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THE EXISTENCE OF A SOLUTION OF A NONLINEAR
FREDHOLM INTEGRAL EQUATIONS OVER BICOMPLEX
b-METRIC SPACES

GUNASEELAN MANI!, ARUL JOSEPH GNANAPRAKASAM?, RENY GEORGE?,
ZORAN D. MITROVIC**

ABSTRACT. In this manuscript, owing to the concept of bicomplex b-metric
spaces, we prove common fixed point theorem in bicomplex b-metric spaces.
In order to strengthen our main results, a suitable example is presented. More
over, the results we obtained is supplement and improve on previous research
findings. A fruitful application is also supplied to endorse our outcomes.

1. INTRODUCTION

The development of special algebra in commutative generalization of complex
numbers as bicomplex numbers, bicomplex numbers, etc. was done by Serge [13].
Subsequently during 1930s many researchers contributed in this area [12, 11, 15].
Later, the bicomplex algebra and function theory was developed by Price [10].
Recently many interesting and significant applications were developed in this
area. Also one can see the attempts in [3]. Luna-Elizaarrards, Shapiro, Struppa
and Vajiac [3] worked on elementary functions of bicomplex numbers. Then,
Choi, Datta, Biswa and Islam [2] proved some common fixed point theorems on
bicomplex valued metric spaces. In 2020, Datta, Pal, Sarkar and Saha [1] proved
common fixed point theorems on bicomplex valued b-metric spaces. In 2022,
Murthy et al obtained some results on common fixed points in bipolar metric
space [9]. In 2021, Datta, Pal, Sarkarc and Manna [5] proved common fixed point
theorem on bicomplex valued b-metric space. In 2021, Beg, Kumar Datta and
Pal [1] proved the following fixed point theorems on bicomplex valued b-metric
spaces. See [7, 0, 11, 16] for more information on b-metric spaces and applications.

Theorem 1.1. [I] Let (A, p) be a complete bicomplex valued metric space with
degenerated 1+ p(C, ) and ||14p(C,¥)|| # 0 for all (,vp € A and let T : A — A
be mappings satisfying the condition

1+ p(¢,v)
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for all {2 € A, where A\, ju > 0 with X\ +/2p < 1. Then, there exists a unique
common fized point of I' and T .

In this paper, inspired by Theorem 1.1, we prove some common fixed point
theorems on bicomplex b-metric spaces and provide an application.

2. PRELIMINARIES

Throughout this paper, we denote the set of real, complex and bicomplex
numbers respectively as Cy, C; and Cy . Segre [13] defined the bicomplex number
(briefly BIN) as:

N = [y + Bair + B3tz + Bairia,

where (1, 8o, 83, 81 € Co, and independent units 7,, i, are such that i? =2 = —1
and 4149 = i991. We defined the set of BIN as:

Cy = {N: R = By + Baiy + Psia + Batria, f1, Pa, B3, Ba € Co}y
ie.,
Cy = {N:N=¢ +1026,8,& € Cq},

where § = [y + Boiy € Cp and § = f3 + Byip € C. N = & + 026
and @w = a1 + 129 are any two BIN’s then the sum is defined by N + w =
(&1 + 12&s) + (1 + daan) = & £ a1 + i2(& £ a) and the product is defined by
N-w = (& +1i282)(an + i) = (§ra1 — &aa2) + i2(§r2 + Sa0n1).

A BIN R = 3 + Baiy + P3ia + Bairia € Cy is said to be degenerated if the matrix

(51 52)
B3 Ba

is degenerated. In that case N~! exists and it is also degenerated.
The norm ||.]| of Cy is a positive real valued function and ||.|| : C; — C{ is
defined by

_ P(fl — 0162+ (& + ilgmzf

2
= (B + 85 + 81 + 83 + ),
where N = ) + Byiq + Bsia + Bairia = § + 1262 € Co.

The linear space C, with respect to the norm is a normed linear space, and
also C, is complete and so C, is a Banach space. If X, w € C,, then ||[Nw|| <
V2||R||[|zz|| holds instead of ||Rew|| < ||R]|||ew|| and therefore C, is not a Banach
algebra. The partial order relation =<;, on C, is defined as: Let C, be the set of
BIN’s and N = & +12&s, w = ag +i2ay € Co. Then R <X, w if and only if & X oy
and & =< aw, i.e., N X, w if one of the following assertions is fulfilled:

(1) &1 = a1, § = ag,
(2) & < a1, & = ao,
(3) & = au, & < ay,
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(4) & < ay, & < ag,

In particular, we can write N 3;, @ if X <, @ and R # @, i.e., one of 2, 3 and 4

is fulfilled and we will write X <;, @ if only 4 is fulfilled.

