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EDGE INJECTIVE DOMINATION OF GRAPHS
AKRAM ALQESMAH*, ANWAR ALWARDI? AND R. RANGARAJAN?

ABSTRACT. Let G = (V, E) be a simple graph. A subset X of F is called
edge injective dominating set (edge Inj-dominating set) if for every edge f €
E — X there exists an edge g € X such that |T'(f,g)] > 1, where |T'(f,g)]
is the number of common edge neighbors between the edges f and g. The
minimum cardinality of such edge dominating set denoted by ~/ (G) and is
called edge injective domination number (edge Inj-domination number) of G.
In this paper, we introduce the edge injective domination number, injective
independence edge number (Inj-independence edge number) 5% (G) and edge
injective domatic number (edge Inj-domatic number) d/, (G) of a graph G.
Exact values for some standard graphs, bounds and some interesting results
are established.

1. INTRODUCTION

In this paper, we concerned only about a finite, undirected graphs without loops
and multiple edges. For a graph G = (V, E), we denote the number of vertices
and the number of edges by p = |V| and ¢ = |E|, respectively. we use (Y
to denote the subgraph of G induced by the set of vertices Y. N(v) and N[v]
denote the open and closed neighborhood of a vertex v in GG, respectively. The
distance between two vertices u and v in GG is the number of edges in the shortest
path connecting them. The eccentricity of a vertex v is the greatest distance
between v and any other vertex and denoted by e(v). A set D of vertices in G is
a dominating set if every vertex in V' — D is adjacent to some vertex in D. The
domination number v(G) is the minimum cardinality of a dominating set of G.
A line graph L(G) of a simple graph G is obtained by associating a vertex with
each edge of the graph and connecting two vertices with an edge if and only if the
corresponding edges of G have a vertex in common. We denote to the smallest
integer greater than or equal to x by [z] and the greatest integer less than or
equal to x by |x]. For terminology and notations not specifically defined here we
refer the reader to [6]. For more details about domination number and its related
parameters, we refer to [7, &].
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The common neighborhood graph (congraph) of G, denoted by con(G), is the
graph with the vertex set V(G), in which two vertices are adjacent if and only
if they have at least one common neighbor in the graph G, [2]. The concept of
injective domination in graph has introduced in [5]. For a graph G, a subset
D of V(G) is called injective dominating set (Inj-dominating set) if for every
vertex v € V — D there exists a vertex u € D such that |I'(u,v)| > 1, where
IT'(w,v)| is the number of common neighborhood between the vertices u and wv.
The minimum cardinality of such dominating set denoted by v;,(G) and is called
injective domination number (Inj-domination number) of G. Note that 7;,(G) =
v(con(G)). The Inj-neighborhood of a vertex u € V(G) denoted by N;,(u) is
defined as N, (u) = {v € V(G) : [I'(u,v)| > 1}. The cardinality of Ny, (u) is
called injective degree of the vertex u and denoted by deg;,(u) in G, and N;,[u] =
Nip(u) U {u}. The maximum and minimum injective degree of a vertex in G are
denoted respectively by A;,(G) and §;,(G). That is Ay (G) = maxyey | Nin ()],
0in(G) = mingey |Nin(u)|. The injective complement of G denoted by G is
the graph with same vertex set V(G) and any two vertices u and v in G~ are
adjacent if and only if they are not Inj-adjacent in G. A subset S of V is called an
injective independent set (Inj-independent set), if for every u € S,v ¢ Ny, (u) for
all v € S — {u}. An injective independent set S is called maximal if any vertex
set properly containing .S is not Inj-independent set, the maximum cardinality of
Inj-independent set is denoted by f3;,,, and the lower Inj-independence number %;,
is the minimum cardinality of the Inj-maximal independent set. For more details
about the injective domination of graphs, we refer to [1, 4].

