xo)h:( Lot hg hg,...>.

T+ 1422 71+ a2

1 1 1
14227 14227 14227 "

for every xy € [, i.e. a € . The map x — F'(x) is continuous, so the operator
F is a continuously differentiable operator, F' € €' (1)) .

Here the multiplier is a(s) = < ) and this is a bounded sequence

Theorem 2.4. Let the superposition operator F' : I, — l,, be generated by the
function f(s,u) = a(s) + arctanu, where (a(s)), is a sequence from the space [,
(1 <q<p<o0). Then the Neuberger spectrum of F is on(F) = [0, 1].

Proof. Since og(F) C on(F'), from the Theorem 2.1 we get [0,1) C on(F). For
A =1 we consider the operator I — F which is given with

(I — F)x = (x; — a; — arctan x1, x5 — ag — arctan zs, . . .).
It is generated by the function
f(s,u) =u— a(s) — arctan u. (2.20)

u2

Its first derivative (with respect to ) is f/(s,u) =1 — ﬁ = 17 and this is a

continuous function of one variable u, positive for v # 0 ((2.20) is an increasing
function for fixed s), but f/(u) = 0. That is why for u # 0 we have

1 14+ u? 1
f’(u) u? u?
and the function (f~')'(u) is discontinuous one (the point v = 0 is the point of

discontinuity) ([I1]). Thus we conclude (from Theorem 1.4 and Theorem 2.3)
that the operator (I — F')~! is not continuously differentiable operator, so

1 GO'N(F).

For A # 0 the operator AI — F' is generated by the function
f(s,u) = Au — a(s) — arctanu and its first derivative (with respect to u) is

1 Au? + A —1
/ = )\ —_ = .

fuls,w) 1+ u? 1+ u?

We have already shown in the proof of the Theorem 2.1 that Al — F' is a bijective

operator for A > 1 and A < 0. For A > 1 the function (2.21) is a continuous,
positive function (of one variable u), so there exists (f~1)"(u)
1 1+ u?

(F7) () = f'(u) T A1

For A < 0 the function (2.21) is a continuous, negative function (of one variable
u), so again there exists (f~')'(u) which is given with (2.22). The function (2.22)
is continuous for every s € N, A # 0 and hence the operator (A — F)~!, for

(2.21)

(2.22)
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A > 1and A <0, is a continuously differentiable operator (A — F)~' € €*(1,)).
Finally, we have found that the Neuberger resolvent set is

(—00,0) U (1, +00) = pn(F)
and the Neuberger spectrum is
on(F) =10,1].
OJ

Theorem 2.5. Let the superposition operator F' : [, — l,, be generated by the
function f(s,u) = a(s) — arctanu, where (a(s)), is a sequence from the space [,
(1 <q<p< o). Then the Neuberger spectrum of F is on(F) = [—1,0].

Proof. The Rhodius spectrum of this operator is og(F) = (—1,0], so
(—1,0] Con(F).
For A\ = —1 we consider the operator —1 — F':
(=1 — F)x = (—x1 — a; + arctan xy, —x9 — ap + arctan xo, . . .).
It is generated by the function
f(s,u) = —u — a(s) + arctan u. (2.23)

Its first derivative with respect to u is f/ (s,u) = —1+ ﬁ = —11% and this is a

continuous function, negative for u # 0 ((2.23) is a decreasing function for fixed
s), but f(u) =0, so for u # 0 we have
1 1+ u? 1

R

The function (f~!)'(u) is discontinuous one, the point v = 0 is the point of
discontinuity. From Theorem 1.4 and Theorem 2.3 it follows that the operator
(—I — F)~! is not continuously differentiable operator so

—1e O'N(F).

From the Theorem 2.2 we see that A\ — F' is a bijective operator for A < —1 and
A > 0. The operator AI — F' is generated by the function
f(s,u) = Au — a(s) + arctan u. Its first derivative with respect to u is

I AP+ A+1
I+u> 14w

For A < —1 the function (2.24) is a continuous, negative function (of one
variable u), so there exists (f~1) (u)

1 1+ u?

(Y () = Fllu) MZEALL

For A > 0 the function (2.24) is continuous, positive function (of one variable
u), so again there exists (f~')'(u) which is given with (2.25). The function (2.25)
is continuous (for all s € N) and hence, the operator (A\I — F)~!, for A < —1 and

fuls;u) = A+

(2.24)

(2.25)
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A > 0, is a continuously differentiable operator (i.e. (A — F)~! € €!(l,)).
We have found that the Neuberger resolvent set is

and the Neuberger spectrum is
on(F) =[-1,0].
0J

Corollary 2.6. Let the superposition operator F' : 1, — l,, be generated by the
function f(s,u) = a(s) + arctanwu or f(s,u) = a(s) — arctanu, where (a(s)), is
a sequence from the space l, (1 < ¢ <p < o0). Then the Rhodius and Neuberger
spectral radius of operator F is rr(F) = ry(F) = 1.

Proof. If the superposition operator F' : [, — [, is generated by the function
f(s,u) = a(s) + arctan u, then from the Theorem 2.1 and Theorem 2.4 we have

rr(EF) = {sup|\| : A € or(F)} = {sup|A\| : A € [0,1)} =1,
rn(E) = {sup|A\| : A € on(F)} = {sup|A| : A € [0,1]} = 1.

If the superposition operator F' : [, — [, is generated by the function
f(s,u) = a(s) — arctan u, then from the Theorem 2.2 and Theorem 2.5 we have

rr(F) = {sup|\| : A € og(F)} = {sup|\| : A € (—1,0]} =1,
rn(F) = {sup|\| : XA € on(F)} = {sup|A| : A € [-1,0))} = 1.

The superposition operator F' generated by the function
f(s,u) = t(s) £ arccot u,

where ¢ = (£(s)),y is a sequence from the space [, (1 < ¢ < 00), appears to be a
special case of above mentioned operators.

Let us show that this operator acts from the space I, to the space [.

Let © = (21,22, ) be an arbitrary element of [.;

tel, Clyx = suplt(s)| = B < co. Now we have
seN

sup|Fz(s)| = suplt(s) + arccot x| < suplt(s)| + suplarccot x|
seN seN seN seN

< B+w<o0.
We see that for every x € [, it holds Fx € [, so indeed F acts from [, to [
(space of bounded sequences). Knowing that arccot z = § —arctanz (z € R), we
come up to the following conclusions.
f(s,u) = t(s) + arccot u = t(s) + § — arctanz = a(s) — arctan z, where
a(s) = t(s) + 5. It is clear that a € I and hence, for the operator F} : loo — I,
generated by the function f(s,u) = t(s) + arccot u, we can apply Theorem 2.2
and Theorem 2.5 and get

or(F1) = (=1,0]; on(F1) =[-1,0].

f(s,u) =t(s) — arccotu = t(s) — 5 + arctanz = a(s) + arctan z, where
a(s) = t(s) — 5. Again a € I, and so, for the operator Fj : loo — I, generated
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by the function f(s,u) = t(s) —arccot u, we can apply Theorem 2.1 and Theorem
2.4 and get

or(F2) =10,1); on(Fz)=[0,1].
Also, according to the Corollary 2.6 we have

rr(Fy) = rr(Fy) = ry(F1) = ry(Fp) = 1.

For all the operators that we considered in this paper we can conclude:

e their Rhodius spectra are nonempty and bounded sets,
e their Neuberger spectra are nonempty, bounded and closed sets and
e their Rhodius and Neuberger spectral radius is always 1.
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