For any two BIN’s R, @ € Cs,, such that

1) R =, @ = [N]| < [[e]],

2) [[R + @] < |IR][ + [[e]],

3) [|6R[| = BR[|, where 5 >0,

4) ||Re|| < V2||N||||ew|| and the equality holds only when at least one of R
and w is degenerated,

(5) [IN7H| = |IR]|7" if X is a degenerated BIN with 0 < R,

©6) [|X]| = X3¢ 5 is a degenerated BIN.

[l

P

Definition 2.1. [1] Let A be a nonempty set and let s > 1. Suppose that a
mapping p : A x A — Cy such that

(1) 0 =4, p(¢, ) for all (0 € A and p(¢, 1) =0 if and only if ( = ;
(2) p(¢,¥) = p(¥, () for all (¢ € A;
(3) p(C ) =iy slp(C,m) + p(n, )] for all ¢, ¢, m € A.

Then p is called a bicomplex valued b-metric on A, and (A, py) is called a bicomplex
valued b-metric space(briefly BICBMS).

Example 2.1. Let A = [0,1] and p : A x A — Cy be defined by p((,¢) =
| —ple®5. Then (A, p) is a BICBMS.

Definition 2.2. [1] Let (A, p) be a BICBMS. A sequence {(;} in A is said to be
convergent or converges to ¢ € A if for every 0 <;, € € Cy we can find ¢, € N
satisfying p((e, C) <i, ¢ for all € > {y.

Definition 2.3. [1] Let (A, p) be a BICBMS. A sequence {(;} in A is said to be
a Cauchy sequence in (A, p) if for any 0 <;, € € Cy, we can find h € N satisfying
p(CZaCZer) _<Z'2 € fOT all ‘eam € N and £7m > b

Definition 2.4. [1] Let (A,p) be a BICBMS. Let {(;} be any sequence in A.
Then, if every Cauchy sequence in A is convergent in A then (A, p) is said to be
a complete BICBMS.

Lemma 2.2. [1] Let (A, p) be a BICBMS. A sequence {(;} € A converges to
¢ € A'if and only if lim [|o(Ge. )| = 0.
—00

Lemma 2.3. [1] Let (A, p) be a BICBMS and {(;} be a sequence in A. Then
{¢e} is a Cauchy sequence in A if and only if Zlim [|p(Ce, Coum)|] = 0.
—00

3. MAIN RESULTS

Theorem 3.1. Let (A, p) be a complete BICBMS with the coefficient s > 1. Let
I’ and T be self-mappings on A satisfying the condition

1p(C, T p(, T) +vp(, I'C)p(C, 1)

p(IC,Tp) =i, Ap(C, ) + 1+ p(C, %)

(2)
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or all ;v € A where \, jui,y > 0 with A+ vV2u 4+ V2y < %, then I" and T have
f [,y Iz v <3

a unique common fixed point.

Proof. Let (y be an arbitrary point in A and define Ceyy = I'Copy G = TCopin, £ =
0,1,2,---. Then
P(Czé-ua Czé—f—z) :p(FCthCzE—I—l) jig AP(Q{?, Qze+1)
NP(CZE; FCzé)p(CzEJrla TCZEJrl) + "YP(CzEy ngé+1)ﬂ(€zé+1a FCZ?)
1+ p(CzE7 Cz{!Jrl)

Since Czé+1 = FCzE implies p(§z€+la ngé) = 07

1P (Caty Cota ) P(Catya, Cotgz)
1 =+ p(CzEa C2E+1)

+

Y

p(<2{3+17 Cz{f-i-z) jiz )\,O(Cm CZB+1) +

which implies that

V20l p(Cats G I1]12(Catrs G|
|1+ p(Caes CGoegr) | .

HP(CZEJrla CzEJrz)H < )‘Hp«;& CzéJrl)H +

Since ||1 + P(Cz{*u CZE—}-l)H > ||p(CZ?7 QZE+1)||7
HP(CzHl, <2E+2)H < )‘Hp(CzB? QZB-H)H + \/EMHP(QZH—M <2E+2)Hv

p 28415 G2842 — \/§ p 28y G241 .