The concept of edge domination had introduced by Mitchell and Hedetniemi,
[9]. Let G = (V, E) be a graph. A subset X of E is called an edge dominating
set of GG if every edge in £ — X is adjacent to some edge in X. The CN-edge
domination of graphs had introduced in [3]. Let f and e be any two edges in
E. Then f and e are side to be common neighborhood adjacent (CN-adjacent)
if f adjacent to e and there exist another edge ¢ adjacent to both f and e.
A set Y of edges is called common neighborhood edge dominating set (CN-edge
dominating set) if every edge f not in Y is CN-adjacent to at least one edge f € Y.
The minimum cardinality of such CN-edge dominating set is denoted by v/, (G)
and called CN-edge domination number of G. The CN-edge neighborhood of f
denoted by N, (f) is defined as N.,(f) = {g € E(G) : f and g are CN-adjacent}.
The cardinality of N.,(f) is called the CN-edge degree of the edge f and denoted
by degen(f).

Throughout this paper, we denote the path, cycle, complete and star graphs
of p vertices by P,,C,, K, and S, respectively. In this paper, we introduce the
edge injective domination number, injective independence edge number and edge
injective domatic number of a graph . Exact values for some standard graphs,
bounds and some interesting results are established.
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2. EDGE INJECTIVE DOMINATING SETS

Definition 2.1. Let G = (V, E) be simple graph and f, g be any two edges in
E. Then f and g are injective adjacent (Inj-adjacent) if and only if |I'(f, g)| > 1,
where |I'(f, g)| is the number of common edge neighbors between the edges f and
g.

Remark 2.2. By Definition 2.1, any two edges f and ¢ in a graph G are Inj-
adjacent if and only if either they lie in a subgraph of G isomorphic to Cj, S,
with p > 4 or they are pendent edges of a subgraph of GG isomorphic to Pj.

Definition 2.3. A subset X of E is called edge injective dominating set (edge
Inj-dominating set) if for every vertex f € E either f € X or there exists an edge
g € X such that |I'(f,g)] > 1. The minimum cardinality of edge Inj-dominating
set of G denoted by 7, (G) and is called edge injective domination number (edge
Inj-domination number) of G.

For example consider a graph G in Figure 1. Then {a,d} is a minimum edge
dominating set, {a,b,e} is a minimum CN-edge dominating set and {c} is a
minimum edge Inj-dominating set. Thus v'(G) =2, v.,(G) =3 and v/ (G) = 1.

e d b a

FIGURE 1. Graph G

An edge injective dominating set X is said to be minimal edge Inj-dominating set
if no proper subset of X is edge Inj-dominating set. Clearly each minimum edge
Inj-dominating set is minimal but the converse is not true in general, for example
in the graph G in Figure 1, the set {d, e} is a minimal edge Inj-dominating set
but is not minimum edge Inj-dominating set.

The Inj-neighborhood of an edge f denoted by Ny,(f) is defined as Ny, (f) =
{9 € E(G) : |[I'(f,g9)] > 1}. The cardinality of N;,(f) is called edge Inj-degree
of the edge f and denoted by deg;,,(f) in G, and Ny,[f] = Nin(f) U {f}. If an
edge f € E be such that Ny, (f) = ¢, then f must be contained in any edge
Inj-dominating set. Such edges are called Inj-isolated edges.

Remark 2.4. For a connected graph G, an edge f in G is an Inj-isolated edge if
it has a full edge degree (deg(f) = g — 1) and is not contained in a subgraph of
G isomorphic to C5 or S, with p > 4. Hence, G has an Inj-isolated edge if and
only if G isomorphic to Ky, P3 or Pj.
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The maximum and minimum edge Inj-degree of an edge in G = (V| E) are
denoted respectively by Al (G) and 9),(G). That is A} (G) = maxyeg | Nin(f)],
0, (G) = mingep [Ny (f)|. A subset Y of E is called an injective independent edge
set (Inj-independent edge set), if for every f € Y, g ¢ N, (f) forallg € Y —{f}.
An injective independent edge set Y is called maximal if any edge set properly
containing Y is not Inj-independent edge set, the maximum cardinality of an Inj-
independent edge set is denoted by 7 and is called the Inj-independence edge
number of G. The distance between any two edges f and g is defined by the
number of vertices in the shortest path containing them minus two, following of
that the eccentricity of an edge f is the maximum distance between f and any
other edge and denoted by e(f).

Proposition 2.5. For any graph G with at least one edge, 1 < v’ (G) < q.
Proposition 2.6. For any graph G, v, (G) = vin(L(G)).
Proposition 2.7. For any graph G, v/, (G) <~v'.(G).

Proof. From the definition of the CN-edge dominating set of a graph G. For
any graph G any CN-edge dominating set is also edge injective dominating set.
Hence, 77, (G) <7,(G). O

We note that the edge Inj-domination number of a graph G may be greater
than, smaller than or equal to the edge domination number of G.

Example 2.8.
(1) vin(Ps) = 2;7'(P3) = 1.

(2) ¥in(Cs) =2;7/(C5) = 2.

(3) For any complete graph K, with p > 2, v§ (K,) = 1;7'(K,) = |5].

Proposition 2.9. Let G be a (p,q)-graph. Then v',(G) = q if and only if G is
a forest with maximum edge degree A'(G) < 1.

Proof. Let G be a forest with A’(G)) < 1. Then we have two cases.

Case 1. If G is connected, then either G = P; or G = K;. Hence, v/ (G) = q.
Case 2. If (G is disconnected, then G = n; PsUny Ky Ungz K for some nq, ngy, and
ns € {0,1,2,...}, thus v, (G) = q.

Conversely, if v/ (G) = ¢, then all the edges of G are Inj-isolated, which means
(by Remark 2.2) G does not contain Cs, S, with p > 4 and P; as subgraphs.
Therefore G is isomorphic to Ky or P3 or to the disjoint union of K5, P3 and K,
that is G = n; Py Uny Ky UngK;. Hence, G is a forest with A'(G) < 1. O

Proposition 2.10. Let G be a nontrivial connected graph. Then v, (G)
and only if there exists an edge f € E(G) such that N(f) = Nen(f) and e(f
(

Proof. Let f € E(G) be any edge in G such that N(f) = N.,(f) and e
Then for any edge g € E(G) — {f}, if g is adjacent to f, since N(f) = Nen(f),
then g € N;,(f), and if g not adjacent to f, since e(f) < 2, then |I'(f,g)| > 1.
Thus for any edge g € E(G) — {f}, [['(u,v)| > 1. Hence, v}, (G) = 1.

Conversely, if G is a graph with ¢ edges and v/,,(G) = 1, then there exist at least
one edge f € E(G) such that deg;,(f) = g — 1, then by Remark 2.2, f and any
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edge g € E(G) — {f} either lie in a subgraph of G isomorphic to Cj, S, with
p > 4 or they are pendent edges of a subgraph of GG isomorphic to P;. Hence,
N(f) = Nen(f) and e(f) < 2. 0

Corollary 2.11.
(1) For any complete graph K,, v',(K,) = 1.
2) For any wheel graph W, v (W,) = 1.
2, ifr=2o0rm=2;
1, otherwise.
4) Let Gy and Gy be two graphs such that at least one of them is not the null

graph. Then v (G + Gs) = 1.
Proposition 2.12. For any connected (p, q)-graph G, v (G) = ¢—1 if and only
if G~ P,

Proof. Let v/ (G) = ¢ — 1. Then by Remark 2.2, G does not contain a subgraph
isomorphic to C5 or S, with p > 4. Thus any 7/, -set of G must contain ¢ — 2
Inj-isolated edges. Hence by Remark 2.4, G = P,. The converse is obvious. [

(2)
(3) For any complete bipartite graph K, ., v i (Kpm) =
(4)

Proposition 2.13. For any connected (p, q)-graph G, v, (G) = ¢ —2 if and only
if G 1somorphic to one of the following graphs Cs, Cy, Sy and Ps.

Proof. Let v (G) = ¢ — 2. Then by Remark 2.4, G has no Inj-isolated edges.
Suppose ¢ > 5. Then there exists at least one edge f in G such that |NV;,(f)| > 2.
Since G has no Inj-isolated edges, then v/ (G) < ¢ — 2. Suppose now ¢ < 4.
Then, if ¢ < 3, G isomorphic to C3 or Sy and if ¢ = 4, G only isomorphic to Cy
or Ps (because all the other connected graphs of ¢ = 4 have edge Inj-domination
number equal to one). The converse is clear. 0J

Proposition 2.14 ([5]). For any cycle C, with p > 3,

P—)—‘, if pis odd;

3
%‘n(cp) = P
2 [— , if p is even.
6
Proposition 2.15 ([5]). For any path P, with p > 2,
1 p—1
Pt + b , if p is odd;
6 6
Vin(Pp) = D

2 [6-‘ , if p is even.