Also,

P(Catras Gers) = PV Coeras I'Cotra)
= p(I'Cott2, T Coesa)
=iy AP(Catras Cotr)

(Cotgas I'Cot2) P(Cota, Toba) + 0(Catrns ' Cotg2) (Gt T o)

L+ p(Catyar Cotra) '

Since Geya = T ey implies p(Coeqay Vo) = 0,

10(Cotray TGt 2) P(Catrns T oty

L+ p(Caeyas Cotra)

_|_

p(gzk-i-m CZE-i—j) jig )\p(CzE+27 Czk—&-l) +

Y

which implies that

V20llp(Gotas Gty [[[10(Cats, Goteea)|
11+ p(Catz Cora) ] '

Hp(CzEJrza Cz€+3)H S )\HP(CZEJrzv CzéJrl)H +
Since ||1 + p(CzEJrZa CzéJrl)H > Hp(Cz?Jrz? Cz?Jrl)Hv
A
HP(CZE—H; CzE—l—})H < me(Cﬁ—H, Czk—l—z)“.
Puttig h = ﬁ, we have (for all /)
[p(Ce, )| < BlI(Ce—rs SN < B 1(Ce—zs G-I < -+ < B ]0(Go, ).
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Therefore, for any m > ¢, we have

(s Gl | < 112G, Cera) | + [1(Ceras Gl + 1 0(Ceras Ces)I| - -+ |G G|
< [Shﬁ + 82h€+1 + S3h€+z N Sm_zf)m_l]Hp(Co,Q)H
¢
<[22 ot ol
which implies that
(sh)*
1 —sb

In view of Lemma 2.3, the sequence {(;} is Cauchy. Since A is complete, we
can find § € A satisfying (, — d as £ — oo. Suppose that § # ['d such that
0 <4, 1= p(0,I'6). Then we have

n=p(0,1'0) =i, $p(8, T Coe1a) + 5p(T Cota, 10)
SFLIO(& Fa)p(<2é+1a ngé—i-l) + 37P(C2E+17 F(S)p((s, TCZE—H)

1o Gl <[22 llp(Gos o)l = 0 s £ oo,

in SP((Sa CZEJFZ) + S)\p(57 CZE+1) + 1 + p(5 C e+ )

SUNP(Cattrs TCotrr) + 570(Cotgrs 170) (6, T Cogn)
1 + p((sv gz?—l-l)

=ia Sp(5= <2E+2) + SAP(& CzE+1) +

Also, for every ¢, we have

|1p(0, IO < |[sp(6, Gew2) || + sAl[P(0; Catra) ]

SWIHP(Cz%ﬂ, ng-I—Z)H + \/§S'V| |p(CzE+1> F5)||||p((5, CzE—l-z)H

_|_
||1 + IO(57 C2E+1>||

Since ¢ — oo, we get
(6, I'6)[| = O,

which is a absurd. So § = ['d. Similarly, one can also show that 6 = 7°9. Let
0*(in A) be another common fixed point of I" and 7', i.e., 6* = ['0* = 7'6*. Then

pp(8, I'6)p(6™, 16”) + yp(6™, I6)p(8,167)
1+ p(6,0%)

p(8,6%) = p(I'8,15%) =i, A\p(6,5%) +

vp(6*,6)p(d,5%)
14 p(6,6%) ~

= \p(6,6%) +

which implies that

v29llp(8", 0)] 16, ")l

0(8,57)]] < N|p(8, %) +
(8,811 < Mlofa, )| + =12 T

Since [[1+ p(6,6%)I] > [p(8,07)Il;
[1p(8, 671 < (A +V29)l1(6, 67,
which is a absurd. So § = 6* (as A + /2y < 1). O

Setting I' =7 in Theorem 3.1, one deduces the following.
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Corollary 3.2. Let (A, p) be a complete BICBMS with the coefficient s > 1. Let
T be a self-mapping in A such that
(S T, 1Y) +7p(1h, TC)p(¢, 1))
P0G, T0) 21y (G, ) e )
for all ¢, € A, where \, jui,y > 0 with A+ V2 +V2y < 1, then T has a unique
fixed point.
Theorem 3.3. Let (A, p) be a complete BICBMS with the coefficient s > 1. Let
I' and T be self-mappings in A satisfying the condition
>\p(§ w) + luP(QFC)P(%TW+ﬂ(w,FC)P(C7T¢)

P(IC,O)+p(Tih,)
(&L OpC YY) +p(W, IO p(v, YY) ;
IO(F<7 T77D> in +/yp pp(pgw)_:)p(Tw,Op ) ZfH 7é 0, Hy 7é 0
0, ifH=0o0rH,=0

(4)

for all ¢, € A, where H = p(I'¢,¢) + p(Top, ) and Hy = p(I'C, ) + p(Ye,C)
and X\, ji,y > 0 with A+ V2 + v < % Then I' and T have a unique common
fixed point.

Proof. Let (y be an arbitrary point in A. Define (e, = ['(e and Coerr = 7 Coprns

¢ =0,1,2,---. Now, we distinguish two cases. First, if (for £ = 0,1,2,---

)Py Ge) + p(VCotras Gera) 7 0 and p(I'Coe, Goera) + p(V o, Coe) # 0, then

P(Catrrs Gerz) =p(L Gty Tatgn) Sip Ap(Cat, o)

p(CZEv Fsz)p(CzB—Ha TCzE-l—l) + P(<2E+1a FCZE)ﬁ(CzE, T<z¥+l)
P(FCzE, sz) + P(T@E-H, @E-H)

P(Cats T'Cot) p(Caty TCotr) + P(Catrs I'Coe) p(Catgas TCotgn)
PG, Cern) + p(TCaens Cot) .

Since Coeyy = I'Ce and (e = 1 Copra,s

P(Catgrs Cotrz) i A0(Cats Catgn)

P(Cats Cotrn) P(Catns Cotr) + P(Catgas Cotgn) (Gt Cotra)
P(Catgrs Coe) + P(Catrzy Cotn)

P(Cats Cotra) P(Cats Cotga) + P(Catgnr Cotn) P(Catga, Cata)
P(Catrrs Coera) + P(Caray Cat)

+

+7

+ 1

+7

or

. p(CzE; CZE+1)P<CzE+17 Czé—f—z)
p(CZE"'l’ CZE"‘Z) 512 )\p(glb CZ?-H) + MP(CzE—H; Czé) + p(CzE—l-z; CZE+1)

P(Cze, CZE+l)p(<Z{37 CzéJrz)
p(CzE—i—za Cz{f) ’

+7

which implies that

| o(Gers Gera) || < Allp(Gaes G| + \/5/1

+ ’pr(CZEa CzEJrl)H'

[1p(Cats Coera )l p(Carras o)
[10(Catras Cae) + P(Catrar Cotra) ||
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Since ||p(Caesa, Coe) + P(Catras Coera)|| > [10(Catgns Cat)ll
[12(Catas Gt || < Moot G| + V20| p(Caas Cotea) ]+ Y] 10(Cats Carn) ]

and so

A+

||p(CZE+17gZE+Z)|| =7 \/_

| |P((ze, Cz{url) | |
Also

(Csza Czé+3) (FCszaTCzHl) g )‘P(CZEJrza CZE+1)

o P(Catyas Do) p(Cata, T Cotra) + p(Catas TGty 2) P(Catg 2 T oty
PGty Coera) + p(TCotns Cora)

+ Vp(CzBJrza Fsz+z)p<CzE+z, TCzEJrl) + p(Cz{erl; F<2E+z)p(<2{%+l7 T<7.8+1) ‘
P Cotras Cogn) + P(TCatrns Corra)

Since Copry = I'Ceyn and Geg, = V', We get

p(CzE-&-zy C2E+3> s /\p(€23+27 Czé+1)

P(Catvar Catr3) P(Catrar Coera) + P(Catgrs Cotr3) P(Cotras Catgz)
P(Cottss Gega) + P(Cotgas CGoer)

p(CzE—f—zy sz—&-s)p(czf—f—za sz—i—z) + P(Czé—i-la CzE—l—s)p(ng-i-la CzE-l-Z)
p(gzé—f—sa Czé—i—l) + p(CZE-I-Zv <23+2>

+p

+7

or

, P(Cmu CIE-FS)/)(CZE-i-la CzE—i—z)
p(CZE"'z’ CZE—H) 522 Ap(CZH_Z? CZE-H) * p(czf-f—s: CZE—I—z) + p(gzé—km CZE-FI)

P(<2é+1 ) §ZE+3)p(Cz{’+1 ) Cz{’+2)
P(CZHM Czéﬂ) ’

+7

which implies that

[1P(Gat s Geas)I[[12(Catas Gy

2et2, (o <A 28425 Gab41 2
1p(Catsas Cos) || < M|p(Carr CH)H+\/_H|’p(cze+3,Cz€+z>+p(<2€+27§23+1)|’

+ 7‘ ‘p<C2E+1a CzE-H)H'
Since ||p(CZE+37 CZH—Z) + P(Czé—f—za Czé—i—l)H > ||P(Cze+1, Czé-i—z)Hv