According to Propositions 2.14,2.15 and 2.6, and since L(C,) = C,, L(P,) =

P,_1, then the following propositions are verified.

p

Proposition 2.16. For any cycle C, with p > 3,

—w, iof p is odd;

g—‘, if p is even.
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Proposition 2.17. For any path P, with p > 3,

p p—2y ., ,
B [6—‘4—[ 5 -‘, if p is odd,

7;n(Pp) = p—1 _ .
2 < |’ if p is even.
Theorem 2.18. Let G = (V, E) be a graph without Inj-isolated edges. If X is a
manimal edge Inj-dominating set, then E'— X s an edge Inj-dominating set.

Proof. Let X be a minimal edge Inj-dominating set of G. Suppose F — X is not
edge Inj-dominating set. Then there exists at least an edge f in X such that f is
not edge Inj-dominated by any edge in £ — X. Since G has no Inj-isolated edges,
then f is edge Inj-dominated by at least one edge in X — {f}. Thus X — {f}
is edge Inj-dominating set of GG, which contradicts the minimality of X. Thus
every edge in X has common edge neighborhood with at least one edge in £ — X.
Hence, £ — X is an edge Inj-dominating set. O

Theorem 2.19. Let G be a graph and X is an edge Inj-dominating set of G.
Then X is minimal if and only if for every edge f € X one of the following
condition holds

(1) Nin(f) N X = ¢.

(2) There exists an edge g in E — X such that Ny, (g) N X = {f}.

Proof. Let X be a minimal edge Inj-dominating set of G. Suppose that conditions
(1) and (2) do not hold. Then there exist an edge g € Ny, (f) N X for some f € X
and for any edge e € E — X, N;,,(e) N X # {f}. Hence, X — {f} is an edge Inj-
dominating set of G which contradicts the minimality of X. Therefore conditions
(1) and (2) hold.

Conversely, suppose X is an edge Inj-dominating set of G and for each edge f € X
one of the two conditions holds, we want to prove that X is a minimal edge Inj-
dominating set of G. Suppose that X is not minimal. Then there exists at least
one edge f € X such that X —{f} is an edge Inj-dominating set of G. Then there
is an edge h € X —{f} such that h € N;,(f). Hence, Ny, (f) N X # ¢. Therefore
condition (1) is not satisfied for f. Thus f must satisfy condition (2). That
means there exists an edge g € £ — X such that N;,,(¢9)NX = {f}. But X —{f}
is an edge Inj-dominating set of G which means there is an edge e € X — {f}
such that e € N;,(g) N X. So, condition (2) also is not hold for f. Hence, X is a
minimal edge Inj-dominating set of G. 0

Theorem 2.20. A graph G has a unique minimal edge Inj-dominating set if and
only if the set of all Inj-isolated edges forms an edge Inj-dominating set.

Proof. Let G be a graph with unique minimal edge Inj-dominating set X, and
suppose I/, = {f € E : f is an Inj-isolated edge}. Then I/, C X. We want
to prove that X = I/ . For contrary, suppose that X # I/ . Assume that
g € X — I, since g is not Inj-isolated edge, then E — {g} is edge Inj-dominating

set of G. Hence, E — {g} contains a minimal edge Inj-dominating set say F' and
clearly F' # X, a contradiction to the fact that G has a unique minimal edge
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Inj-dominating set. Therefore X = I .
Conversely, if the set of all Inj-isolated edges in GG forms an edge Inj-dominating
set, then it is clear that G has a unique minimal edge Inj-dominating set. OJ

Theorem 2.21. For any (p,q)-graph G with maximum edge Inj-degree A (G),
Vin(G) < q = AL(G).