Gtsss Gl < MlolGarn G| + vl ez et Gl

||p(<zé+27 <2€+1)||
+ 7”9(<2€+17 Cz!?—i—z)”

or
A+
||p(CZE+Za C23+3)|| = 1_ \/— ||p(CZE+17 sz-i—z)“
Now, letting h = )‘+7 , we have (for all /)

HP(Q,QH)H < bl1p(Ce—s, QI < - < B1p(Go, G-
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So, for any m > ¢, we have

[p(Ces Ca) Il < [1(Ce, Cex) ] + oGt S )l + [12(Cetzs Cews) I+ -+ + (G Gun)
S [Shz 4 S2b6+1 4 83h£+z S Sm_ehm_l]||p(Co,C1)||

< [ Totcar ol

which implies that
(sh)*

lo(c Gl < [1 2

By Lemma 2.3, we conclude that {(,} is a Cauchy sequence. Since A is a complete,
we can find § € A satisfying (;, — 0 as £ — oo. Now, we assert that § = I'9.
Otherwise 0 <;, n = p(d, I'0) and we have

n :p(é, ré) =i, Sp((S, TCora) + SP(TC2E+17 F(;)
IO<67 F(S)p(CzEJrla TCZE+1) + p(CzE+17 F(S),O(é, TCzEJrl)

]HP(C@;Q)H — 0 as { — oo.

inS 57 2842 + sA 57 b)) T8
P(0; Ces2) P9, Caer) + spu p(1'0,6) 4+ p(TCoeras Cotgr)

+ S’}/p(& F5)p(5, TCZE—H) + p(CzH-u F5)P(§zs+1, TCzH—l)

p(F(S, Czprl) + p(ngJrz; 5)

which implies that

[nll = 11p(6, I'6)[] < ||5p(8, Caes2) ] + As[p(3, Cera )]

1 |p(Carars Ger)ll + V21 0(Cotrr, TOHI (8, G|
1p(10,6) + p(Cetas Gega)|

77’ ’p((S’ CzEJrz)H + \/§| ’p(CzB+1> Fé)HHp(CZE+l7 <2{3+2)H
(176, Ger) + p(Caetas 0] 7

which is a absurd. Thus ||n|| = ||p(d, I'6)|| = 0, i.e., § = I'd. It follows, similarly,
that 6 = 79. Assume that 6* in A is another common fixed point of I" and 7.
Then

+ su

+ sy

o =716 =4".
Since H = p(1'0,9) + p(1'6*,0%) = 0, by definition of contraction condition
p(0,0%) = p(16,76%) =0,

and so 0 = ¢*. Second, we consider the case:

(P(FQE, Czé) + P(TQHM Czé+1)> X (p(FCz€7 CzEJrl) + p(TCzEJrla Czé)) =0,

which implies p(I'Coe, T Coe1a) = 0. Now, if p(I'Ge, Coe) + p(T Coera, Goera) = 0, then
Cz{f = FCzE = CZ{’,+1 = TCZB = CzEJrz- Thus we have CzEJrl - FCZE = Cz{f and so
there exist /1 and m; such that /; = I'm; = m;. Using foregoing arguments,
one can also show that there exist /5 and msy such that /5 = Tmy, = my. Since
p(le,ml) + p(ng,mg) = 0, p(le,ng) = 0 and so 51 = le = ng = 62
which in turn yields that ¢, = I'my; = ['¢;. Similarly, one can also have {5 = 1/(5.
Since ¢; = {5, implies I'l; =11 = {1, {1 = {5, is a common fixed point of I" and
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7. Assume that ¢7 in A is another common fixed point of I" and 7. Then we
have

re; =70 =1;.
Since H = p(L'ty,01) + p(TC;,07) =0,
p(ly, 07) = p(I'ty, T47) = 0.

This implies that (7 = /5.

If p(FCzEa CzEJrl) + p(TCzE+1> sz) =0 implies that p(FC287 TC7.8+1) = 07 the proof
can be completed as in the preceding lines. O

By setting I"' =T, we get the following.

Corollary 3.4. Let (A, p) be a complete BICBMS with the coefficient s > 1. Let
T be a self-mapping in A satisfying the condition

P& Y0 p(0, 1) +p(40, T ) p(,T4h)
AP(C, ) + P(TCO+p(T0,0)

T T v g .
p(TC, 1) =i, _1_79(4“ O’;((lecjfz)))ti)((#w%p(w w>7 ifH A0, Hi #0

0, ifH=0o0rH,=0
(5)
for all ¢, € A, where H = p(YC,C) + p(Teh, ) and Hy = p(YC, ) + p(Teb, )
and X, 1,y > 0 with A +2u + v < % Then T has a unique fized point.

Example 3.5. Consider A = {0, %, 3} and define a mapping p : A x A — Cq by

p(C,0) = (1 +149)|C — | for all {4 € A, where |.| is the usual real modulus.
Then (A, p) is a complete BICBMS. Define T : A — A by

7(0) =0, T(%) — 0 and T(3) = %

Let A = %, b=
clearly

Land X =1L Then s(A+V2u++v2y) = s(2 +2+2) < 1. Then,

1p(C 1) p(, 1) + vp(, T()p(C, )
L+ p(¢,9)

Hence, all the assertions of Corollary 3.2 are fulfilled. Therefore, 0 is the unique
fixed point of T .

0= p(T¢, YY) =i, Ap(C 1) +

Example 3.6. Let A = Q(0,q), q> 1V (,v € A. Define p: Ax A — Cy by

o) [olp)
5@/5@

2

p(C(0),6(6)) = -
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and let € be a closed path in A containing a zero. We prove that p is a BICBMS.

For this,
p(C(9), 0(9)) = 5= CZ)) _ /g @

e L5 -
j;_z <§>_/ng>2+§3 /M_/@z

T Je £ m
sl o]
i 5#5)_/5@ /g © /w

= 2(p(¢(p), n(9) + p(n(p), w(@)))
Clearly, p is a complete BICBMS. Define I''T : A — A by

I'¢(p) = p, T(p) = e’ — L.

Using the Cauchy integral formula when the mappings I' and T are analytic, we

get
e — 117
p(I¢(p /5 /g o |
p(C(), () = 5= EC;) g@ ’
p<<<p>,r<<p>>=§—§ %M‘/E
o) [
27r e 9|
<¢( )TQM )) 27r 5¢;p) _/5€pp_1
_ i (Y|
2| Je © ’
p(C(p), I'v(p)) = 27r gC;) /52'
_ i o)
27r e © |
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Cp)  [e”-1
e ¥ /5 ©

2

p(C(9). Tib(p) = 2

Con
. 2
_ i | [<p)
2nlJe

Clearly,

1p(C, IO p(h, YY) +vp(, I')p(¢, T1)
L+ p(¢, )

for all ¢, € A, where A\, i,y > 0 with s(A\ + 2u + v/27) < 1. Therefore, all
the assertions of Theorem 5.1 are fulfilled and so the mappings I' and T have a
unique common fized point in A.

4. APPLICATIONS

In this section, we give an applications using the Theorem 3.1 and Corollary
3.2.
Let A = C~1, 2] be a set of all real continuous functions on X1, X2 equipped
with metric p(¢,v) = (1 + i2)(|¢(U) — ¢ (U)]) for all {,v € C[xi,x2] and U €
[N\1, Z2], where |.| is the usual real modulus. Then, (A, p) is a complete BICBMS.
Now, we consider the system of non-linear Fredholm integral equation

1 2
()=o) + 5o [ sl ©

and N
(L) =oW) + 5 [ allsCla))as. (7)

where ;s € [\, x2]. Assume that 1,0y : [Ny, x2] X A1, 22 x 4 — R and
b : X1, n2] — R continuous, where v(Ll) is a given function in A. We define a
partial order =<;, in Cy as ( X;, ¢ iff ¢ <.

Theorem 4.1. Suppose that (A, p) is a complete BICBMS equipped with metric
p(C,0) = (1 +142)(|C(L) —(W)]) for all (0 € A, L€ [N, Xo] and [T : A — A

be continuous operator on A defined by

1 N2
Ie() = o(U) + 5 / (2(U,5,C(5))ds. (8)
and
N2
T6U) = o)+ 5 [ lUs )i o)

If there exists A < 1 such that for all (,1p € A with { # ¥ and s,11 € N1, X2]
such that

[61(U; 8, C(s)) — £2(U; 8,70(s))| SAIC(L) — (L)), (10)

then the integral operators defined by (8) and (9) have a unique common solution.



80 G. MANI, A. J. GNANAPRAKASAM, R. GEORGE, Z. D. MITROVIC

Proof. Consider,

@+ aire - e = (] e
- [ s vtonas])
< (Mo
(U (o) s

< %( / oW - ¢<u>|ds)

1

A 2 .
< a1/ (1 +412)|C(L) — ¥(L)|ds
A1+ 1) |¢ (L) — ¥(U)]
< e =] . ds.

Therefore,

p(I'¢TY)) < Ap(C, ).