Proof. Let f € E(G) be an edge such that deg;,(f) = A}, (G). Then the set
of edges E(G) — N;,(f) is an edge Inj-dominating set of G. Hence, v/, (G) <

Theorem 2.22. Let G = (V,E) be a graph and X is a ), -set of G. Then
|IE — X| < ZfeX degin(f), where the equality holds if and only if the following
conditions are satisfied

(1) X is an Inj-independent edge set;
(2) foreach f € E—X there exists only one edge g € X such that Ny, (f)NX =

{g}-

Proof. Since X is an edge Inj-dominating set of GG, then any edge in £ — X is Inj-
adjacent to at least one edge in X. Therefore each edge in £—X will be counted at
least once in the edge Inj-degrees of edges in X. Hence, |E—X| < ZfeX degin(f).
For the equality, suppose |E — X| = 3"y degin(f). Then each edge in F' — X
is counted in the sum exactly once. Thus, if X is not Inj-independent edge set
in G, then the sum will exceed |E — X| at least by two. Hence X must be Inj-
independent edge set. Suppose now (2) is not satisfied. Then there exists an edge
f € E — X such that | Ny, (f) N X| > 2. This means that f will be counted in
the edge Inj-degrees of edges in X at least twice, which implies that the sum will
exceed |E — X| at least by one. Hence, for the equality, conditions (1) and (2)
must be hold. The converse is clear. OJ

Theorem 2.23. For any graph G, the set Y of Inj-independent edges in G is
mazimal Inj-independent edge set if and only if it is both Inj-independent edge
and edge Inj-dominating set of G.

Proof. Suppose Y is a maximal Inj-independent edge set of G. Then for each
f € FE—-Y, theset Y U{f} is not Inj-independent edge set of G. Therefore for
each f € F —Y there exists at least an edge g € Y such that f is Inj-adjacent to
g. Hence Y is both Inj-independent edge and edge Inj-dominating set of G.

Conversely, let Y be both Inj-independent edge and edge Inj-dominating set of G.
Suppose Y is not maximal Inj-independent edge set of G. Then there exists an
edge f € E—Y such that YU{f} is an Inj-independent edge set, a contradiction,
because Y is an edge Inj-dominating set of G. 0J

Proposition 2.24. Let G = (V, E) be a graph andY € E be both Inj-independent
edge and edge Inj-dominating set of G. Then'Y is a minimal edge Inj-dominating
set of G.

Proof. Suppose Y is not minimal edge Inj-dominating set of G. Then for some
g € Y the set Y — {g} is an edge Inj-dominating set of GG, then there exists at
least an edge ¢’ in Y such that ¢ is Inj-adjacent to ¢’, a contradiction, because Y’
is Inj-independent edge set. O
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Corollary 2.25. For any graph G, any maximal Inj-independent edge set is a
minimal edge Inj-dominating set.

Theorem 2.26. For any graph G on q edges,

q ! !
[Ww <7i(G) < q— B (G) + qo,

where qq is the number of Inj-isolated edges of G.

Proof. Let G be a graph with ¢ edges and X be a 7/ -set of G. From Theorem
2.22, we have |[E—X| < 37, v degin(f) < 7, (G)AL,(G). Therefore ¢—v,(G) <
/ !/ q !/
V)86, Hence, | s | <9060,
For the upper bound, we characterize two cases:
Case 1. Assume that G has no P, component. Suppose H = (E(G) — I)),
where [}, is the set of Inj-isolated edges of G. Then H has no Inj-isolated edges.
Suppose now, Y is a maximal Inj-independent edge of H. Then by Corollary 2.25,
Y is a minimal edge Inj-dominating set of H. Since H has no Inj-isolated edges,
then by Theorem 2.18, F(H) — Y is an edge Inj-dominating set of H. Therefore
Vin(H) < |E(H) =Y]| = q(H) — §,(H). But in this case, v, (H) = 73,(G) — qo,
q(H) = q — qo and B, (H) = B, (G) — qo- Hence, v;,(G) < q = §;,(G) + go.
Case 2. Assume that G has a P; component. Suppose that G = P, U G'.
Then ¢ = 3 + ("), BL(G) = 2+ A,(G'), @ = 1+ @o(GY) and 7/, (G) =
Vi (Py) + 75 (G =2+~ (G"). Clearly that, G' has no Py component, then by
Case 1, 75, (G") < q(G") — B.,.(G") + qo(G"). Hence,

[l

3. EDGE INJECTIVE DOMATIC NUMBER OF GRAPHS

Definition 3.1. Let G = (V| E) be a graph. The maximum partition of the edge
set E into edge injective dominating sets is called edge injective domatic number
(edge Inj-domatic number) of the graph G, and denoted by d},(G).

Theorem 3.2.

(1) For any (p, q)-connected graph G, d},,(G) = q if and only if for each edge
f € E(G), N(f) = Ne(f) and e(f) < 2.

(2) d%,(G) =1 if and only if G has at least one Inj-isolated edge.
(3) For any complete bipartite graph K, ,,,

m, if r=2;

d;n(Kr,m) = Ty if m=2;

rm, otherwise.
(4) For any graph G, if Ni,(f) = N(f) for any edge f in E(G), then
d5,(G) = d'(G).

Proof.
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(1) The proof is straightforward by Proposition 2.10.

(2) Suppose G be a graph with an Inj-isolated edge say f. Then f must be
contained in each edge Inj-dominating set of G. Hence, d!,(G) = 1.
Conversely, suppose d, (G) =1 and G has no Inj-isolated edge. Then by
Theorem 2.18, for any minimal edge Inj-dominating set X the set £ — X
is also edge Inj-dominating set of G. Thus d, (G) > 2, a contradiction.
Hence, G must contain at least an Inj-isolated edge.

(3) and (4) the proof is obvious. O
Proposition 3.3. For any graph G, d},(G) > d’, (G).

Proof. Let G = (V, E) be a graph. Since any CN-edge dominating set of G is an
edge Inj-dominating set. Then any partition of the edge set F(G) into CN-edge
dominating sets is also a partition of E into edge Inj-dominating sets. Hence,
A3, (G) = di,(G). O
q

Vin(G)

Proof. Suppose d, (G) = d and {Dy, Ds, ..., Dy} is a partition of F(G) into d
edge Inj-dominating sets. It is clear that |D;| > 7. .(G), Vi=1,2,...,d and we

have ¢ = Zle |D;| > dv', (G). Hence, d’, (G) < & q(G—), O

Theorem 3.4. For any (p,q)-graph G, d’, (G) <

Theorem 3.5. For any (p,q)-graph G, d’, (G) > Ll—fs;Zn(G)J

Proof. Suppose X be any subset of edges of G such that |X| > ¢ — 0}, (G). Since
for any edge f € E — X, |Nin|[f]| > 1+ 6.,(G), then Ny, (f) N X # ¢. Therefore
X is an edge Inj-dominating set of G. So, we can take any L#@J disjoint
subsets each of cardinality ¢ — ¢,,,(G). Hence,

din(G) > L]—(ng |

Theorem 3.6. For any (p,q)-graph G, d},(G) < ., (G) + 1.

Proof. For contrary, suppose d/, (G) > 6.,(G) + 1. Then there exist at least
0, (G) + 2 edge Inj-dominating sets which they are mutually disjoint. Let f
be any edge in E(G) such that deg;,(f) = d.,(G). Then there is at least one
edge Inj-dominating set which has no intersection with N;,[f]. Hence, that edge
Inj-dominating set can not dominate f, a contradiction. Therefore d} (G) <

3. (G) + 1. ]
Theorem 3.7. For any (p, q)-graph G, d, (G) + d;n(émj) <qg+1.

OJ

Proof. By Theorem 3.6, we have d}, (G) < 6;,(G)+1 and d;n<ainj) < (%n(@inj) +
1. Since 8,(G") = g — 1~ &y(G). Hence,

A (G)+d (G™) <8 (Q) +q— A (G)+1< g+ 1.
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Theorem 3.8. For any (p,q)-graph G, d’ (G) +~. (G) < ¢+ 1.
Proof. By Theorem 2.21, we have
Vin(G) < q = AL(G) < q¢—6,(G),
and also from Theorem 3.6, d/, (G) < 9;,(G) + 1. Hence,
din(G) +7in(G) < 65,(G) + 14 q = 0;,(G) = ¢ + 1.
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