Hence, all the hypothesis of Theorem 3.1 are fulfilled with A < 1, 4 =~ =0 and
so, the integral operators I" and 7" defined by (8) and (9) have a unique common
solution. OJ

Theorem 4.2. Let A = C* be a complete BICBMS with the metric
¢
:Z(|Q—¢i|2+i2|§i—@/}i|2), (11)
i=1

where ¢, € A. If

¢
Z |/\ij|2 S, A<, Vi=1,2..¢
j=1
then the linear system

by = B + BraCe + - - + By
by = B21C1 + Ba2o + -+ - 4 Barly

be = BuCi + BeaCa + -+ + Buee

of € linear equations and ¢ unknowns has a unique solution.
Proof. Define T : A — A by
T(¢) =AC+b,
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where ¢ = ((1, (s, G, ....¢) € CY, b = (by, by, ....by) € C* and

/811 611 ﬁl[
.,4: 621 ﬂ22 ﬁ%
6@1 BKQ ﬂ%
Now,
l
p(T( Z [ Aij (G — ) |2+Z2’/\1J( %)’ )
7j=1
V4
<. Z\W(Z Pl - )P )
— —
i, AZ — )P + 2| (¢ — ) )
(C,@/))
(G + (G TP, TY) +7p(4, TC)p(C, 1Y)

1+ p(¢,9)

Hence all the conditions of Corollary 3.2 are fulfilled with A = %, w=0v=

0, s(A + V21 4+ 1v/27) < 1 and so the linear system of equation has a unique
solution. OJ

5. CONCLUSION

In this paper, we proved some common fixed point theorems in bicomplex
valued b-metric space. An illustrative example and application in bicomplex
valued b-metric space were given.

DECLARATIONS

Availablity of data and materials
Not applicable.

Competing interest
The authors declare that they have no competing interests.

Fundings
Authors declare that there is no funding available for this article.

Authors’ contributions

The authors equally conceived of the study, participated in its design and coordi-
nation, drafted the manuscript, participated in the sequence alignment, and read
and approved the final manuscript.



82

[1]

[12]

[13]

[14]

[15]

G. MANI, A. J. GNANAPRAKASAM, R. GEORGE, Z. D. MITROVIC

REFERENCES

Beg, 1., Datta, S. K., & Pal, D. (2021) Fixed point in bicomplex valued metric spaces,
International Journal of Nonlinear Analysis and Appllications, 12(2), 717-727. https:
//dx.doi.org/10.22075/ijnaa.2019.19003.2049

Choi, J., Datta, S. K., Biswas, T., & Islam, N. (2017) Some fixed point theorems in con-
nection with two weakly compatible mappings in bicomplex valued metric spaces, Honam
Mathematical Journal, 39, 115-126. https://doi.org/10.5831/HMJ.2017.39.1.115
Colombo, F., Sabadini, I., Struppa, D. C., Vajiac, A., & Vajiac, M. (2010) Singularities
of functions of one and several bicomplex variables, Arkiv fér Matematik, 49. 277-294.
https://doi.org/10.1007/s11512-010-0126-0

Datta, S. K., Pal, D., Sarkar, R., & Saha, J. (2020) Some common fixed point theorems
for contracting mappings in bicomplex valued b-metric spaces, Bulletin of the Calcutta
Mathematical Society, 112(4), 29-354.

S. K. Datta, D. Pal, R. Sarkarc & Manna, A. (2021) On a common fixed point theorem in
bicomplex valued b-metric space, Montes Taurus Journal of Pure and Applied Mathemat-
ics, 3(3) 358-366.

Fernandez, J., Malviya, N., Savi¢, A., Paunovié¢, M., & Mitrovié¢, Z. D. (2022). The Ex-
tended Cone b-Metric-like Spaces over Banach Algebra and Some Applications. Mathe-
matics, 10(1), 149. https://doi.org/10.3390/math10010149

Jebril, I. H., Datta, S. K., Sarkar, R., & Biswas, N. (2019) Common fixed point theorems
under rational contractions for a pair of mappings in bicomplex valued metric spaces,
Journal of Interdisciplinary Mathematics, 22:7, 1071-1082, https://doi.org/10.1080/
09720502.2019.1709318

Luna-Elizarrards, M. R, Shapiro, M., Struppa, D. C., & Vajiac, A. (2012) Bicomplex
numbers and their elementary functions, CUBO A Mathematical Journal, 14(02), 61-80,
http://dx.doi.org/10.4067/50719-06462012000200004

Murthy, P. P., Mitrovi¢, Z., Dhuri, C. P., & Radenovié¢, S. (2022). The common fixed points
in a bipolar metric space. Gulf Journal of Mathematics, 12(2), 31-38. https://doi.org/
10.56947/gjom.v12i2.741

Price, G. B. (1991) An Introduction to Multicomplex Spaces and Functions, Marcel Dekker,
New York, p.424, https://doi.org/10.1201/9781315137278

Rathee, S., Kadyan, A., Kumar, A., & Tas, K. (2022). Fixed Point Results for Ciri¢
and Almost Contractions in Convex b-Metric Spaces. Mathematics, 10(3), 466. https:
//doi.org/10.3390/math10030466

Scorza Dragoni, G. (1934) Sulle funzioni olomorfe di una variabile bicomplessa, Reale Ac-
cad. d’Italia, Memorie della Reale Accademia d’Italia, Classe di Scienze Fisiche, Matem-
atiche e Naturali, 7. Serie, 597-665.

Segre, C. (1892) Le Rappresentazioni Reali delle Forme Complesse a Gli Enti Iperalgebrici,
Mathematische Annalen, 40, https://doi.org/10.1007/BF01443559 413-467.
Spampinato, N. (1935) Estensione nel campo bicomplesso di due teoremi, del Levi-Civita e
del Severi, per le funzioni olomorfe di due variablili bicomplesse I, I, Accademia Nazionale
dei Lincei, Classe die Scienze Fisiche, Matematiche e Naturali, Rome 22(6), 38-43, 96-102.
Spampinato, N. (1936) Sulla rappresentazione delle funzioni di variabile bicomplessa to-
talmente derivabili, Annali di Matematica Pura ed Applicata. Serie Quarta, 14, 305-325,
https://doi.org/10.1007/BF02411933

Zheng, D., Ye, G., & Liu, D. (2021). Sehgal-Guseman-Type Fixed Point Theorem in
b-Rectangular Metric Spaces. Mathematics, 9(24), 3149. https://doi.org/10.3390/
math9243149

! DEPARTMENT OF MATHEMATICS, SAVEETHA SCHOOL OF ENGINEERING, SAVEETHA IN-
STITUTE OF MEDICAL AND TECHNICAL SCIENCES, CHENNAI 602 105, TAMIL NADU, INDIA
Email address: mathsguna@yahoo.com


https://dx.doi.org/10.22075/ijnaa.2019.19003.2049
https://dx.doi.org/10.22075/ijnaa.2019.19003.2049
https://doi.org/10.5831/HMJ.2017.39.1.115
https://doi.org/10.1007/s11512-010-0126-0
https://doi.org/10.3390/math10010149
https://doi.org/10.1080/09720502.2019.1709318
https://doi.org/10.1080/09720502.2019.1709318
http://dx.doi.org/10.4067/S0719-06462012000200004
https://doi.org/10.56947/gjom.v12i2.741
https://doi.org/10.56947/gjom.v12i2.741
https://doi.org/10.1201/9781315137278
https://doi.org/10.3390/math10030466
https://doi.org/10.3390/math10030466
https://doi.org/10.1007/BF01443559
https://doi.org/10.1007/BF02411933
https://doi.org/10.3390/math9243149
https://doi.org/10.3390/math9243149

SOLUTION OF A NONLINEAR FREDHOLM INTEGRAL EQUATIONS 83

2 DEPARTMENT OF MATHEMATICS, COLLEGE OF ENGINEERING AND TECHNOLOGY, FAC-
ULTY OF ENGINEERING AND TECHNOLOGY, SRM INSTITUTE OF SCIENCE AND TECHNOLOGY,
SRM NAGAR, KATTANKULATHUR 603203, KANCHIPURAM, CHENNAI, TAMIL NADU, INDIA

Email address: aruljoseph.alex@gmail.com

3 DEPARTMENT OF MATHEMATICS, COLLEGE OF SCIENCE AND HUMANITIES IN ALKHARJ,
PRINCE SATTAM BIN ABDULAZIZ UNIVERSITY, AL-KHARJ 11942, SAUDI ARABIA
Email address: r.kunnelchacko@psau.edu.sa

4 FacuLTy oF ELECTRICAL ENGINEERING, UNIVERSITY OF BANJA LUKA, PATRE 5, 78000
BAaNJA LUkA, BOSNIA AND HERZEGOVINA
Email address: zoran.mitrovic@etf.unibl.org



	1. Introduction
	2. Preliminaries
	3. Main results
	4. Applications
	5. Conclusion
	Declarations
	References

